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Preface 



Over the last several decades, psychologists have become Increasingly 
interested in examining and explaining the learning of school subjects, such 
as mathematics. Cognitive psychologists have learned much about how 
children learn school content and why they encounter difficulty. This 
growing body of theory and research has direct application to classroom 
teaching. It can provide teachers with guidance about how to teach specific 
mathematical skills and concepts. 

The aim of this book is to help teachers make use of these recent 
developments in the cognitive psychology of mathematical learning. Chapter 
1 discusses, from a cognitive view, why many children have problems 
learning mathematics and become turned off by it. Chapter 2 delineates the 
general instructional implications or guidelines that stem from a cognitive 
approach. The rest of the book describes how children's basic mathematical 
skills and concepts develop and how teachers can foster these specific basic 
mathematical competencies. 

Chapters 3 to 6 focus on informal mathematics: children's natural, 
largely counting-based, m< thods and concepts, which serve as the basis for 
coping with and understanding the formal (symbol-based) mathematics 
taught in school. Chapters 7 to 13 focus on formal mathematics. This book 
details how formal instruction can— by building on children's informal 
mathematics— be taught in an interesting, meaningful, and thought- 
provoking manner. In particular, the book delineates games and activities 
involving manipulatives and concrete experiences so important for develop- 
ing proficient skill and understanding amongyoung children. Such methods 
help make mathematical instruction entertaining and enjoyable as well as 
more effective. 

The book focuses on informal and formal knowledge typically present 
at the nursery and primary level (pre-K to grade 3). It is useful to all those 
concerned with instruction and remediation of basic mathematical com- 
petencies, including preschool personnel, classroom teachers, resource- 
room specialists, special education teachers, curriculum supervisors, princi- 
pals, school psychologists, and parents. Chapters 3 to 7 will be of particular 
interest to preschool caregivers, kindergarten teachers, and educators who 
work with children classified as mentally handicapped. Rrst-, second-, and 
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third-grade teachers will want to focus on Chapters 6 to 13. Material 
throughout the book can be used in remedial work with children of any age 
who are having difficulty understanding and mastering primary-level 
mathematics. The activities, games, and exercises in Chapters 2 and 8 
through 13 vary in the mathematical ability required. A small portion of this 
material, particularly that which is usually introduced in the upper ele- 
mentary grades (for example, improper fractions), may be suitable for gifted 
children only. The appendices detail a suggested sequence of skills and 
concepts for each level, prekindergarten to grade 3. 

A woritbook (Elementary Mathematics Activities: Teachers' Guide* 
book by Arthur J. B^roody and Margaret Hank, Allyn and Bacon, 1989) 
supplements this book in three important ways. Rrst, it draws across the 
chapters of this book to delineate a sequence of lesson ideas— a core 
curriculum. Next, it provides (1) some of the ready-made materials needed 
for the games and activities and (2) copy-ready masters of the written 
exercises. And third, it provides additional activities and exercises not cited 
in this book. These materials fill in gaps in the instructional sequence and 
allow for smoother transitions. 

This book is essentially a reference manual for practitioners. The intent 
is that after the text is read through once for a sense of the material, the user 
will come bacJ^ and examine specific sections of the book carefully as the 
need for that material arises. Moreover, because this text provides only a 
sample of what can be done, the reader is encouraged to explore other rich 
sources of lesson ideas, such as the Arithmetic Teacher and the National 
Council of Teachers of Mathematics yearbooks. Understanding children's 
mathematical thinking and developing psychologically appropriate mathe- 
matics instruction takes considerable time, effort, and patience. Its rewards, 
though, are well worth it— children who really enjoy, understand, and think 
about mathematics. 
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The Nature of 
Children's 
Mathematical 
Thinking 

Alexi, Just five years old and about to enter kindergarten, was excited by the 
news of a neighbor-child's birthday party the following week. Three days 
before the party, the lad— as he had for the last four days -asked, "How 
many days before the party. Mom?" His mother repeatea the now daily 
ritual, *Today is Friday (a'* she put one finger up), Saturday (two fingers), 
Sunday (three fingers). So there are three days before the party on 
Monday.^The next day, Alexi used his knowledge of the counting sequence 
to figure out for himself how many days were left before the special event: 
'Two days, because we take away one (from three). Right, Mom?" Cognitive 
research (e.g.. Court, 1920; Gelman and Gallistel, 1978; Ginsburg, 1982) 
indicates that, like Alexi, preschoolers learn and apply a surprising amount 
of mathematics and enter school equipped and willing to learn more (e.g., 
Resnlck, 1983). 

Once in school, this keenness for learning and using mathematics 
evaporates for all too many children (Hiebert and Lefevre, 1986). As Figure 
1-1 illustrates, many children are utterly baffled and frustrated jy school 
mathematics. Most see it as an array of unconnected and incomprehensible 
facts and procedures— strange stuff they are supposed to memorize (e.g., 
Baroody and Ginsburg, 1986; Wertheimer, 1945). Th?y spend countless 
hours on assignments tiiat seem pointless and surmise that mathematics is a 
boring subject. Because they conclude that mathematics is not supposed to 
make sense to them, children do their arithmetic assignments without 
thinking. Too many children, including "successful" students, dislike and 
even fear mathematics. Some even come to believe that mathematics is 
beyond their ability to grasp and give up on learning it. 
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The premise of this book is that learning mathiiwiatics can be 
enjoyable, meaningful, and thought-provoking. This is possible only when 
instruction takes into account the psychology of the child. When instruction 
meshes with how they really learn, children not only master the basics more 
effectively but become better thinkers and problem solvers. As a result, 
children are excited about mathematics rather than fearful of it. Thpy can be 
confident about their mathc.Tiatical ability rather than insecure about it. 

Fortunately, over the last twenty years, cognitive psychology has made 
important advances in understanding how children really learn mathe* 
matics. This model, which is outlined in the next section, provides clear 
direction on how instruction can be matched to children's thinking and thus 
foster excitement, comprehension, and problem-solving ability. 



A COGNITIVE MODEL OF 
MATHEMATICAL LEARNING 



Meaningful Learning and Thinking 

Everyone agrees that it is important for primary students to master basic 
mathematical competencies. But v hat does mastery the basics mean? In 
a cognitive view, it is essential to distinguish between meaningful learning 
and rote learning. Successful students routinely master the arithmetic facts 
and procedures prescribed by the instruction. However, when this is done 
by rote, children may soon forget part or all of the information. Even if they 
do remember the materials, they are usually unable to apply such knowledge 
to learning new material, solving problems, or everyday situations. In brief, 
the fact that a student can produce correct answers is not necessarily 
indicative of understanding or critical thinking. 

In a cognitive view, the essence of mathematical learning is the 
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development of understanding and thinking strategies. It is not enough 
merely to memorize information. A child needs to understand and know 
how to apply schocl-taught mathematics. Thus the acquisition of facts and 
skills should be done in a meaninnfu! manner. Thai is, a child should see 
how facts relate to each other and how skills connect with concepts. 



In a cognitive view, meaningful learning is not achieved simply by absorbing 
information. It entails more than passively hearing, seeing, and then 
recording information. Children, especially, often do not make exact mental 
copies of what they hear and see. They must actively build or construct 
mathematical knowledge or meaning. 

Systematic Errors 

A key indication of this active-learning process is children's errors. For 
example, during one of her frequent and spontaneous efforts to practice 
counting, five-year-old Alison reeled off, ". . . 27, 28, 29, twentv-ten:' 
Twenty-ten? This is not an imitated term that she has heard from her 
parents, ""Sesame Street," books, or her older friends. It is a term she has 
constru ted based on the patterns she has discerned in the counting 
sequence. Alison had not yet learned that twenties end with 29. In her mind, 
the tenm after 29 must be another twenty term. What twenty term follows 
29? Well, she knew that ten follows nine. To Alison, it was entirely sensible 
that the term after 29 must be twenty-ten. 

Alison continued to use this invented term for several weeks, until she 
learned the 29-30 connection. Indeed, children often persist in using an 
invented but incorrect term or procedure— even after they are told (perhaps 
repeatedly) the correct version. Children rely (and may resist abandoning) 
on such an invention because it makes sense to them. Si^stematic errors, 
then, are evidence of a child's active attempts to comprehend the world and 
provide a window to the child's mind. 

Assimilation 

Learners filter new information in terms of what they already know. The 
process of interpreting new information in terms of existing knowledge is 
called assimilation (e.g., Raget, 1964). Children (and aduits) cannot 
assimilate new information that is completely unfamiliar. Quite naturally, 
they quickly lose interest in the incomprehensible information and tune it 
out. Somewhat unfamiliar information can be related to existing knowledge 
and assimilated. Children are naturally interested in what Fiaget called 
"moderately novel" information. 



Meaningful Learning Requires 
Active Learning 
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Assimilation and inteiest, then, go hand in hand. Like adults, young 
school children often do not make the effort to assimilate new information 
unless it makes some sense and hence is important to them. When a task 
piques their curiosity, children will spend considerable time and effort 
working at and reflecting upon it. 

The cognitive prindple of assimilation implies that understanding 
cannot be imposed upon children. It evolves as they actively try to make 
sense of the world. Meaningful learning occurs when childre^i are actively 
engaged intellectually and emotionally. It occurs when they encounter 
moderately novel situations that excite their natural curiosity. 



Informal Mathematics: A Foundation for 
Formal Mathematics 

In a cognitive view, the meaningful learning of school mathematics is a 
building process that requires a foundation. The foundation for basic 
school-taught (formal) mathematical knowledge is children's personal 
(informal) mathematical knowledge. Informal mathematics serves as the 
basis for assimilating (understanding and learning) school-taught mathe- 
matics (e.g., Ginsburg, 1982). 

Informal Mathematics 

As the case of Alexi illustrates, children engage in mathematical learning 
and thinking even before they receive any lormal training in school. Such 
informal mathematics is based largely on counting. For example, Alexi 
apparently reasoned that three take away one was two based on his 
knowledge that the number two comes before the number three. Informal 
mathematics often entails Invention rather than mere imitation. No one 
showed Alexi how to solve the problem in the manner he did.^ From their 
everyday experiences in which counting and numbers are an important 
part, children spontaneously learn and invent their own informal 
mathematics. 



^This interpretation is supported by tfie feet that Alexi did not know the sequence of days 
and so could not have used the metiiod shown by his mother. The lad could count backwards 
from five or so, and so may have mentally counted back from the number remembered from 
the day before: "Three (days until the party), take away one (day that just passed) is two (days 
left now).** Though there was no evidence of finger counting before he addressed his mother, 
' is possible that he used a concrete counting procedure to obtain his answer. This would 
entail putting up three fingers to indicate the Parting point, folding one finger down to 
represent the pi'Mge of a day, and counting or recognizingthe fingers remaining as two. 
Whether he used a mental or concrete procedure, the lad was not merely imitating his 
mother's strategy. Instead, he used his counting knowledge in a strategic manner to figure out 
an arithmetic problem. 
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Children leam and use informal mathematics because it is personally 
meaningful and Interesting to I am. It was important to Alexi to know how 
many days there were before a <^pecial event occurred. And so, he actively 
applied his intelligence to figure out this real problem. Informal mathe- 
matics, then, is learned, invented, and applied in context— in everyday 
situations that are personally meaningful. 

Informal knowledge does have its limitations. Research (e.g., Gelman, 
1972) indicates that young children can deal effectively with quantitative 
questions regarding small numbers but not large ones. For example, Alexi 
did not himself figure out the days left to the party until the numbers in the 
problem were very sma^*. Though calculating sums by counting objects 
works well when ^ets to be combined are small, it becomes difficult and then 
impossible as the size of the sets grows. Moreover, because informal 
mathematics does not leave a written record, a problem solution may be 
forgotten. Furthermore, informal knowledge may not be entir'^ly consistent 
or lo^cal. For example, a child may know that five blocks and one more are 
six but have no idea of how much one block and five more are! 

Foimftl Mttthcnuftlcs 

The formal mathematics, which is taught in school and which uses written 
symbols, can greatly extend children's ability to deal with quantitative issues. 
Indeed, the mathematical skills and concepts taught in the primary grades 
are not only the foundation for learning more advanced mathematics later 
in school but are basic "survival skills'' in our technology-oriented society. 
This formal mathematics is poworful in various ways. It is a highly precise 
and logical body of knowledge. Written procedures greatly increase 
calculation efficiency, especially with larger quantities, and provide a long- 
lasting record. 

Though formal mathematics can greatly extend their capabilities, 
cognitive theory propc es cJ ildren cannot immediately comprehend ab- 
stract instruction. The m vii^iingful learning of formal mathematics involves 
the assimilation of information, not merely its absorption. For primary 
children, this means interpreting school-taught instruction in terms of their 
relatively concrete informal knowledge. Mathematical symbols, computa- 
tional algcdthms (step-by-step procedures), and so forth can make sense to 
children if they are moderately novel, that is, connected to their existing, 
personal, counting-based knowledge of mathematics. 

indeed, cognitive reseaich indicates that regardless of age or the 
specific content area, learners progress developmentally from concrete to 
abstract thinking (e.g., see Lunkenbein, 1985). That is, for a first grader 
learning to do written addition or a college student learning calculus, 
knowledge begins with tiie apparent. Both leam best when formal instruction 
builds concretely on what they already know. Both only gradually assimilate 
the formal symbolism and become adept at manipulating and applying it 

IS 
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Gaps 

A gap between formal instruction and a child's existing knowledge prevents 
assimilation or understanding. When formal instruction does not suit 
children's thinking, it will seem foreign and difficult to them. Too often, the 
consequences are rote learning, learning difficulties, and debilitating beliefs. 

Abstract instruction 

A gap can occur when instruction is too abstract and does not connect with 
children's relatively concrete informal mathematics. Indeed, gaps between 
children's relatively concrete informal mathematics and their relatively 
abstract formal instruction preclude understanding and are a key reason for 
learning difficulties (Allardice and Ginsburg, 1983; Ginsburg, 1982; Hiebert, 
1984). Frequently, a highly verbal approach to instruction is not meaningful 
to children— even when accompanied by pictures and demonstrations. Too 
often, the written symbols and the manipulations of these symbols introduced 
in school make little sense to children (e.g., Davis, 1984). Like Sally in Bgure 
1-1, many children feel frustrated and helpless when confronted with the 
torrent of meaningless words and written symbols. 

Lockstep Instruction 

Agapcan occurwhen formal instruction overlooks individual readiness and 
moves too quickly. Even among children just beginning school, there is a 
wide range of individual differences. Kindergartners and first graders are 
far from uniform in their informal mathematical knowledge and readiness to 
master formal mathematics (e.g., Baroody, 1987b; Ginsburg and Russell, 
1981; Lindvall and Ibarra, 1979). With each grade, individual differences 
become greater. Because children do not have the same readiness to learn a 
mathematical concept or skill, a lesson or exercise may not be appropriate 
for everyone in class. Thus new instruction that is introduced to a group of 
students will probably not be assimilated by all. The problem is compounded 
when new topics are introduc^^d before a child has had a chance to 
assimilate more basic lessons. Because new topics often build upon 
previous lessons, the child gets caught in a downward spiral of failure. 

Consequences 

Mechanical Learning and Use 

When training is conducted in an abstract and lockstep manner, children are 
forced to memorize mathematics by rote. Even when they successfully 
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memorize school mathematics, further learning and use of mathematics 
may be hampered. For example, children who memorize a renaming 
(carrying) algorithm for two-digit subtraction often do not see how it applies 
to three-digit subtraction. As a result, they may be error prone with the larger 
problems and have to memorize the step-by-step procedures for this (new) 
set of problems. 

If children Icam mathematics in a mechanical manner, they may use it 
without thinking or may be unable to use it at all . Arithmetic assignments can 
become a mindless ritual. In time, children expect to be **spoon fed," rather 
than challenged to think. When assignments or real-life situations require 
thinking, they may be caught unprepared. Moreover, because they do not 
really understand school mathematics, they may fail to see how it applies to 
everyday problem solving. 

Faulty Learning 

Some children fail to memorize what seems to be meaningless infonmation 
correctly or at all. As a result, children learn concepts or procedures in an 
incomplete or altogether incorrect fashion. Some simply ignore (fail to 
learn) or forget (fail to retain) what they perceive as meaningless infonmation. 

Systematic errors are a symptom of children's efforts to cope with 
assignments that have little or no meaning to them. For example, incorrect 
recall of facts or faulty counting may cause some calculational errors. 
However, quite often calculational errors keep appearing even when 
children can recall or compute specific facts correctly. Systematic cal- 
culational errors a^e due to using incorrect or partially correct procedures 
(e.g., Buswell and Judd, 1925; Brown and burton, 1978; Ginsburg, 1982). 

Rgure 1-2 illustrates two systematic calculation enors ("bugs"). 
Deborah's subtraction errors were due to a systematic but incorrect 
procedure: She always subtracted the smaller term from the larger, even 
when the smaller term was the minuend (top number). Children often use 
this bug when they have failed to learn a meaningful borrowing algorithm. 
Jerry's subtraction bug was Axe result of not learning a procedure completely. 
For 40 - 12, for example, the lad realized that he could not subtract 2 
from 0. By changing 0 to 10, he was able to complete the subtraction of the 
ones-place digits conrectly. Unfortunately, the child did not remember that 
borrowing from the tens place also involves reducing. 

Debilitating Beliefs 

The way in which mathematics is taught affects how children view 
mathematics and themselves as learners (Baroody, 1987a). When mathe- 
matics is taught in an abstract and lockstep manner, children ''hear" such 
unspoken messages as: 



Tbm N«tim of Chlldrtn's MathtmaHad Thlnklns 
Systematic Errors* 



A. An Incorrect Procedure 



GnJe: 2. 







it 










31. 


\2- 



B. A Partially Correct Procedure 
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*The data on Deborah and Jerry were collected with the help of Dr. Barbara S. 
Allardice, now the mathematics coordinator of the Learning Development Center 
at the Rochester Institute of Technology. 



• Only geniuses can understand mathematics. It's notsomething I am 
supposed to understand or can understand. This is because I'm not 
very smart. 

• Mathematics has nothing to do with me or my world. Mathematics is 
Just a bunch of facts and procedures that you have to memorize. 
What I know or think doesn't matter. 

• Arithmetic answers must be given quickly. I have to count. That's 
because I'm stupid. 

• Math problems should be solved quickly. The problem doesn't tell 
me what to do. There's no point in my trying. I'm not smart enough 
to figure it out anyway. 

• Facts and procedures must be learned quickly. I can't seem to do 
that. I must be really slow. 
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Belief can have a powerful impact on how children go about learning 
and using mathematics (Baroody, Ginsburg, and Waxman, 1983; Garofalo 
and Lester, 1985; Reyes, 1984; Schoenfeld, 1985). For example, because 
diey do not understand their formal instruction, and their written assign- 
ments do not make sense to them, many children conclude that mathematics 
is not supposed to make sense. Because of such a belief, they may not 
bother to monitor tfieir work thoughtfully. This helps to account for the fact 
that children are not the least bit troubled by answers that are cleariy 
unreasonable. For instance, Deborah, referred to in Rgure 1-2, was quite 
willing to overlook the fact that subtraction cannot yield a difference that is 
larger than the minuend (the starting amount): 

22 

-5 

23 

SUMMARY 



Mathematics does not have to be something that children view as dull, 
difficult, or dreadful. To design effective mathematics instruction, it is 
essential to take into account how children think and learn. A cognitive 
model proposes that even the instruction of facts and procedures should 
and can be done in a meaningful manner. Meaningful instruction requires 
that children assimilate formal mathematics. This requires their active 
Involvement It also requires that formal instruction build upon children's 
informal mathematical knowledge. 

A gap between formal instruction and children's informal knowledge 
precludes understanding and forces children to memorize mathematics. 
This occurs when instruction is introduced abstractly or taught in a lockstep 
manner. The results may be the mechanical learning and application of 
mathematics, faulty learning (e.g., systematic enors), and debilitating beliefe. 

The next chapter outlines the general educational implications of a 
cognitive model. It describes how mathematics instruction can be designed 
to suit children's thinking so that it can be interesting, meaningful, and 
tiiought-provoking. 
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Chapter 




Designing Effective 

Mathematics 

Instruction 



In Chapter 1, it was noted that to be effective, primary-level mathematics 
instruction must be compatible with the nature of children's thinldng and 
learning. The rest of the book is devoted to describing how instruction can 
be tailored to promote excitement, meaningful learning, and critical 
thinking. The general guidelines that stem from a cognitive conception of 
learning are delineated below. Chapters 3 to 13 will detail how to teach 
specific concepts and skills. 

GENERAL GUIDEUNES 



1. Mathematics eduQation should act/ue/y involve children. 

To encourage meaningful learning and critical thinking, a child's mind 
must be actively engaged by instruction. Instruction that actively involves 
children is more interesting and more likely to promote self-confidence. 
Some suggestions for encouraging active involvement follow: 

• Games are a natural medium for mathematics instruction and practice. 
Games can provide a meaningful and enjoyable way to leam a range of 
mathematical ideas and practice a wide variety of basic skills (Noddings, 
1985) (see Example 2-1). They build on children's informal mathematics, 
provide a reason for learning skills and concepts, supply repeated practice 
that is not tiresome, give children and teacher an opportunity to talk over 
strategies and ideas, and generate excitement (e.g., Ashlock and Humphrey, 
1976; Bright, Harvey, and Wheeler, 1985; Ernest, 1986). 
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Exampto 2-1 Animal Spots 



Animal Spots, described below, Is one of the many Interesting 
games In the Wynroth (1986) Math Program that Is designed to 
teach specific mathematical skills and concepts* Because the 
rules of a game embody a mathematical concept or skill, children 
Implicitly master these competencies by learning how to play the 
game, in thio curriculum, then, games are the primary learning 
device for learning basic mathematics. 

Objectives: (1) Oral counting to 5; (2) object counting with sets 
up to 5 (one-to-one counting and cardinality concepts); and (3) 
creating or coun'Jng out sets of one to five items (same-number 
concept). (Practice can be extended to largervalues by substituting 
a 0- to 1 0-dot die for a 0- to 5-dot die. The game can also be used to 
practice addition by using two dot dice or two numeral dice.) 

Grade Levei: PK or K. 

Participants: Two to five players. 

IMaterials: An animal board (wooden board cut in the shape of a 
giraffe or leopard with 43 holes drilled for pegs) for each player; a 
die \;ith 0, 1, 2, 3, 4, and 5 dots on a side; a container of pegs. 

Procedure: Each player takes an animal board. On each turn, a 
player rolls the die, counts the number of dots, and then takes that 
many pegs ("spots")for his or her animal board. Thefirst playertofill 
up his or her animal board is the winner. 



*The essence of the game is described here. For afull description of the game, see 
Wynroth (1986). The Instructions and materials for the Wynroth games and the 
accompanying worl<sheets can be obtained by writing: Wynroth Math Programs, 
Box 578, Ithaca, NY 14850. The telephone number for information about the 
program Is (617) 273-8759. 



Moreover, games provide an opportunity for children to leam im- 
portant social skills (e.g., following instructions, taking turns, respecting 
others' needs and rights). In particular, children need to leam how to deal 
with competitiveness in constructive manners. Games can also require and 
promote teamwork and cooperation. When used judiciously, games are an 
invaluable tool for primary-level instruction. 
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* Use meaningful activities In which mathematics is one integral part. 
Mathematics is more meaningful and interesting to children when taught in 
context (Steffe, 1987). There are an immensenumber of enjoyableactivities 
that involve mathematics as well as other school-related topics (see 
Example 2-2). For example, cooking entails counting, measuring, and 
fractions, as well as reading and following instructions. Teaching mathe- 
matics within an interesting and meaningful context can help children see 
the utility of mathematics, increa e their interest in learning it, and decease 
their tendency to approach mathematics thoughtlessly. Even if this is not 
always achieved, children do not hav<^ to realize that they are using and 
practidng mathematics to learn it. 



Exampid 2-2 Count DIsorderl/s Biography: An Integrated Activity 



Aim: This readlng-and-vocabulary exercise should help students 
reflect on how much mathematical Ideas are Intertwined with 
everyday life and language usage. 

Objective: identify terms that Imply mathematical Ideas and 
define their mathematical content. 

Grade Level: 1-3. 

Participants: Small group or whole class. 
Materials: Story sheet and pencil. 

Procedure: Explain that Count Disorderly wants his biography (a 
story about his life) written. He has the Royal Writers compose It. 
After the biography Is written, however, Count Disorderly becomes 
so confused by counting and numbers that he orders the Royal 
Writers to cross out any and all words that could have anything to do 
with counting and numbers. The Royal Writers who do the best Job 
editing (crossing) out all words that Involve counting and numbers 
will be rewarded. They will be called theChlefRoyalWrlters and will 
each be given a gold piece. 

Have the children work Individually or as a team. The latter Is 
especially useful In encouraging discussion and sharing of Ideas. 
After each individual or group has finished, discuss what parts of 
the biography should be crossed out. With a group of children, an 
overhead projector and grease pencil can be used so that everyone 
sees. The level of the discussion will, of course, depend upon the 
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grade level and sophistication of the children. Some suggestions 
are indicated below. 

Story Sheet: Count DIsorderiy's Ufe Story 

Once upon a time, her highness* the Queen had baby twin^ boysP 
One^ baby boy did not cry at all.« The Queen named him Count 
Orderly. The other' cried all the time.0 The Queen named him Count 
Disorderly. 

Count Orderly was the first^ boy to walk and the first to talk. 
Count Disorderly was last^ in most^ things. Count Disorderly was the 
first to make messes. 

Count Orderly was always*" neater than Count Disorderly. When 
the boys were two years old»< the Queen gave them each'" a box of 
blocks."CountOrderlycounted his blocks carefully, ''One, two, three, 
four.'^Afterplaying,CountOrderly picked up his blocksandputthem 
away on the lowest'' shelf. Count Disorderly counted his blocks, 
Three, four, two, one." He took one blocks to make mud pies and left 
the resf on the floor. The Queen fell over the blocks. She yelled, 
"Never, never* leave blocks on the floor!'' 



■This title refers to a person of high rank. It impiies there are different classes of 
peopie and that these ciasses can be ordered from iow or unimportant to high or 
important. (Numbers are ordered ciassea For exampie, we can say that Q O O 

and and Oo^heiong to the same group or ciass that we caii "three" or 

labei 3. The number three foilows one and two and comes before four, five, and so 

forth when the numbers are put In order This order impiies that three is more 

thanHn a sense higher than— two but iess than four.) 

The term twin means a pair of (two) children born at the same time. 

H'he piurai term boys impiies more than one. 

**One is the first count term- 

<Tha phrase not at all impiies an event that occurs zero times. 

^The of/ier refers to a remaining subset (the twin not previously mentioned). 

^The phrase all of the time impiies a measure— th6 whole measure. 

^Flrst Is an ordinal number— a number referring to an ordei. 

'Lasf Implies an order. 

'Mosf Im piles majority (more than half or 50%) or the largest portion, which impiies 
an ordering. 

^Always Is a description of (relative) frequency (a measure of how often an event 
occurs). It implies a probability of one (1.0). 
'Age Is a measure of time— In this case two years. 

<"ln this context, each implies a one-to-one correspondence; giving them each a 

box Implies a matching process to create this correspondence. 

"A box of blocks could be considered a set. 

The number words In this count are an obvious candidate for editing. 

(The temi lowaat Indicates a relative measure of height— that Is, In relationship to 

the other shelves, the boy put the box on the bottom shelf. 

The phrase took one block Implies subtraction (take away). 

TAe rsat Implies the remainder of a take-away action (subtraction operation). 

^Naver Is a measure of time Indicating a frequency of zero. Grammatically, the 

second never Is not needed; It Is redundant (Sometimes parents talk this way Just 

for emphasis— to make a point.) 
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• Small-group activities are Important for sharing Ideas, cultivating 
problem-solvlng skills, and developing social skills. Team-study or co* 
operative-leaming groups can provide invaluable learning experiences 
(e.g., Slavin, 1983). Children have an important body of (informal) 
mathematical knowledge, and small-group work gives them a chance to 
share questions, insights, and strategies (Cobb, 1985). It creates an 
opportunity to see that others use informal mathematics (e.g., that other first 
graders rely on counting to compute sums) and that they are not peculiar. 
Small*group exercises can give children experience in discussing mathe* 
matical problems with others (Easley, 1983): defining the question or 
unknown, gauging what information is relevant and what is not, considering 
alternative solutions, and evaluating the reasonableness of answers. Thus it 
can help them recognize that mathematics involves thinking (Cobb, 1985). 

Such experiences can also foster social or communication skills. Plaget 
(1965b) argued that young children are egocentric in that they do not put 
tiiemselves in the place of the listener. Piaget suggested that a key 
mechanism for overcoming this self-centeredness is peer interaction. In 
effect, dealing with other childi en forces a child to consider others' points of 
view. Furthermore, peer interaction helps a child develop specific com- 
munication skills (e.g., rephrasing or simplifying a comment, changing 
position so that speaker and listener share the same orientation to ensure 
that directions are not reversed, or checking for signs of understanding). In 
brief, though sharing ideas may be difficult for children younger than eight 
years of age or so, peer interaction is an important vehicle for learning to 
communicate mathematical (and nonmathematical) ideas more effectively 
(see Example 2-^). 



Example 2-3 Clay Numerals* 

Objectives: Use cooperatlveHearnIng groups to encourage dis- 
cussion about (1) the importance of socially agreed upon conven- 
tions (number symbols) in accurately communicating (mathemati- 
cal) ideas and (2) the advantages of a place-value numbering 
system. The activity also provides practice of object-counting skills. 

Grade Level: K-2. 

Participants: Groups of about 4 to 6 children. 

Materials: Handful of clay, colored construction paper (or other 
signs), and sets of 1 to 19 animal figurines or other countable 
objects to represent animals. (Picture of animals could be used.) 
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Procedure: Set out one (or two) set(s) of animals for each child in 
the group. Use colored construction paper (or other si^^ns) as 
"landmarks" to designate th*) sets. 

Form small groups. Distribute the clay to each child. Have the 
children pound, mash, twist, and roll the clay for several minutes in 
order to make the clay more malleable. 

Then ask the children to imagine that they are living a long, 
long time ago. Their group is a "clan" of early hunters. They need to 
find a new hunting ground where the game is plentiful. Each 
memberof the clan needstoexplore— by themselves— one (ortwo^ 
new hunting location(s) and report back to the group how many 
animals they observed. Have the children decide among themselves 
who will explore what location. 

Before the children set out to explore their assigned location, 
explain, 'Because we are pretending this happened long, long ago, 
there are no numbers spoken or written as we know them. There- 
fore, when you report back to your clan, you may not say or write a 
number. You may use your clay to show how many animals you 
saw— as long as you do not use the clay to make a number." 

After the children explore their assigned location, they should 
return to their group meeting place and use their clay to indicate 
how many animals they saw. (Monitor these proceedings to ensure 
that the children do not state a number or write a numeral.) The 

children may use the clay to make tallies (e.g., ^ to show two), to 



create their own numerals (e.g., q-jp to show four), or to make a 



tablet to inscribe tallies or invented numerals on. 

After the children have exchanged or attempted to exchange 
infomiation, encourage a discussion about any problems they had 
in communicating their information. Underscore the following: 

• What happens when each person invents his or her own 
number symbols (e.g., Joe uses a + to show four, but Marta 
uses a #)? [Help children to see that to be an effective tool 
for communicating ideas, symbols must have s/)arecr mean- 
ing—everyone in the group must understand their meaning.] 

• What are the advantages of tallies? [Tallies rather directly 
represent the observed sets. That is, there is a one-to-one 
correspondence or match between tallies and animals. 
Moreover, tallies have shared meaning. In other words, 
everyone in the group would readily recognize the number 
such a representation st, ids for] 




o 

ERIC 



DMfjBing EffKtiM Mathematics Inttniction 



• What are the disadvantages of tallies? [With larger and 
larger sets, tallies become Increasingly cumbersome to 
use.] 

• What can be done about the problem discussed above? 
[Groups of, say, 5 talHes could be represented by a special 

tally such as . Six could be represented as <4?|Ka •] 



• Why do we use numerals (written symbols such as 5 to show 
five 'hings) Instead of tallies? [To represent large collections, 
nufk^erals are much oasler to use. To represent nineteen 
animals with numerals, for example, we need only two 
symbols (1, 9): 19 (as opposed to 19 tallies). By using 10 
symbols (0, 1 , 2, 3, 4, 5, 6, 7, 8, 9) we can represent an infinite 
umber oifcollrctions in a relatively compact manner Another 
advantage of numerals is that they are recognized in many 
places around the world. That is, they are symbols in which 
many different people of the world share their meaning.] 

^Based on a lesson Idea by M. Cathrene Connery of Urt>ana-Champaign, IL. 



Primary mathematics instruction should, then, include regular op- 
portunities for communicating mathematical ideas to peers. Such activities 
should provide constructive feedback and advice for improving communi- 
cations. Indeed, the communication exercises can be made objects of class 
or group discussions to help children understand the importance of taking 
the perspective of the listener and leam the specific skills for ensuring 
accurate communication. 

• Whole-class instruction, direct-instruction methods, and drill should be 
used judiciously. Whole-class instruction can be useful with some lessons. 
Lectures, demonstrations, written explanations, diagrams, and so forth can 
play a key role in meaningful instruction. (A well-tailored talk, for instance, 
can capture the imagination of children and stin. ulate them to think.) 
Children certainly need to practice written algorithms. Too often, though, 
there Is too much whole-class instruction, teacher talk, or drill. And too 
frequer:tly, it is not geared to the child's level or needs. To be effective, these 
tools— like any tool— need to be used appropriately and carefully. For 
Instance, children should not be given so much written work that they feel 
overwhelmed, stop thinking about what they are doing, and rush blindly 
through the exercise. Whole-class Instruction can be used, for example, for 
lessons that tap common. Informal knowledge or experience. 
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2. Formal instruction should build upon children's Informal mathe- 
matical knowledge. 

Explanations and demonstrations should re\i.:e the formal instruction 
to the familiar. When instruction builds upon their existing (informal) 
knowledge, children are more likely to understand it. By exploiting their 
informal knowledge, children will not have to resort to learning i-trmal 
mathematics by rote. This will minimize confusion and a sense of helpless- 
ness (see Example 2-4). 



Example 2rA The Case of Ken: An Informal Introduction to Multiplication* 



A remedial mathematics teacher explained that Ken, a third-grader, 
had no concept of multiplication and was unable to give the 
multiplication facts quickly or otherwise. The boy appeared to have 
a learning block. Indeed, when given 6 X 2 and 3 X 3, Ken did not 
answer. With resignation, he explained that he could not answer 
and that multiplication was too difficult for him. Ken was shown how 
to figure out products by counting. For example, because 4X3 can 
be thought of as a group of four repeated three times, the answer 
can be figured out by counting four fingers three times: "1 , 2, 3, 4 
[one time], 5, 6, 7, 8 [two times], 9, 10, 1 1, 12 [three times]." 

Ken exclaimed, "Oh, so that's all that multiplication Is." He then 
had no difficulty with new problems like 5 X 3 or even larger 
problems like 50 X 2 and 100 X 2. (He solved the latter by using 
known addition facts. For Instance, for 50 X 2, he realized that 50 
two times was the same as 50 + 50, which he knew was 1 00.) When 
introduced to multiplication In an Informal way, the operation made 
sense to him and he quickly assimilated it. 



*Ba8ed on a case study originally reported In Arithmetic Teac/ier (Baroody, 1 986b). 



This general guideline can be implemented in the following ways: 

* Introduce new Instruction In terms of counting. Counting is a natural 
and sensible way for children to extend their number knowledge to 
arithmetic. As Example 2-4 illustrates, the arithmetic operations should ^e 
introduced and practiced in terms of counting. The fear that calculating by 
counting is habit forming is groundless. Children will abandon counting 
strategies as soon as they are ready— as soon as they leam a more efficient 
procedure that they understand and can trust. As we will see, a counting- 
based approach also can be used effectively to introduce topics as diverse as 
number theoiy, multidigit arithmetic, and place value. 
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• Use word problems to introduce new instruction. Word problems are 
a very useful way of introducing arithmetic to children. Research (e.g., Riley, 
Greeno, and Heller, 1983) shows that even primary-level children will— if 
allowed to use objects— model the actions in simple addition and sub- 
traction problems and figure out sums and differences. Using (appropriate) 
word problems is an important way to make mathematics instruction more 
concrete, real, and meaningful to children (see Example 2-5). 



Example 2^ Introducing Multiplication with Word Problems 



Even before multiplication is formally introduced, many children 
can solve multiplication problems (Kouba, 1986), such as the one 
below: 

Luis, Montreyal, and Orion each had a bag of marbles. Each 
bag had four marbles. How many marbles did the boys have 
altogether? 

Quite often, children solve such a problem by using objects or 
drav)/ings to model or represent the problem. A sample solution is 
shown be\o\N: 




By relating the symbolism 4 X 3 = 1 2 to such word problems 
and to children's informal solutions, the operation of multiplication 
can be formally introduced In a meaningful fashion. 



• Use pictorial representations as an intermediate step. Rctorial (semi- 
concrete) representations may be a useful intermediate step between using 
objects (concrete models) and written symbols. It gives children additional 
exposure to relatively concrete representations. Moreover, it exposes 
children to a varieti; of representation. Both mc.y help children to consolidate 
and deepen their understanding. 
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The hieroglyphics, used by ancient Egyptians, provide a pictorial 
medium that is easy for children to understand and use. Example 2-6 
illustrates an exercise for using Egyptian hieroglyphics as an intermediate 
step for four-digit numeral writing.^ Later chapters will illustrate how to use 
Egyptian hieroglyphics for a wide variety of instructional purposes, including 
single-digit or multidigit arithmetic ar.d base-ten/place-value instruction, as 
well as one-, two-, and three-digit numeral writing. 



Example 2-6 Using Egyptian Hieroglyphics as an Intermediate Step In 
Numeral-Writing Instruction 

The ancient Egyptians used characters to represent numbers^: 
(tally mark) = 1 

(horseshoe stanchion) =10 

^(coiled measuring rope 100 units long) =100 
^ (lotus blossom) = 1 ,000 

^(finger) = 10,000 

This picture-based system Is an Ideal Intermediate step (see 
Frame B) between concrete representations of number (Frame A) 
and actually v^ riting numerals. 

A. Concrete model of 1,203 using Dienes blocks. 




^Some autliorlties recommend an Intermediate step tliat more directly models the 
Introductory concrete representation. The gap between concrete and abstract representa- 
tions can be more directly bridged by drawing pictures of the manlpulatlves used. For 
example, children can use • and | and []] to represent a Dienes blocks unit, long (10), 
and flat (100), respectively. 
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B. Pictorial representation of 1,203 using Egyptian hiero- 
glyphics. 



*Ba8ed on Bell, Fuson, and Lesh (1976) and Payne (1986). 



• Written work should follow concrete experience. School mathematics 
overwhelmingly consists of written assignments— work that is detached 
from any reality for the child. Ho«vever, students (of all ages) usually learn 
best when mathematics instruction is introduced concretely, in terms that 
are real and intuitive. Written symbolism and procedures should be 
introduced after students have mastered concepts and skills informally. At 
this point, written symbolism and procedures can be learned meaningfully 
because children have a framework to assimilate the formal instruction (see 
Example 2-7). 



In the Wynroth (1986) curriculum, written work Is Introduced only 
after a child has mastered a concept or skill Informally (In the 
context of a game). In this way, the formal mathematics (written 
symbolism) can t>e Ir.troduced In a meaningful manner— assimilated 
in terms of a well-grounded Informal knowledge. For example. 
Worksheet 6, regarding the equals, not-equals, greater-than, and 
less-than signs. Is introduced after the children have mastered the 
concrete embodiment of these Ideas by playing a variety of games, 
such as Dominoes Same Number (see Example 7.2 in Baroody, 
1987a) and Cards More Than (discussed in Example 5-7 of this 
text). 




C. Numerals plus concrete representations. 





Example 2-7 Wynroth (1 986) Worksheets 
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Use: 0,1 ,2,3,4,5,6,7,8, or 9. 





0 S< 1,2, • 


H'^lil 


1 = / 


1 1 1 1 

H>[i] 




I i 1 I 

[Z]<III 




[3]=[I] 








3 > l,l,*rC 


<},.,2,l> 0 


[7] < QtA-'^ 




6 >5,H,... 


J- = 5 
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I spoke with one special educator in a district using the 
Wynroth (1 986) Program. The teacher noted that she did not aiiow 
her children to waste time piaying the math games but did feei that 
the Wynroth worksheets were most worthwhile! Though this teacher 
was very dedicated and had the most noble intentions, she was a 
victim of the mistaken beliefs that learning mathematics basically 
involved written work and that it could not be fun. Once the central 
importance of the games was pointed out, she dusted off the games 
and put them to good use. 



; • Point out how formal mathematics is linked to informal mathematics. 
Even when a teacher does use manipulatives, children frequently fail to 
relate such concrete experience to formal (written) mathematics. Many do 
not spontaneously associate a concrete model for a mathematical concept 
with its written symbol. They often do not see the link between a concrete 
model for regrouping and written procedures that involve renaming 
(carrying and borrowing) (e.g., Resnick, 1982; Resnick and Omanson, 
1987). A key to meaningful instruction is helping children to connect 
explicitfy concrete models with written mathematics. For e:^mple, the 
numeral 0 is often interpreted by young children as the letter 0. A teacher 
can quickly help most children to overcome this misinterpretation by 
pointing out that the formal symbol 0 (zero) is a way of representing existing 
infonmsd mathematical ideas: It is the symbol that stands for no items or 
nothing added. 

• Help children to appreciate that formal si;mbols and procedures are a 
shorthand for existing (informal) concepts and strategies. Lke adults, 
children need to feel there is a reason to learn something. Holt (1964) noted 
that teachers should help children see that written arithmetic is Just a 
shortcut for what they already know. For example, the informal fair-sharing 
model for division is intuitively appealing but cumbersome, especially as the 
amount to be divided gets larger. Written notation can be introduced as 
shorthand. Indeed, children can be led to discover the standard notation 
(see Example 2-8). 



Example 2rB Discovering a Shorthand Method for Informal Division* 



Objective: Introducing formal representation of division in terms 
of an Informal sharing model. 



Grade L^vel: 3 (gifted) or 4. 
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Participants: A single child, small group of children, or possibly a 
whole class. 



Materials: Division word problems presented orally, mechanically 
(tape recorder or computer), or graphically. Pencil and paper or 
other materials for recording work. 

Procedure: 

1 . A teacher presents a word problem, such as the one below. 

Edgar has 1 8 sticlcers. If he divides up the sticlcers equally 
among his 6 race cars, how many sticlcers can he put on 
each? 

2. Each student concretely represents the total (18) with 
stickers, bloclcs, peg^, etc. 



I lllllllllllllf III 



3. Each student notes the number of the six groups the total 
will be divided into. 



Illlllilllllllllll 



4. The students then concretely model the dividing-up pro- 
cess. 



a Process underway 
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b. Completed processes 



J- J. -1 -1 -1 -1 

m III III III III III 



5. Encourage the children to summarize the process with 
symbols (numerals). Compare the various representations. 
Some Illustrations are shown below. 

18 18 18 

333333 333333 0 

6. Some children may discover for themselves that 18 + 6=: 
3 Is merely a shorthand for the more cumbersome notations 
advanced In Step 5. 

7. Some children may recognize that using their knowledge 
of multiplication Is a shortcut for the cumbersome concrete 
procedure (Steps 2 to 4). That Is, they may realize that 1 8 + 
3 = 6 could have been solved by recalling that 3X6 = 18. 



*Based on an idea suggested by Lee S. Vanhille for teaching a multidigit 
multiplication algorithm. 
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3. Instruction should take into account children's individual learning 
needs. 

Some suggestions for implementing this guideline are listed below: 

* Much mathematics instruction should be individualized at least to the 
point where children are grouped according to ability. Conceptual 
instruction, particularly, can be better tailored to meet individual needs if 
children are grouped by similar strengths and weaknesses. Advanced 
children are less likely to lose interest in mathematics, and weak students are 
more likely to get tiie intensive attention needed to make progress. In 
playing competitive math games in which skill is a key factor, ability 
grouping minimizes the problems of more advanced children (1) becoming 
bored^while they wait for their less advanced peers or (2) taking over the 
game and reducing their less advanced peers to the role of passive 
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obseivers. Individual or smedl-group instruction is edso important in diag- 
nosing and correcting learning difficulties quickly— before they create 
furtfier problems. 

It is important to note that individualizing instruction Is not incompatible 
with organizing a class into cooperative-learning groups consisting of 
children vrith a wide range of ability (Slavin, 1987). Indeed, a team-learning 
approach can help make efforts to individualize instruction practical. For 
example, while a teacher introduces new material to individuals of a 
particular developmental level, otiier children can use tiiis time construc- 
tively to work on team projects or assignments. That is, team members can 
woric on solving a problem or play a game to practice skills. A team member 
can help less advanced team members learn new skills or concepts, provide 
feedback or guidance on their assigned work, and/or serve as a referee or 
moderator for a game. 

9 Instruction should be paced according to Individual progress. As 
with reading (or any other topic), different children are not equally ready to 
learn each aspect of formal mathematics. For example, some childbren 
readily benefit from concrete models of addition and quickly go on to 
mental addition. Others must use objects a long time before they are 
capable of more abstract addition. Indeed, the same child might be quite 
ready to leam one aspect of primary mathematics but be unready for 
another. 

Meaningful learning of primaiy-level mathematics (of any kind) can 
take a long time. A teacher needs to take into account that real progress is 
often slow. For example, children may need a prolonged period of doing 
arithmetic with objects before they master mental arithmetic or understand 
written renaming procedures. It is unwise to push a child along into more 
advanced topics before he or she has had the opportunity to master more 
basic material (e.g., prerequisite informal skills and concepts). 

Because children leam at different paces and because meaningful 
learning requires building carefully on more basic knowledge, a masteiy- 
learning approach is important. In a mastery-learning approach, children do 
not proceed totlie next, more advanced objective until tiiey have mastered 
more fundamental material. In this way, the pace of instruction is determined 
by a child's ^readiness. 

• Start instruction with small numbers and introduce larger numbers as 
children are ready. It is important to ensure that a child has mastered 
skills with small numbers before proceeding to assignments with large 
numbers. A major objective of primary-level mathematics should be helping 
children to adapt their existing strategies to meet the demands of dealing 
with larger and larger numbers. 

* Use a variety of instructional techniques. Even good teaching ideas or 
suggestions will not work well with every child. What is engaging and 
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educational for one child may be uninteresting and even confusing for 
another. Try various techniques or their modifications to find out what 
works best for a child. Using a variety of techniques also has the advantage 
of helping children to generalize their learning. By seeing different em- 
bodiments of an idea, children are more likely to develop a broader and 
deeper understanding of it. 

4. Instruction should cultivate the discovery of relationships, con- 
ceptual learning, and thinking skills as well as mastery of basic facts and 
procedures. 

Mastery of facts and procedures are a means to an end, not ends in 
themselves. Thus, though their mastery is important, the focus of instruction 
should be on meaningful learning and problem solving. Some suggestions 
for encouraging the discovery of relationships, conceptual learning, and 
thinking ability follow: 

• Instruction needs to focus on discovering patterns or regularities. 
Children regularly should be given exercises in which they must search for 
and then define patterns or regularities (see Example 2-9). Instead of 
memorizing facts or skills in isolation, children should be encouraged to 
look for connections between seemingly different aspects of formal mathe- 
matics (e.g., the relationship between basic division and multiplication 
combinations as in Step 7 of Example 2-8). In Example 2-10, computa- 
tional practice was designed as a means for discovering an important 
arithmetic relationship— the principle of commutativity (the sum of two 
terms is the same regardless of order). In a follow-up discussion, children 
can be encouraged to describe this principle in their own words and how 
they used (or could use) this knowledge to save effort when doing 
arithmetic. Such activities will help children develop a more accurate view of 
mathematics. It entails much more than arithmetic; its essence involves 
looking for, thinking about, and applying relationships. Such an approach is 
more likely to foster meaningful learning and mathematical thinking or 
problem-solving ability. 



In-Out Machines are an analogy for the mathematical concept 
called functions, a very useful and widely used idea. An In-Out 
Machinetakeswhatyouputinto it (input) and consistently produces 
a result (output) through some invisible internal process. In-Out 
Machine exercises encourage children to look for and define 
patterns (a process that is at the heart of mathematics). Moreover, 



Example 2-0 In-Out Machines* 
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such exercises provide practice of basic skiiis in a meaningfui and 
interesting way. 

By judiciousiy choosing the underiying function or reiationship, 
exercises can be taiiored to any grade ievei from kindergarten up. 
Note, f or exampie, that Exercise A couid be used with kindergarten 
chiidren. in-Out Machine exercises aiso encourage reaiistic and 
constructive beiiefs concerning mathematics and probiem soiving 
(e.g., some probiems do not have soiutions; soiving probiems takes 
time; mathematics invoives a thoughtfui anaiysis)— as opposed to 
the unreaiistic and destructive beiiefs that a drili approach too 
often encourages (e.g^ aii probiems have soiutions; probiems 
shouid be answered quickiy; mathematics Is not supposed to make 
sense). Beiow are some examples of In-Out Machine exercises. 
Answers to selected questions appear on page 47. 

• Txercise A can be used with kindergartners or first graders 
to introduce the idea of In-Out Machines and to practice the 
skill: When we count, what comes after this number? 

• Exercise B can b'd used with first graders and up to introduce 
In-Out Machines as an analogy for functions and to practice 
simple addition. 

• The aim of Exercise C is to help third-grade children learn 
the defining characteristics of an In-Out Machine (a func- 
tion). Specifically, it addresses the question: What is a key 
characteristic of functions? Example 0 is included to clarify 
a common source of confusion concerning In-Out Machines: 
Can different inputs have the same output? 

• Exercise D, which would be suitable for first to third graders, 
introduces inputs that consist of pairs. (Exercises that 
involve pairs of inputs and addition, subtraction, multiplica- 
tion, or division can be used to help children discover 
important arithmetic relationships or principles. Such exer- 
cises will be illustrated later in Chapters 8 and 9.) Note that 
this exercise, like Exercise C, highlights the point that 
different Inputs can have the same result. 

• Exercise E illustrates a case In which a mathematical 
problem may have more than one solution. Such exercises 
are essential to counter the misconception that mathe- 
matical problems must be solved in one way and have one 
answer. This particular exercise would be suitable for third 
graders. 

• Exercise F involves finding the missing inputs or outputs for 
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various In-Out Machine&The exercise illustrates that under 
some circumstances, there may be the possibility of no 
answeror multiple answers. Because most of the questions 
involve multiplication, this particular exercise would be 
suitable for third graders. Exercises could be made up to 
illustrate the same points for younger children. 

Ex«rclM A 

An In-Out Machine takes what you put into it (input) and 
consistently produces a result (output) through some invisible 
internal process. 



INPUT 



OUTPUT 



Example: When 7 is put in the machine above, 8 comes out the 
other end. When 4 is put in, 5 comes out. When 2 is put in, 3 comes 
out. When 13 is put in, 14 comes out. 

Summarize the information above in the table below. By listing 
each output next to its input, it may be easier to figure out what the 
In-Out Machine is doing— what the invisible internal process is. 



Input 


Output 























Question 1 : What do you think will come out if 1 is put in? 
Question 2: What do you think will come out if 6 is put in? 
Question 3: What do you think will come out if 14 is put in? 
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Exercise B 

An In-Out Machine takes what you put into it (input) and 
consistently produces a result (output) through some invisible 
Internal process. 



INPUT- 



OUTPUT 



Example: When 7 is put in the machine above, 9 comes out the 
other end. When 4 is put in, 6 comes out. When 0 is put in, 2 comes 
out. When 1 3 is put in, 1 5 comes out. 

Summarize the information above in the table below. By listing 
e&ch output next to its input, it may be easier to figure out what the 
In-Out Machine is doing— what the invisible internal process is. 



Input 


Output 























Question 1: Is there any pattern that you no'^ce? 

Question 2: What do you predict the output would be if the 
input were 3? 24? 
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Exercise C 

Question 1 : For each of the tables below, can you tell what 
the missing outputs would be? If so, fill in the 
missing output, if not, put a question mark (?) in 
the space. 



ABC 



Input 


Output 


Input 


Output 


Input 


Output 


4 


8 


2 


4 


3 


0 


2 


4 


2 


1 


2 


0 


1 


2 


2 


5 


5 


0 


3 


6 


2 


7 


4 


0 


5 


10 


2 


9 




4 


8 






7 




2 








3 












2 





Question 2: The data in Table B does net come from a real In- 
Out Machine— ai least not one that Is working 
properly. What makes an In-Out Machine dif- 
ferent from something that is not an In-Out 
Machine? In other words, how does the data in 
Table Bd iff er from the data in Table A or Table C? 

Exercise D 

In the In-Out Machine below, two inputs are fed into the 
machine at a time, th j machine works on the inputs and a single 
output comes out. 
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Table A below summarizes the Input and output for this machine: 

A 



Input 


Output 


(2,5) 


7 


(6,3) 


9 


(1,1) 


2 


(4,4) 


8 


(5,1) 


6 



Question 1 : What do you suppose the output would be If 3 
and 2 were entered Into Machine A? 

Table B below shows the Inputs and outputs of Machine B. 



B 




3 



B 



Input 


Output 


(4,1) 


3 


(3,1) 


2 


(6,2) 


4 


(3,2) 


1 



Question 2: What do you suppose the output would t If the 
numbers 5 and 5 (5,5) werb entered? 
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Question 3: What do you suppose the output would be if the 
following pairs of numbers were put into Machine 
B? 



(5.2) 
(6.3) 
(4.2) 
(6.4) 
(5.3) 
(4.3) 
(2.1) 
(5,4) 



Question 4: Can different inputs produce the same output? 

Question 5: With Machine B, are there any inputs that will 
give the same output as (4,1 )? That is, are there 
other pairs of numbers that will produce an 
output of 3? Below, try some number pairs to see. 



ExerclM E 

Consider the inputs and outputs for In-Out Machine A. 

A 



Input 


Output 


cat 


3 


garbage 


7 


by 


2 



Question 1 : Is there a rule or pattern that you can see? 
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Question 2: Are any other patterns or rules possible? 
Consider the Inputs and outputs for In-Out Machine B. 

B 



Input 


Output 


3 


0 


8 


0 


5 


0 


1 


0 



Question 3: Is there a rule or pattern that you can see? 

Question 4: Are any other patterns or rules possible? 

Question 5: Can problems sometimes be solved In more than 
one way? 

L*Jcerc]M F 

Find the missing Inputs and outputs for each of the following 
functions. Use only whole numbers that are more than 0. Be sure to 
give all possible answers. Write NP when It Is not possible to give an 
anr ver. 



Input 


Output 


2. Input 


Output 


4 


0 


3 


12 


9 


5 


5 


20 


11 


7 


7 


28 


12 


1 




19 


15 


10 






10 


16 




8 


18 


0 




7 


2 




0 
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Inout 


OutDUt 


A Innuf 


Onfnnf 


3 


7 


6.3 


18 


2 


5 


10.2 


20 


5 


11 


3.7 


21 


10 


21 


13.1 


13 


20 


41 


4.5 




6 


7.1 




4 


0.3 




0 




8 




15 


26 




10 


45 




27 


29 




8 


16 


1 




12 


Fendel (1987). 



Example 2-10 Structuring Corrputational Practice to Foster tiie Discovery of an 
Arithmetic Relationship 



Name: 



Date: 



Solve the following addition problems using any method you wish. 



7 
+1 



1 

+7 



1 

+5 



5 
+1 



8 
+1 



1 

+8 



7 

+3 



3 

+7 



4 

+5 



5 
+4 



8 

+5 



5 
+8 



• Help children find connections among aspects of formal mathe- 
matics. A key to meaningful learning is finding connections to otherwise 
isolated and possibly meaningless information. Training needs to help 
children integrate the formal bits of information they learn. 

For exeuple. children are often taught the associative law of addition- 
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that multiple terms can be combined in different orders and still produce the 
same result. This principle is often illustrated in the following manner: (4 + 
3) + 2 « 4 + (3 + 2). Algebraically it can be illustrated as: (a + b) + c = a + 
{b + c). Unfortunately, such examples may not help children appreciate the 
Importance of this powerful principle. As a result, some children may leam 
Lhe principle and its examples by rote; others mdy fdil to do even this. The 
principle's importance and meaning can be made clearer if a teacher 
connects it to other aspects of formal mathematics in which the child is 
engaged. In particular, children should be encouraged to apply their 
knowledge of arithmetic principles to the task of calculation— for shortcutting 
their computational efforts (see Example 2-1 1). In a follow-up discussion, 
children can be encouraged to note what principle they used and how it was 
applied. 



Example 2-1 1 Applying Arithmetic Principles to the Task of Calculation 



Objective: Using the associative principle of addition to make 
calculating with more than two addends more manageable. 

Grade Level: 1 or 2. 

Participants: Can be done with a single child, small group of 
children, or a whole class. 

Materials: Worksheet like that shown. 

Procedure: Students can work on the written exercise individually 
or in small groups. In either case, follow up with a group discussion 
about the shortcuts you found. Note that the problems illustrated in 
the exercise can be worked out in several ways. A correct but 
relatively inefficient solution is to follow the standard left-to-right al- 
gorith m. For 9 -I- 5 + 5 = ?, this would mean coming up with the sum 
of therelativelydifficult combination 9+5andthenadding another 
5 to that. Some students will spontaneously use a more elegant 
solution: combining 5 + 5 first (5 + 5 = 1 0 is relatively well known 
and an automatic combination) and then adding 9 to 10 (again a 
relatively easy combination). By "associating" the terms in a 
different manner the child reduces his or her computational effort. 
By using the "associative principle," a child can likewise transform 
Problems 3, 4, 6, 7, and 8 into relatively easy 1 0 + A/ combinations 
(e.g., in Problems, 9 +6 -I- 1 =[9 -I- 1 ] -1-6 =1 0 +6 = 1 6). In Problems 
2, 5, and 9, by starting with the larger term first, the computation can 
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effectively be reduced tocountlng. For example, 1 +1+1+1+8+ 
1+1+1+1=7 can be solved by beginning with 8 and then 
counting on from there as sanh one Is noted: 8, 9, 1 0, 1 1 , 1 2, 1 3, 1 4, 
1 5, 1 6. Problem 9 has ot ier (>olutlons that are more elegant than 
the left-to-right algorlthm.Ach!ld might see that 1 +1 +8i8l0,piu8 
the six remaining ones, sums I'o 1 6. 

Name: Date: 

Figure out the sums of each of the following any way you wish. Are 
there any ways to shortcut your worl<? 

1. 9 + 5 + 5=? 

2. 1 +1 +17=? 

3. 7 + 8 + 2= ? 

4. 8 + 9 + 1 =? 

5. 1 +1 +1 +1 +1 +1 +1 +19=? 

6. 7+5 + 5=? 

7. 8 + 5 + 2=? 

8. 9+6 + 1 =? 

9. 1+1+1+1+8 + 1+1+ 1+1=? 
10. 2 + 4 + 4=? 



9 Use negative instances or con trasting examples to help children master 
concepts. One example or one type of example is not enough to f omi well- 
defined concepts. To minimize overgeneralization and promote discrimina- 
tion (correct definition and application), it is helpful to introduce negative 
instances or counterexamples of a concept (see Example 2-12). Indeed, 
children need to learn that negative instances are useful and informative. 
Moreover, they need to learn that their wrong answers can often act as a 
negative instance and can provide useful information and direction. 



Example 2-1 2 What Does V2 Mean? 



Objective: Use examples and nonexamples to explicitly define 
one half as one of two equal-sized parts. 



Grade L«v9i: 2 or 3. 
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Participants: Single child, small group of children, or whole 
class. Students can work on the activity as individuals or in small 
groups. The latter is recommended. 

Materials: Each child or team should have an activity sheet 
(shown below) and something on which to record answers. Also, 
items such as pies or marbles to demonstrate the various examples 
and nonexamples of one half (optional). 

Procedure: Exp'ain to the students that they must figure out 
what a new symbol means. Pass out the activity sheet and read the 
following instructions: "Below areaseries of cluesto helpyou solve 
the mystery: What does this [write V2 on the board] mean? I'll show 
you some examples of what it is and some examples of what it Is not. 
Let's see if you can figure out what this symbol means." 

For each question, give the children an opportunity to think 
and record their responses before providing the answer indicated 
below. There are several advantages of having pupils work in small 
groups. One Is that children may benefit from an exchange of ideas 
and more critically think about their answers. A second is that an 
incorrect response arrived at by group consensus is easier to 
accept than one derived on one's own. it may prove useful to 
discuss issues or questions raised by an item before proceeding to 
the next item. Some issues or questions raised by items are noted 
below. 

Note that the nonexamples in 1b, 1d, 4, 7, 8, and 9 provide a 
contrast to the examples of V2 that highlight a key characteristic of 
the concept of one half: The two parts must have the same size. 
Unless the whole can be divided into eQua/ parts, we cannot have V2 
(or any other fraction). 

Examples 3, 5, and 6 illustrate that more than one thing can 
comprise a half (as long as the other half has an equal number of 
things). Example 11 illustrates this idea at a more abstract level. 
The wrapped (light) portion of the candy bar could be divided into 
two equal pieces, which would have the same size as each dark 
piece. (A teacher may wish to postpone using Question 1 1 .) 

Key 

2. Yes 7. No 

3. Yes 8. No 

4. No 9. No 

5. Yes 10. Yes 

6. Yes 11. Yes 
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What Does Va Mean? 
Name: Date: 



1. a. The shaded area is Va of the pie. 

b. The shaded area is not Vz of the cal<e. 

c. Vz of the marbles are dark. Q ^ 

d. The dark marbles are not Vz of the marbles. ^ O O 



2. Is the chocolate portion of the cake Vz of the cake? 



3. Is the chocolate portion of this cake Vz of the cake? 



9 



4. Is the chocolate portion of the cake Vz of the cake? 



5. Are Vz of these coins dark? 

o o 



6. Are Vz of these coins dark? 

Ooo 



7. Are Vz of these coins dark? 

Qoom 
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8. Is the unwrapped (dark) portion of the candy bar Va of 
the candy bar? 




9. Is the unwrapped (dark) portion of the candy bar Va of 
the candy bar? 




1 0. Is the unwrapped (dark) portion of the candy bar Vz of 
the randy bar? 




1 1 . Is the unwrapped (dark) portion of this candy bar Vz of 
the candy bar? 




• Beg/n \es&on& with a question. To encourage thiinking, begin lessons 
with a question Pavis, 1984). This technique preser ts students with a real 
problem to consider and solve. It also makes mathematics challenging and 
interesting. For example, after third graders have learned to determine the 
area of a rectangle by counting the number of "squares" it contains (see 
Frame A of Rgure 2-1), challenge them to find an easier way to figure out 
the area of a rectangle (see Frame B). Some children may suggest an 
informal strategy: skip counting (see Frame C) or adding on (e.g., 5 + 5 = 
10, 10 + 5 = 15, and 15 + 5 = 20). Provide additional problems and 
challenge them to continue their search. Some children may recognize the 
applicability of multiplication (Frame D). That is, they notice the general rule 
that the area of a rectangle can be determined by multiplying the length of a 
horizontal side and the length of an adjacent or vertical side (height). This 
method for learning A = / X h is more meaningful and interesting than 
directly teaching the formula. 
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FIguf a-1 Beginning a Lesson on Area by Posing a Question 



A. Previous lesson: Counting square units to deternfiine the 
area of a rectangle. Th e method is illustrated with a rectangle 
5 units by 4 units: 



1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 



B. Lesson introduction: "Yesterday we learned howtofigure 
out the area of a rectangle by counting up all the square 
units that we could fit inside it. ' [Review the procedure units 
5X4 unit rectangle c ?. shown in Step A.] "On your work- 
sheet (the chalkboard), you will find five rectangles (5 X 6, 
5 X 9, 2 X 8, 1 0 X 6, and 10X9). Is there a way we can make 
the job of figuring out the area of all of the rectangles easiefT 

C. Informal shortcut: Skip counting. 



5 



10 



15 



20 
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D. Using multiplication as a shortcut: "Five times four Is 20." 



• Routlnelv question children about their work. Regulariy ask children 
how they arrived at their answers and whether or not their answers are 
justified. For example, have them explain their reasoning by using objects to 
illustrate tfieir solution method and answer (Peck, Jencks, and Connell, in 
press). A steady exchange encourages children to approach mathematics 
thoughtfully, to check the reasonableness of their answers, and to depend 
on themselves to evaluate their work (Lampert, 1986). It puts the emphasis 
on thinking and understanding rather than on producing answers (Peck, 
Jencks, and Connell, in press). 

Challenge children to think by asking what-if questions about their 
work. For example, to help children discover an important property about 
addition, a teacher can ask: "When you started with five blocks and added 
three, you found out you had eight altogether. What if you started with three 
blocks and added five? Would you have the same number or a different 
number in the end?" What-if questions are especially useful in prompting 
children to justify their method and answer and to gauge whether they really 
understand what they are doing. 

5. Create an atmosphere where children are interested in learning 
mathematics rather than disinterested in or even afraid of it. 

A teacher sets the tone. If a teacher exhibits interest in teaching a topic, 
then there is a better chance that pupils will be drawn to learning it. If a 
teacher approaches mathematics instruction unenthusiastically, many chil- 
dren will approach learning it mechanically. Several suggestions for setting 
a positive tone are delineated below. 
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* Discuss mathematics with children. In addition to making connections 
explicit and encouraging thoughtful evaluation concerning the reasonable- 
ness of methods and answers, discussing mathematical problems sends a 
clear signal that this is a topic worth talking about, not something that is 
boring. In encouraging the discussion of problems, children are also more 
likely to pose questions and make a real attempt to understand mathematics. 
Discussing mathematics, then, fosters the belief that mathematics involves 
more than memorizing facts and procedures; it involves thinking. 

Any number of occasions may present an opportunity to discuss 
mathematics (e.g., a child's question or error, a conflict of answers or 
opinion, something puzzling to a teacher). Indeed, mathematics touches 
our personal lives in many ways that are worth discussing (see Example 
2-13). 



Example 2-1 3 Discussing the Fairness of the Math Game: Necklace Chase* 



Objectives: The game provides an opportunity for children to 
practice and reflect on what numbers can be used to make sums to 
10. In playing the game, it should become clear that the rules give 
some children an unfair advantage. For sums to 10, some numbers 
CP . be used in more combinations than can others (e.g., 2 can be 
jmbined with 0 io 8 to make nine sums between 1 and 10, 
whereas 9 can be combined with only 0 and 1 to make two sums). 

Grade Level: 2. 

Participants: A portion of a class or the whole class. 

Materials: Enough pin-on or tape-on number cards with a nu- 
meral 1 through 9 for each child, number deck (each a sum of 
single-digit addendsrangingfrom 1 to10writtenona3"X5"card), 
and numerous necklaces (ringlets made of construction paper and 
looped together) for prizes. (Other prizes can be substituted, such 
as play money.) 

Procedure: One child is appointed "the guard"; all other children 
are players. The players blindly choose a pin-on number card. The 
guard is positioned midv/ay between the players who line up on one 
side of the room and the prize is pu^ at the other end. The guard 
draws a card from the number deck and announces the number. 
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The players whose pin-on card could b(» used in an addition 
combination that sums to the drawn number can make a run for the 
prize. For instance, if 6 is the sum (the number drawn), children with 
pin-on cards 1 to 6 could run. The players try to elude the guard 
and capture the prize. After a player has captured the prize or all the 
players making a run are captured, another prize is put out and the 
guard calls out another number. (The guard can capture a player by 
touching him or her with both hands simultaneously.) The game can 
continue until all the prizes are exhausted or the issue of fairness is 
brought up. 

If no one raises the issue of fairness directly or indirectly (e.g., 
con.plaining to a friend or mumbling to themselves), then prompt 
with, "Was that a good game?" This invitation to evaluate the game 
may cause some children to address the fairness issue. If this does 
not work, ask bluntly, "Was the gamr fair to everyone?" 

The discussion should bring out Mat children who drew 1 had 
an unfair advantage— they could make a run for the prize on 
virtually every turn. Those with 2 had an edge because they could 
go every time except for when 1 was called. Children with numbers 
7, 8, and 9 should feel cheated because of the relatively few 
opportunities they had to contend for the prize. Some children may 
be interested in making a bar or line graph that summarizes the 
relative frequency in which the numbers 1 through 9 appet:r as 
addends for tho sums 1 to 1 0. A genuine problem that can be the 
Ijasis for further discussion is how to change the rules to make the 
game fair. One solution would be to change the format of the cards 
In the number deck. By using an expression in the form of 8 -I-? = 1 0, 
only specific players (those with a pin card of 2) could run on any 
given turn. By drawing up a deck in which 1 to 9 appeared as a 
missing addend an equal number of times, all players would have 
an equal chance. Incidentally, such a change would more effectively 
provide practice in finding a missing addend. (A player is forced to 
think of a specific combination that sums to a number.) Such a 
game would set the stage for learning subtraction facts. 

The discussion can also focus on other non mathematical 
issues. For example, the game can also be the basis for a social 
studies lesson. Sometimes rules are not fair and need to be 
changed to give everyone an equal chance. Sometimes laws are 
notfairto everyone (e.g., segregation laws that discriminate against 
blacks, or laws with a sex-bias that discriminate against women 
and, in some cases, men), and they need to be changed. 

♦Based on Factor First, described in Ashlock and Humphrey (1976). 
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* Foster constructive beliefs about mathematics, mathematical thinking, 
and mathematical learning. Children need to see that mathematics is 
much more than just a body of arithmetic facts and written procedures. It 
also involves discovering and defining patterns or regularities, thinking 
through problems, and justifying intuitive answers lo^cally. Children need to 
understand that mathematical thinking involves more than efficiently using 
a memorized procedure or quickly recalling the answer. It can involve 
thoughtfully defining the problem, carefully deliberating among possible 
solution procedures, and slowly working out a number of answers. Children 
need to appreciate that genuine understanding may not come quickly, that 
we all tend to use informal (concrete) methods when first learning a 
mathematical topic, and that we can learn from our mistakes. 

Teachers can foster constructive beliefs directly by pointing out, for 
instance, that some problems can have more than one answer or that we 
can learn from mistakes. However, how mathematics is taught probably has 
a larger impact on children's beliefs. For instance, to develop a perspective 
about mathematics, children need to see exercises on a regular basis in 
which there is more than one possible answer. As Example 2-7 illustrates, 
Wynroth Program worksheets routinely include several problems in which a 
number of answers are acceptable. (Example 2-7 also shows that such 
exercises regularly include problems for which no answer is possible. This is 
done to counter the mistaken notion among chJ.dren that mathematics 
always yields an answer.) Example 2-14 illustrates a problem-solving 
activity in which there is more than one way to solve the problem. 



Example 2-1 4 A Problem-Solving Activity with Many Solution Methods: Number Target* 

Objectives: This problem-solving activity Illustrates that there 
can be numerous ways to solve a mathematical task. Sometimes, 
though not all solution methods are equally efficient, and some- 
tin 38, a solution is not even possible. The exercise also provides a 
device for exploring the behavior of arithmetic combinations. 
(Subtraction by 10 Is used in this particular case.) 

Grade Level: 3. 

Participants: A child orclasscan work on the exercise individually 
or small "think groups" can solve it in teams. 

iVIateriais: The problem can be verbally presented, but it might be 
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helpful to present it in written form on the board or on an exercise 
aheet Calculator optional. 

Procedure: Explain that in Numt)er Target, you start with a 
number and choose between arithmetic operations in order to get 
to a target number. In the exercise shown, the starting value is 48. 
The child's goal is to obtain 10 by adding 2 or subtracting 10. 
lilustrated is one solution: repeatedly choosing to subtract 1 0 until 
the total is reduced to 8 and then choosing to add 2. 

Have the participants record each step in their solution 
method. Afterward, discuss the solution procedures used. Highlight 
that different solution methods were used. If necessary, ask, "Is 
there more than one way to get to the target?" Help the participants 
address the issue of efficiency. If necessary, ask, "Do all the 
solution methods require the same number of steps?" The most 
efficient solution for this particular exerc'^e is five steps (see the 
fiiled-in worksheet below). 

Either before or after the discussion of the exercise, you may 
wish to have participants explore other sr'ution methods. You 
might prompt, "Are there other ways to get to me target number 1 0 
from 48 by adding 2 or subtracting 10? Here are additional 
worksheets if you need them." (Another solution starts out in a 
counterintuitive mannerby incrementing 48 by 2:48 +2 =50; 50 - 
10=40; 40-10 = 30; 30-10=20; 20-10 = 10. Note that the 
solution is as efficient as that illustrated.) Actually working out 
various solutions for themselves might more deeply impress upon 
participants the fact that there is more than one solution. 

Other exercises can help illustrate the point that not all 
solutions are equally efficient. For example, in starting with 28 
subtracting 10 or 2, and a target of 4, efficient strategies would 
entail taking away 1 0 and 2 twice each (28 - 1 0 = 1 8; 1 8 - 1 0 =8; 8 
-2=6;6-2=4or28-2=26;26-2=24;i:4-10 = 14;14-10 
=4; and soforth). A relatively inefficient strategy would involve the 
repeated subtraction of 2, which would require 12 steps. 

Other exerci :es can illustrate that solutions are not always 
possible. For example, with a starting number of 23, choices of - 1 0 
or X 2, and any odd except 1 3 (e.g., 1 1 ), there is no solution . (As soon 
as the times two option is used, an even number is produced and 
there is no way to get another odd outcome.) Give the participants 
an opportunity to work on the exercise for a while and discover for 
themselves that a solution is not possible. A teacherwili have to use 
his or her own judgment as to when to intervene if students do not 
discover this for themselves. 



ERIC 



46 



Dcaigolng Effective Matbcmatlca Instruction 



Worksheet: Target Number Exercise 

Start: 48 

Choices: +2 or -10 
Target Number: 10 

Step 



1 H«- 10 a 31 



3 If- 10 « If 



6 i tX' \o 



6 



7 



8 



9 



10 



11 



12 



13 



14 



16 



16 



17 



18 



19 



*Based on a method originated by John E. Bernard (e.g., 1982). 
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SUMMARY 



Mathematics Instruction can be interesting, meaningful, and thought- 
provoking if properly designed to take into account how children learn and 
think. Instruction needs to involve children actively through games, mean- 
ingful activities, smali-group discussion, and carefully tailored explanations 
and demonstrations. Instruction should be introduced concretely in terms of 
counting and meaningfully in terms of word problems. Work involving 
written symbolism should be introduced after and explicitly linked to this 
informal mathematics. Indeed, written notation can often be introduced as a 
shorthand for the mathematics already familiar to children. Instruc Jon can 
be better tailored to meet individual needs by grouping according to ability, 
ensuring that a child has mastered previous content before continuing on, 
introducing work with smaller numbers, and using a variety of teaching 
methods. One focus of instruction should be relational learning such as dis- 
covering patterns or connections. Conceptual learning can also be aided by 
using negative instances, and thinking can be fostered by beginning lessons 
with a question. Fmally, it is essential to create an atmosphere of inquiry and 
enthusiasm by discussing mathematics with children and by fostering 
constructive beliefs. 

There is no one way to implement these general guide'' ^ The 
chapters that follow do provide numerous examples of how these ygnitive 
principles can be applied to teach specific concepts and skills. Tables in 
Chapters 3 through 12 and the Appendices delineate a recommended 
instructional sequence for these competencies. The workbook (Baroody 
and Hank, 1988) that accompanies this text details a sequence of games, 
activities, and exercises for each of the content areas covered. However, 
even the specific examples and instructional sequences are intended as a 
guide rather than a definitive prescription. Most teachers will find that they 
will have to adapt the activities and the sequences to meet particular needs 
of their students and situations. 



Answers for selected questions from Example 2-9: 

ExerdM C. Question 1 : The missing output for A Is 4; for B, ? (not detenminable). The mi*^infl 
outputs for C are all C. Question 2: The same input does not always give the same output. 

EK«rcto«E. Oucstionl: Theoutputcqualsthenumberoflettersintheword.Question^; Yes. 
Cat begins with the third letter of the alphabet; garbage, the seventh; and by, the second. Questions 3& 
4; One rule Is any input times zero is zero. A second rule is any input minus itself is zero. 

Excrete F. Question 1: The missing inputs are 14 and 12; the missing outputs are 8, NF', and 
:4P. Question 3: The missing inputs are 7,NP. 13, and NP. The missing outputs are 13,9, 1,8, and 3. 
(Double the number and add 1.) Question 4: The missing inputs are (1,8) or (2,4); (1,26) or (2.13); 
(1,45) or (5, 9); (1,29); (1,16). (2,8), or (4.4); and (1,12), (2,6), or (3,4). The missing outputs are 20, 7, 
and NP. 
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Oral Counting 



Counting is the basis of much of young children's mathematics. Counting 
can refer to either oral counting or object counting. The latter will be 
discussed in the next chapter. Children first learn to count orally by ones ("1 , 
2,3 . . /^sw^d then extend this skill to the task of object counting. Initially, 
oral counting may be little more than a meaningless chant (e.g., Ginsburg, 
1982). Children only gradually see that oral counting can be used to count, 
number, and compare the magnitude of sets. 

The count-by-oncs sequence is the most basic of the forward counts: 
counts that go in order from small to large numbers. At first, a child may not 
realize that numbers follow a particular order. With development, though, 
children sense that counting involves generating numbers in a given order, 
and they set about mastering more and more of the standard sequence of 
terms. As they become familiar with the number sequence, children can 
acquire more sophisticated counting sldlls. For instance, they learn to 
recognize which numbers are neighbors (e.g., that the number next to 7 are 
6 and 8). That is, without going through the whole sequence they can cite 
the next term before or after a particular number. At some point, the forward 
counts then serve as the basis for learning reverse or backward counts: 
counts that go in order from large to small. 

LEARNING 



Forward Counts 

Sequence of Tenns 

The development of oral-counting ability begins very early (Baroody and 
Price, 1983; Fuson and Hall, 1983; Gelman and Gallistel, 1978). Ms early as 
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eighteen months of age, children begin to learn to count by ones ("one, two, 
tfiree . . Through rote memorization, children learn to count by ones 1 
to 10 before they begin kindergarten. Indeed, by the time they enter 
kindergarten, most have learned to count by ones 11 to 19 as well (e.g., 
Fuson, Richards, and Briars, 1982). 

It is important to note that learning the number sequence beyond 13, 
or so, does not have to entail rote memorization. Children typically ejctend 
their oral-count sequence by discovering patterns or learning rules. For 
example, all Lut otie of the teen terms past 13 can be produced by adding 
"teen" to a single-digit term (e.g., "six + teen, seven + teen"). Rfteen is an 
frregu/ar variation of this pattern and hence is more frequently missed than 
other teen terms. 

Children entering Idndergarten can often count to 19 or 20 but then 
run into difficulty. Some children may not realize that 1 9 signals the need for 
a transition— a new series of terms (the twenties). Such children sometimes 
continue the teen pattern (**ten-teen, eleven-teen, twelve-teen"). Some 
children may recognize that 19 signals a transition point but have not 
leamed the next (transition) term. Some children may have learned that 20 
follows 19 but have not yet recognized the repetitious nature of the number 
sequence (i.e., that after twenty, the next terms are twenty plus the single- 
digit sequence). As a result, the child may not know that 21 follows 20. Once 
children master the fact that 20 follows 19 and recognize that the origi- 
nal one-to-nine sequence recurs at this level ("twenty + one, twenty + 
tiuo," . . a child can readily master the count by ones 20 to 29. It is 
evident that children are using rules to count larger numbers because they 
often make systematic (rule-governed) errors, such as counting "five-teen" 
for "fifteen," **ten-teen" for 'Wnty," or '*twenty-ten" for "thirty." Because 
the teens do not follow a single, simple pattern, some children actually may 
master the highly regular twenties before mastering all the teens. 

To count to 100, children have to learn the decades (10, 20, 30, 
40 . . .) in their correct order. Like the count-by-one sequence, children 
probably learn the first portion of the decade sequence (10 to 50 or so) by 
rote memorization. The last portion of the decade sequence can be 
manufactured by adding "ty" to the corresponding single-digit terms (e.g., 
"six + ty, seven +ty" . . .). Once children masterthis pattern or rule, they 
can complete the count by tens to 100. At this point, to count by ones 30 to 
100, a child need only recognize the patterns: (1) a series of terms can be 
formed by combining a decade term with the one-to-nine sequence (e.g., 
"seventy + one, seventy + two," and so forth); and (2) a nine temi (e.g., 
"seventy-nine") is followed by the next decade in the count-by-tens 
sequence (e.g., "the decade after seventy is eighty; so after seventy-nine 
comes eighty"). 

As children proceed in school, they learn new count patterns, termed 
skip counts. In addition to counting by tens, they learn to count by tu;os ("2, 
4,6 . . .") and count by/[yes ("5, 10, 15 . . ."). Later, they learn to count 



ERIC 



01 



Oral Counting 



the odd numbers ltol9 ("1, 3, 5, ... , 19"). When first learning a skip 
count, some children may count the intervening terms softly or subvocally. 
For example, in order to count by twos, a child may whisper one, announce 
two, whisper three, announce four, and so forth. As they master the skip 
count, the need for stating the intervening terms decreases and then ceases 
altogether. 

Counting beyond 1 00 is also a rule-governed activ; y. In order to count 
bi;onesl 01 to 200, a child need only notice that "one hundred" is followed 
by "one hundred one," that the rest of the hundreds can be manufactured 
by prefacing the count-by-ones sequence from 1 to 99 with "one hundred" 
(e.g., "one hundred + two, one hundred + three" . . .), and that 199 is fol- 
lowed by the transition term 200. A common stumbling block is 101; 
children stop at 100 because they do not know what comes next. Some do 
not get past 101 to 1 10 orso because they may not realize that the hundreds 
are simply a repetition of the count to 99 vnth the prefix one hundred added. 
Rnally, many children may not realize that 200 follows 199. 

Likewise, children can master the count by tens 100 to 200 by 
prefacing the familiar count-by-tens sequence from 10 to 90 with "one 
hundred." Some children will be prone to miss 110, because they have not 
yet realized how their count-by-tens knowledge can be extended beyond 
100. Others may miss 200 (e.g., say 191 or 199 after 190), because they do 
not realize that their count-by-tens knowledge can be connected with their 
count-by-hundreds knowledge (one hundreds are followed by two hundreds 
which in turn are followed by three hundreds, etc.). 



NextTenn 

When asked what follows a given number (e.g., "What comes right after 
six?"), children initially count from one to determine an answer (e.g., "one, 
two, three, four, five, six, seven") (e.g., Fuson and Hall, 1983). After the 
sequence to 10 becomes highly familiar, children can immediately cite the 
number after 1 to 9. For example, when asked what number comes after 7, 
three-year-old Alison can say automatically that the next number is 8; she 
no longer needs to count from 1 to get the answer. Before they turn six years 
of age, most children can cite accurately the number after 10 to 28 (Fuscn, 
Richards, and Briars, 1982). As children extend their knowledge of the 
number sequence, they become capable of efficiently citing the number 
after 29 to 99, and eventually 100 to 199. Likewise, as children become 
familiar with the decade sequence, they master citing the decade after 10 to 
90. As implied above, this decade-after skill may play an important role in 
learning to count by ones to 100. Similarly, mastering the decade after 1 00 
to 190 is crucial to learning to count by ones from 100 to 200. 
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Backward Counts 

NextTenn 

As familiarity with the number sequence grows, children can operate on it in 
the opj>osite direction. Specifically, they can cite the number before 2 to 10; 
later, the number before 11 to 29; and eventually, the number before 30 to 
100. Some children have difficulty with such a task because they cannot 
work backwards on the number sequence efficiently or have not learned the 
meaning of the term "before." Moreover, as they become familiar with the 
decade sequence to 100, children can readily state the decade before a 
given term (decade before 20 to 100). 

Sequence of Terms 

Once children can cite the number before, the stage is set for counting 
backwards. Children may quickly learn to count backwards from 10 for 
several reasons. First, the sequence of numbers from 1 to 10 is highly 
familiar. Second, young children have wide exposure to backward counts 
from 10 (e.g., when they watch children's television programs like "Sesame 
Street" or televised space shots). Counting backwards from 20, or other 
numbers greater than 10, is more difficult because, in part, the teen portion 
of the sequence is less familiar to children. 

The competencies discussed above are summarized in Table 3-1 by 
developmental order. For example, count by ones 11 to 19 appears below 
(after) count by ones 1 to 10 and above (before) count by ones 20 to 29 or 
number after. Also indicated in Table 3-1 are the approximate grade levels 
that children can be expected to master particular competencies. All 
competencies above the K are mastered by roughly 90 percent of the 
children before entering kindergarten. These skills and concepts are 
appropriate for preschool and Headstart programs. The competencies to 
the right and below the K and above the 1 are typically mastered during the 
kindergarten year. A child entering first grade, then, can be expected to have 
the competencies delineated in the first five lines of Table 3-1. By the end of 
first grade, the typical child should have mastered the competencies listed in 
lines 6 to 9 as well. 

INSTRUCTION 



Most children entering school should already have a good start on learning 
the count-by-ones sequence. Children's curiosity and natural interest in 
extending this knowledge can be exploited by focusing on patterns (rules for 



ERIC 



fit Oral Counting 



Tabl« 3-1 Sequence of Oral-Counting Competencies by Grade Level and 
Developmental Order 



Forward Counts Backward Counts 
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generating larger numbers) and relationships (e.g., how skip counts are a 
variation of the basic count-by-ones pattern). 

For the most part, as they gain mastery over the number sequence, 
children pick up next-term sidlls with little or no direct teaching. As they 
master forward count skills, children generally begin to acquire backward 
count skills with no or minimal prompting. Backward counting skills that 
involve numbers greater than 10 are relatively difficult and may require 
special attention by a teacher. 
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Forward Counts: Sequence of Terms 
Count by Ones 1 to 10 

Children can be helped to master the rote count-by-one sequence to 10 by 
using a variety of activities. Regular exposure to and practice of the 
sequence is important for mastery. Counting objects is often more meaning- 
ful and interesting to children than oral counting (Fuson, Richards, and 
Briars, 1982). Most practice can and should be done in the context of 
counting objects, such as the Spinner Game (Example 3-6) and Star 
Race (Example 3-7) described later in this chapter, or the numbering 
games described in Chapter 4. Some suggestions for teaching and practicing 
oral counting are listed in Examples 3-1 to 3-5. 



Example 3-1 Countlny Stories 



There are numerous children's stories that involve the counting 
sequence to 10. Regular reading of such stories can be an 
interesting way to expose children to the count sequence. Stories, 
like the one below, can also provide the basis for discussing 
important aspects of counting with children. To dramatize this and 
other counting stories, have the children act out the story. Al- 
ternatively, older children can be rt'cruited to put on plays based on 
the counting stories. 

The importance of Counting Numbers in the Same Order 

Count Disorderiy invited some friends over for a game of hide-n- 
seek. Because no one in the kingdom had ever played this game. 
Count Disorderiy had his brother Count Orderiy explain the rules. 
Count Orc'ierly said, "One person closes his eyes, and everyone 
else runs and hides. The person who closes his eyes then has to 
find the others who have hidden. To be fair, the person who hides 
his eyes must count by ones to 1 0. This gives everyone a chance to 
find a good hiding spot." 

Count Disorderiy was so excited that he cried out, "I want to 
hide my eyes first." Everyonr thought this was a good idea. So 
Count Disorderiy closed and covered his eyes and counted, "One, 
two, ten." Then he uncovered his eyes and ^aid, "Aha, I can see 
everyone. I found everyone. I win. I win." 

Count Disorderiy's joy was short-lived. All of his friends grum- 
bled, "You cheated. You opened your eyes too soon. You didn't 
count all the way to 1 0. We didn't have a fair chance to hide." 
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Count Disorderly complained bitterly, "You're just bad losers. I 
said 10." 

Count Orderly then stepped in and explained, "But brother, 
you skipped some numbers between 1 and 10. Try again." 

So Count Disorderly closed and covered his eyes again. This 
time he counted, "Eight, nine, ten." Count Disorderly uncovered his 
eyes and exclaimed, "Yes, yes, yes. I caught everybody 1 1 win. I win 1" 

The other players were quite mad with Count Disorderly now. 
Altogetherthey shouted, "You cheated again. You still opened your 
eyes too soon. You didn't give us a fair chance to hide." 

Count Orderly stepped between the angry crowd and his 
brother and said, "Now, now. Everyone calm down. I don't think 
Count Disorderly is trying to cheat; he just doesn't know what to do. 
Now brother, you have to count all the numbers between 1 and 1 0. 
That way we have a fair chance to hide." 

So Count Disorderly closed and covered his eyes for a third 
time. He began counting numbers but in his own way, "One, two, 
five, three, seven, six, four, seven, five . . ." Count Disorderly kept 
counting and counting and counting. Even after he had counted for 
nearly an hour. Count Disorderly had not gotten to 1 0 because his 
counting was so confused. By this time, everyone who had been 
hiding had gotten tired of waiting and had gone home. 

Count Orderly came out of his hiding place from behind a bush, 
walked up to his brother, and tapped him on the shoulder. Count 
Orderly asked, "Oh brother, what are you doing? Why are you not 
looking for the hiders? Why are you still counting?" 

Count Disorderly replied wearily, "I tried to count to 10, but I 
cannot seem to get there from 1 . Every time I try to count, different 
numbers come out and I never reach 10!" 

Count Orderly now understood his brother's problem and said, 
"I think I can help you. Look brother, when we count by ones, we 
always say the numbers in the same order: One, then two, then 
three, then four, then five, then six, then seven, then eight, then 
nine, and then ten. See? That way we can get from 1 to 1 0 every 
time and rather quickly." 

"Oh my!" exclaimed Count Disorderly, "I didn't realize that the 
nu mbers had to go in the same order every time we wanted to count 
by ones. That explains why I never got the same number when I 
counted my royal jewels." Count Disorderly took out three jewels 
from his pocket. "Sometimes I counted one, two, five. Sometimes 
eight, nine, ten. Sometimes three, seven, four. With my way of 
counting, you always come out with something different. Boy, was 
that confusing I With your way of counting, I would count, 'one, two, 
three.' And if I counted the jewels again, 'one, two, three,' it would 
come out the same." 
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Count Disorderly was ever so happy that he found out that the 
numbers always go in the same order every time he was supposed 
to count by ones. "Now," he said with a grin, "we can play hide-n- 
seek and eny'oy ourselves." 



Example 3-2 Good or Bad Counter 



Objective: Identification of correctand incorrect oral counts(use 
of examples and nonexamples) to prompt a discussion of the 
characteristics of the number sequence. 

Grade Level: PK. 

Participants: One child, small group, or whole class. 

IMateriais: Cookie Monster puppet, hand puppet, or stuffed animal. 

Procedure: Many children greatly enjoy error-detection games, 
where they have to spot another's mistake. Point out that Cookie 
Monster (or substitute) is just learning how to count, sometimes 
makes mistakes, and needs help. Explain that a participant's job is 
to listen to Cookie Monster count and, when he is all done, to say 
whether he was a good or bad counter. If Cookie Monster does 
make a mistake, the participant can help by pointing out what he did 
wrong (and what he should say). While including an occasional 
correct count, try counts with errors such as the following: 

1. Omitted term (e.g., "1, 2, 3, 4, 5, 6, 7, 9, 10"). 

2. Incorrect order (e.g., "1,2, 3, 4, 5, 6, 8, 7, 9, 10"). 

3. Jumbled order (e.g., "3, 1, 9, 6. 5. 8, 2, 10, 7, 4"). 

4. Repeated term (e.g., "1,2, 3, 4, 5, 6, 7, 7, 8, 9. 10"). 

5. Incorrect substitution (e.g., "1,2, 3, 4, 5, 6, 72,8,9, 10";"1,2, 
3, 4, 5, 6, 7, 8, 9, fenny"; "1,2, 3, 4, 5, 6, d, 8, 9, 1 0"). 

This activity can provide the basis for a discussion about the 
count-by-one sequence. For example, key characteristics that 
children might note or that a teacher might want to highlight are: 

1. There is a prescribed (or standard) order of terms; the 
same order is used every time we count by ones. 
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2. There are socially prescribed terms that are used (e.g., 
terms like fenny or letters like dare not allowable). Different 
cultures have different but parallel terms (e.g., in Spanish, 
one Is uno, two is dos, three is tres, and so forth). 

3. Each term is unique or different; we do not repeat terms. 
(Thisisvery important When we use the number sequence 
to count objects. For example, if we repeated "four" "1 , 2, 3, 
4, 4" the following sets would be given the same label: 

oooo ooooo .) 

In an alternative version (called The Absent-Mlnded Counter), 
a teacher can play-act an absent-minded counter and have the 
participants point out and correct the teacher's errors. Children 
may really enjoy the role reversal and the make-believe play. 



Example 3-8 Snake Game 

Objective: Count by ones to 10 in an interesting, object-counting 
context. 

Grade Level: PK. 

Participants^ One to twelve children. 

Materials: Ten countable objects, such as blocks. 

Procedure: Say, "Let's make a snake with these blocks. To see 
how big our snake is getting, count the blocks as I add them to the 
snake." 



Example 3-4 Taller Tower Game 

Objective: Count by ones to 1 0 in an interesting, object-counting 
context. 

Grade Level: PK. 

Participants: One to six or a small team of children. 



o 
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Materials: Ten interiocking blocks (and twelve-inch paper strips) 
for each child. 

Procedure: The object of this game is to use interlocking blocks 
to build the tallest tower possible. Before a child (or team) can add a 
new '^loor" (block), he or she (or they) must indicate the correct 
floor number. For example, to add a fifth block to a tower of four, the 
child must say the next floor is five or count from one to five. To 
encourage a child to competo against his or her own record, the 
height of the tower can be marked off on a paper strip bearing the 
child's name and taped to the wall behind the tower. The next time 
the child (team) plays the game, he or she (or they) can try to build 
past the mark. This may provide an incentive for some children to 
learn additional count terms. Note that the Snake Game (Example 
3-3) can be used in a similar manner. 



ExamtJlea-6 Tape Recording 



Some children may enjoy using or learning to operate a tape 
recorder. They may be naturally interested in hearing themselves 
on the tape recorder. Listening to the tape can provide an op- 
portunity to note and correct errors. 



Count by Ones 11 to 19 and 
Count by Ones 20 to 29 

Instruction on the teens and twenti^^s should focus on helping children 
discover t patterns underlying these sequences. 'Specifically, help the 
children see how the single -digit sequence 1 to 9 recurs in these sequences. 

Rule-governed errors, such as substituting "five-teen" for fifteen or 
"ten-teen" xot twenty, should not be ridiculed. Indeed, such errors indicate 
that a child is attending to sequence patterns. A teacher can provide praise 
and correction for the child by saying, "Another name for ten-teen is 
twenty." Error-detection games (Good or Bad Couiii.er or The Absent- 
Minded Counter in Example 3-2) can be used in a manner similar to that 
described for count by ones 1 to 10 or they can be used with abbreviated 
counts. For example, a teacher can have participants evaluate the correct- 
ness of a count segment (e.g., "13, 14, 14, 16, 17"; "13, 14, five-teen, 16, 
17"; "18, 19, ttn-teen"; "16, 18, 17, 19"). 

Practice counting up to 19 or 29 can be done using the Snake Game 
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(Example 3-3), Tape Recording (Example 3-5), the games described in 
Examples 3-6 and 3-7 cr the Train Game described later for counting up 
to 100. 



Example 3-6 Spinner Game 

Objective: Count by ones up to 1 9 or 29. 
Grade Level: K. 

Participants: One to four children. 

Materiais: Spinner numbered 1 to 1 0; chalkboard and chalk or 
paper and pencil. 

Procedure: Say, "We're going to play the Spinner Game. This 
spinner wllltell us how many points wegetwhenlt'sourturn."Sayin 
turn to each playei, "Let's see how many points you can get; go 
ahead and spin the spinner. Good, you got X points. Let's put a tally 
mark on this chalkboard for each point you got." Help the child 
make a tally mark for each point or, if necessary, record the marks 
yourself. Continue the procedure described above until the children 
have reached the desired counting level. Make sure the marks on 
the chalkboard form a straight line. If necessary curve the line. Do 
not begin a separate row. (There is a tendency for children to count 
from one again when they begin a separate row.) Conclude the 
activity by saying, "Let's see how many points you got." Point to the 
first mark and say, "I'll point to tha marks, and you count them." 
Encourage the child to count all the marks. 



Example 3^7 Star Race 

Objective: Count by ones up to 1 9 or 29. 
Grade Levei: K. 

Participants: One or two children. 

Materiais: Miniature spaceships and star track (a spiral race 
track with a star marking each of 19 or 29 spaces). 
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Procedure: Say, "We're going to play the Star Race Game. Which 
spaceship would you like? Okay, place it on the starting line. When I 
say, 'Go/driveyourspaceship down thestartrack. Be careful not to 
drive off the track. Let's see how many stars you can paas. Ready? 
Go." Allow the child to drive the car a^ong the track. After the child 
reaches the finish line, say, "You got all the way to the finish line. 
Good. Let'ssee how manystarsyou passed." Point to the staratthe 
starting place and say, "111 point to the stars, and you can count 
them." Encourage the child to count all the stars. 



Count by Tens to 100 

Training should center on explicitly calling to the children's attention the 
parallel between the single-digit and decade sequences. Initially, this can be 
done by comparing the number lists for each sequence. 

1 23456789 
10 20 30 40 50 60 70 80 90 

Encourage the children to describe the decade pattern and its similarities to 
the single-digit sequence themselves. Then summarize their discovery. If a 
child needs help figuring out the next term in the decade sequence, 
encourage the pupil to use his or her existing knowledge of the count 
sequence (e.g., "What comes after 60 when we count by tens? Well, what 
comes after 6 when we count by ones? 1, 2, 3, 4, 5, 6, and then comes? Yes, 
7. So after six-ty comes seven-ty.") Later, the child should be encouraged to 
shortcut this process: "What comes after 60 when we count by tens? Think 
to yourself: What comes after 6 when I count by ones? Yes, 7. Now add -fy— 
Seventy." Error-detection exercises (Good or Bad Counter or The 
Absent-Blinded Counter in Example S-2) can be adapted to provide a 
stimulus for discussing decade patterns (e.g., "Why isfwe-fy incorrect? What 
is wrong with 70, 90, 80' and how do you know that it's wrong?"). 

Practice can then make the process automatic. It may help to begin 
practice with the aid of a number list, as in Peek (Example 3-8). With a 
running start (with the first portion of the count-by-ten sequence visible), it 
should be easier for a child to figure out the next decade in the sequence 
(e.g., "After 50, comes-10, 20, 30, 40, 50-oh, 60. Then 10, 20, 30, 40, 
50, 60— oh, 70 . . ."). Practice can be made interesting by using Count 
Teacher (discussed later) or the Strike Game (Example 3^9). To provide 
maximum practice, the child can tally his or her score after every turn. 
Count Race (Example 3-10) can help illustrate that counting by tens is 
more efficient than counting by ones when enumerating large sets of 
objects. 
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Ideally, children will discover for themselves that countlny by tens is 
much more efficient than counting by ones. If a child does not discover that 
counting by tens is applicable to the task— even after a number of repetitions 
of the activity--cncourage the child to think about finding a shortcut. Have 
children discuss their shortcuts and the relative merits of different counting 
procedures. Even after the child discovers or leams the shortcut of counting 
by tens, the activity can be readministered to practice the skill of counting by 
tens. (Indeed, harder exercises, such as Exercise G, can be used to help 
practice counting by tens over 100.) 



Example a-8 Peek 



Objective: Count by tens to 1 00 with the aid of a number list. 
Grade Level: 1. 

Participants: A single child or a small group. 

H/iateriais: Decade number list and sheath (shown below).* 
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Procedure: Say, "Let's play Peek. Here is a number list that we 
can use to count by tens. It starts with 10 and goes all the way to 
1 0J. Now I'll hide the numbers. This says 1 0." [Expose 1 0. "When 
we count by tens, what comes after 10?" If the child is correct, 
confirm the response, award a point, expose 20, and continue. If the 
child is incorrect, help him or her figure out what the next term 
should be, building on his or her knowledge of the one-to-nine 
sequence. After a child can cite the decades in order, play Advanced 
Peek by mixing the order in which the decades are quizzed. 



*Using the number list shown, Peek could be used to practice decade after or 
decade before as well as counting by tens. By substituting a 1 -to-l 0 number list, 
Peek could be used to practice number after 1 to 9. By inserting the 1-to-10 
number list in the sheath in the opposite direction, Peek can be used to practice 
numbers before 2 to 1 0 and counting backwards from 1 0 (see Instruction section 
under count backwards from 10). 
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Example 3-9 The Strike Game 



Objective: Mentally count by tens. 
Grade Level: 1. 

Participants: Two players or two small teams of children. 

Materials: Oblong block or other object that can serve as a 
bowling pin, (clay) ball, writing materials to keep score. 

Procedure: Explain that in the Strike Game, a player tries to 
knock down a bowling pin with a bail Successfully knocking down 
the pin is called a "strike." A strike is scored as 1 0 points. (Record a 
10 or a tally mark for each strike.) 



Exampla3-10 Count Race 



ObJectlv<^8: Der nstratethevalueofthinkingintermsofgroups 
of ten and practice counting by ones or tens. 

Grade Level: 1. 

Participants: A single child or a small group of children. 

Materials: Practice sheets such as those depicted below and a 
stopwatch or a watch with a second hand. 

Exercise A Exercise B 

OOOOOOOOOO OOOOOOOOOO 
OOOOOOOOOO OOOOOOOOOO 
OOOOOOOOOO OOOOOOOOOO 

OOOOOOOOOO 

OOOOOOOOOO 

OOOOOOOOOO 



Exercise G 

OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 

OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
OOOOOOOOOO 
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Procedure: Explain that in Count Race, the aim is to count 
the objects in a picture accurately, but as quickly as possible. At the 
signal,"Go"givethechild the first exercise sheetand begin timing. 
If the child's count is accurate, record the time; otherwise, disqualify 
the trial. Give the child additional exercise sheets^-repeating the 
procedure above. The number and difficulty (number of dots) of the 
exercise sheets should be geared to the child's capabilities. The 
activity can be repeated some time later— perhaps the next day or 
week. This is especially important to do if the child does not 
discover that counting by tens Is applicable or discovers this part 
way through the activity. Encourage the child to break his or her 
own record for each exercise. On repetitions of the activity, the rule 
Is that the child must count to give an answer. Guessing or 
recognition does not qualify. 



Count by Ones 30 to 100 

First ensure that a child can efficiently count from 1 to 10 and knows the 
count-by-ones sequences from 1 1 to 19 and 20 to 29 fairly well. Instruction 
should focus on helping children discover the patterns underlying the 
number sequences from 30 to 100. 

1. If necessary, help children see that each decade-plus-nine term 
signals the need to call up the next term in the decade sequence. 

2. Help them to see that the one-to-nine sequence recurs with each 
decade. 

3. Help children solve the decade problem, that is, learn how to 
count by tens to 100 and how this knowledge can be used to count 
by ones to 100. 

To help children explore the sequence patterns, play What Pattenit 
Do You See? Have them examine a chart like the one shown in Table 3-2 
and describe for themselves what patterns they see. Then summarize their 
descriptions, taking care to point out the repetitious patterns. Using 
abbreviated counts, error-detection activities can also provide a basis for 
discussing patterns, links, and common errors. B-^r example, in playing The 
Absent-Mbided Counter (Example 3-2), a teacher could say, ''Yesterday 
I counted up the things on my shopping list, and I counted all the way up to 
'27, 28, 29, twenty-ten.' " The activity called Count Teacher (Example 
3-11) can provide practice using rules to count to 100. The Train Game 
(Example 3-12) can provide practice in an object-counting context. 
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Table 3-2 Number Sequence to 1 00 
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Example 3-1 1 Count Teacher 



Objective: Count by ones to "t 00. 
Grade Level: 2. 

Participants: One child, a small group of children, or a whole 
class. 

Materials: Cookie Monster Muppet, hand puppet, ordoll to serve 
as the pupil. 

Procedure: Say, "Cookie Monster is learning how to count. He 
can count all the numbers to 29. Can you teach him to count even 
high er? We count 27, 28, 29, and then comes?" Continue with other 
questions, giving the participant(s) a running start (e.g., "We count 
47, 48, 49, and then comes?" or "We count 50, 61, 62, and then 
comes?"). 



Example 3-1 2 Train Game 



Objective: Count by ones to 1 00 in an interesting, object-counting 
context. 

Grade Level: 1. 

Participants: One child, a small group of children, or two to four 
teams of a few children each. 
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Materials: 1 00 interlocking blocks. 

Procedure: Say, "We're going to play the Train Game. We'll 
pretend these blocks are train cars. Let's see how big we can make 
the train. Let's see how many cars we can put together. I'll give you 
one (or two) minute(s) to make your train. Ready? Go." Children can 
work individually (in which case 1 00 blocks are needed for each), as 
agroup,orasateam.Afteraminute(orwhen the desired number of 
blocks have been put together), say, 'Time's up. Let's see how 
many cars your train has." Point to the first cube and say, "I'll point 
to the cars, and you count them." Encourage the child (children) to 
count all the blocks. You may wish to record the number of blocks 
that the child or group was able to put together and count. Then, in 
successive practice efforts, you can encourage the child to com- 
pete against his or her own previous record. When the game is 
played with teams, count each team's train. The team with the most 
blocks In its train wins. 



Count by Fives to 100 

Remedy deficiencies in the count-by-ones sequence first. To introduce skip 
counting by five, play the Plredictlon Game (Example 3-13) with piles of 
five objects. The Pattern-Chant Activity can also be used as an introduc- 
tory lesson. Instruct the children to whisper one, two, three, four, and 
announce five; whisper six, seven, eight, nine, and announce ten; ar.d so 
forth . Children can take turns adding the next segment, or it can be dor e as a 
group. If a child can already count intervening terms to announce every fifth 
term, build on this skill. 

The activities Pattern Prediction (Example 3-14) and the Attack of 
tiie Rver* (Example 3-15) can provide practice counting by f;v*». Fci 
additional practice, teach the children to mark off their points in other games 

in groups of five (e.g., yf) ) and encourage counting by five as 

an efficient tallying method. 



Example 3-1 3 Prediction Game (Piles of Five) 

Objectives: Estimation and counting by fives with objects. 
Grade Level: 1. 

Participants: One child or a small group of children. 
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Materials: Interlocking blocks, pennies, other countable objects; 
slips of paper; and a pencil. 

Procedure: Place on separate slips of paper, for example, three 
piles of five objects each and ask the participant(s) to find out how 
many objects there are altogether. After counting the first pile, have 
the participant(8) label its slips of paper with a 5. Then before 
counting the next pile, ask the child to predict the outcome of 
counting five more objects (see the case study cited in Example 6.2 
in Baroody, 1987a). After counting the second pile, have the 
participant(s) label its slip with 10. Then repeat the procedure for 
the third pile. Try the same thing with four to nine piles o. five. 



Example 3^-14 Pattem Prediction 



Objectives: Mentally count by fives (preferably without inter- 
vening terms) and other skip counts. 

Grade Level: 1. 

Participants: One child or a small group of children. 

Procedure: Say, "In this activity, you have to figure out a number 
pattern. I'll tell you some numbers,and you tell me what numberyou 
think should come next. Five, ten, fifteen, and then?" 



Example 3^1 5 Attack of the Fivers 



Objective: Count by fives. 
Grade Level: 1. 

Participants: Two to four children. 

ii^aterials: Target board (shown be^ow),* chips, "spitballs" (moist- 
ened tissue paper) or other projectiles, and scoring materials. 

Procedure: Explain that in this game, an alien force called the 
Fivers is about to attackearth.The aliens are called Fivers because 
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they always travel In groups of five and as a result, their spaceships 
have five compartments. The Idea of the game Is to knock out the 
alien attack force. To do this, each spaceship has to be hit. One hit 
will knock out all compartments of the spaceship. Hence, a single 

hit Is scored and recorded as 5 points ( [j^ or 5). After a player's 

turn, the child tallies the score on the card by counting by fives. 



*The material of the target board depends upon projectile. If cliips are used, then 
the fiver target can be drawn on a piece of cardboard or construction paper, which 
is then laid on the ground. The targets could also be drawn on the floor or a 
sidewalk. If spitballs are used the fiver targets can be painted on a metal surface or 
drawn In chalk on a chalkboard. 
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Count by Twos to 20 

Remedy deficiencies in the count-by-ones sequence to 20 first. Introduce 
skip counting by twos with the Prediction Game (Piles of Two) (see 
Example 3-13) and the Pattern-Chant Activity. For the latter, instruct 
the children to whisper the intervening terms and announce the even terms 
loudly. Young children often enjoy repeating chants. Next, encourage the 
children to omit the intervening terms. Pattern Prediction (see Example 
3-14) can provide some of the practice to make the skill automatic. 
Basketball (Example 3-16) can be used for instruction and extra practice 
by asking the players to tally their scores (by twos) after each shot. 



O^jjective: Count by tv^o& 
Grade Level: 1. 

Participants: Two children or teams of a few children. 

Materials: Miniature basketball net, sponge basketball, and 
materials to keep score. 

Procedure: Point out that in basketball each basket Is scored as 
two points. For each basket a player scores, record a checkmark or 
a 2. After a specified number of shots or amourit of time, each child 
or team can tally their score sheet by counting by twos. 



Count Odd Numbers 1 to 19 

First ensure that the more basic skills (count by ones 1 to 10 and 11 to 19, 
and count by twos to 20) are rather automatic. Introduce the odd-number 
pattern in terms of the more familiar even-number pattern (count by twos) 
by pointing out the similarities and differences of the two sequences. Note 
t^^t both involve skipping over one number in the count sequence. 
However, unlike starting with two to count the even numbers, counting the 
odd numbers entails starting with one. It may be helpful to use a number list 
to point out the similarities and differences of counting odd and even 
numbers. At first, use the Pattem-Chant Activity and allow or even 
encourage children to whisper the intervening terms f *one" with emphasis, 
"two" softly, **three" with emphasis, **four" softly, etc.). Later use Pattern 
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Prediction (see Example 3-14) to foster the automatic execution of the 
skill without the intervening terms. To extend knowledge of number 
patterns, ask the children to figure out other number patterns (e.g., skipping 
two terms, as in 1, 4, 7, 10, or counting terms with two in the ones place: 2, 
12, 22, 32). 

Comit by Tens 100 to 200 

First ensure that a child can count by tens to 100 fairly automatically. Help 
the child discover that the count-by-tens sequence recurs with each 
hundred tenm. Specifically, note that after 100, we simply use the prefix 
"one hundred" and recycle the original count-by-tens sequence (e.g., "one 
hundred -I- ten, one hundred -I- twenty," . . .). For some children, it may be 
necessary to point out that the one hundreds are followed by the two 
hundreds and that 190 indicates this transition.Therefore, 200 follows 190 
when counting by tens. These count patterns or rules can be explored in the 
entertaining fonmat of Good-or*Bador The Absent'Bflnded Counter by 
Tens to 200. The Strike-and-Spare Game (Example 3-17) can provide 
practice counting by tens to 200. 



Example 3-1 7 The Strike-and-Spare Game 



Objectlver Count by tens to 200. 
Grade Level: 2. 

Participants: Two children or two teams of a few children each. 

Materials: Three oblong blocks or other objects that can serve as 
bowling pins, a (rubber, clay, or plastic) ball, and writing materials to 
keep score. 

Procedure: Explain that in the Strike-and-Spare Game, a player 
has two tries to knock down all the bowling pins with a ball. If a 
player does so on a first try, then a "strike" is scored as 1 0 points 
plus a 10-point bonus. If a player topples all three pins after two 
tries, a spare is scored (1 0 points). Otherwise, 0 points are scored. 
Record a checkmark for each 1 0-point score (i.e., two for a strike 
and one for a spare). 
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Count by Ones lOl to 200 

First remedy the prerequisite skills: Count by ones 1 to 10, 1 1 to 29, 30 to 
100, and decade after 100 to 190. Instruction then should focus on 
establishing the links 100-101 and 199-200 and on pointing out the 
parallels between the hundreds sequence and the 1 to 1 00 sequence. Error- 
detection activities (e.g.. The Absent'Minded Counter with abbreviated 
counts) can provide a focus for discussing patterns, links, and common 
errors. For Instance, a teacher might ask, "What Is wrong with counting '98, 
99, 100, 1000? What Is wrong with counting '148, 149, 130, 131?" 
Practice In using the rules to generate counts to 200 can be done using 
Count Teacher (e.g., "We count 127, 128, 129 and then comes?"). 

Forward Counts: Next Term 

Number After 1 to 9 

If necessary. Introduce the number-after skill by giving the child a "running 
start." For example, ask, "When we count, we say, '1, 2, 3, 4, 5,' and then 
comes?" As the child catches on, shorten the running start to three terms 
(e.g., "3, 4, 5, and then comes?"), then to two (e.g., "4, 5, and then comes?"). 
Because It visually provides a number list, the game Basic Number-After 
Dominoes (Example 3-18) Is useful during this stage of training. Other 
activities that provide support for a running start are described elsewhere: 
Turn Over (Baroody, 1987a) and Walk Onand Peek(Bley and Thornton, 
1981). 

For children who already use a running start (count from one to 
respond), try a running start of three and then two terms. For children who 
can figure out the number after but do so slowly, training should focus on 
practice to make the skill automatic. The Advanced Number-After 
Dominoes (Example 3-1 8), Rings for a King or Queen (Example 3-19), 
Number-After Race (Example 3-20), and Number-After Quiz Game 
(Example 3-21) are useful for practicing this skill. 



Exampl e 3-18 Basic and Advanced Number-After Dominoes 



Objective: Number after 1 to 9 with (or without) the aid of obje'^t 
counting, a number list, and a running start. 

Grade Level: PK. 
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Participants: Two to five players. 

Materials: Setof upto20domino-likepieceswiththenumerals 1 
to 10 and a number list 1 to 10 (see Frame A below). 



A. Basic Version 



c 



123456789 10 
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B. Advanced Version 



1 1 



2 5 



6 3 
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Procedure: Number-After Dominoes is based on a game from 
the Wynroth (1986) curriculum. It is played like Dominoes except 
that the added domino must be the number after the end item, 
rather than the same number (see figure). To begin with, limit the 
number of players to two and use five dominoes marked 1 to 5 only. 
Put out the "1" domino and turn the other four over so that the 
numerals do not show. Mix the latter and have each child pick two 
dominoes. Turn the dominoes over so that the numerals are visible 
to the child. Ask, "What comes just after one when we count?" If 
needed, add, "When we count, we say one and then?" If necessary, 
have the children count on a number list to determine the answer. 
Then ask, "Who has the 'two'?" The player with the "2" domino 
places his or her piece to the right of the " 1 " domino. Continue this 
procedure until everyone's dominoes are used up. The player who 
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uses his or her dominoes first is the 'first winner"; the next child is 
the "second winner" (and so forth). 

Note that a reguiar set of dominoes (with reguiar number 
patterns of dots) can be used instead of dominoes with numerals. 
Wynroth (1 986) suggests using dominoes with irregular patterns of 
dots. I would recommend that a teacher alternate between using 
dominoes with regular dot patterns and those with irregular pat- 
terns. For some children, the dot dominoes may afford a concrete 
representation that makes the task somewhat more meaningful. 
Moreover, by using dominoes with dots this game can serve as a 
basis for practicing enumeration or fosi g pattern recognition. 
For children who do not need such practice, I recommend numeral 
dominoes because the need to count sets of dots may distract 
children from the main objective of the game. 

In time, the number list can be withdrawn. A child can then be 
encouraged to take a running start (count from one) to determine 
the number after. Once children have mastered the number-after 
skill 3r the numbers 1 to 4, the game can be expanded to number 
after 1 to 9 by including dominoes 6 to 1 0. For two players, have the 
children each select five dominoes. The player who draws the "1" 
domino goes first. For three players, set out the "1" domino and 
have each child draw three dominoes. A more sophisticated 
version of the game entails using 20dominoes (two of each nu aer 
1 to 1 0). Have each of the two to five players draw three dominoes. 
After each turn, the players are given the option of keeping the 
dominoes they have or trading one in and picking another domino 
from the discard pile. 

Advanced Number-After Dominoes, illustrated Li Frame B, 
removes the visual prompts for a running «»tart (i.e., the played 
dominoes are not in sequential order). The player with "double 1" 
begins play. 



Example 3-1 9 Rings for a Queen or King* 

Objective: Mentally determine the number after ' to 9. 

Gnd9 Level: PK. 

Participants: One or a few children. 

Materials: Numeral dominoes 1 to 9 and unifex cubes ("rings"). 
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Proctdura: The game Is played like Number-After Dominoes 
except that the child puts a "ring" (unifex cube) on his or her finger 
for each number he or she produces correctly. 



♦William Boaz of Rochester, New York, suggested this game to me. 



Example 3-20 Number-After Race 

Objective: Mentally determine the number after 1 to 9. 
Grade Level: PK. 
Participante: Two to five players. 

Materials: Small match-box type cars; spiral race-track game 
board; and die, number cards, or spinner. 

Procedure: Give each player a car. Tell the children they are 
going to race. Have a playerthrowa die, draw a number card, or spin 
a spinner. Then say, for example "You got a three. What comes just 
after three?" If the chi Id is correct, say, "You can move four spaces." 



Example 3-21 Number-After Quiz Game 

Objective: Mentally determine the number after 1 to 9. 
Grade U^vr^l: PK. 

Participants: One to five child, jn or two teams of any size. 

Materials: Deck of cards with a numeral 1 to 9 printed on each, 
prizes (optional), and stopwatch. 

Procedure: Explain: "In the Next-Nunsloer Quiz I'll give you a 
number like 'one,' and you tell m what comes just after 'one' when 
we count. One and then comes? Each correct answer Is worth a 
point." A stopwatch can be used to encourage automatic answering 
when players (or teams) take turns. (Players can be required to 
respond within a time limit such as three seconds.) Keeping time Is 
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unnecessary if players (or teams) compete to see who responds 
correctly first. Players win If ttiey get a predetermined number of 
points. If played competitively, tiie first player or team to get a 
predetermined number wins. 



Number After 10 to 28 

R^t remedy any difficulties with the more basic number-after l-to-9 and 
count-by-ones 1-to-lO sltills. Because of the rule-governed nature of the 
number sequence, instruction on this skill can then proceed in conjunction 
with that for counting-by-oncs 11 to 29. More specifically, error-detection 
activities, such as Good or Bad Counter (with an abbreviated count), can 
provide a basis for discussing patterns. For example, "Cookie Monster 
thinks that right after 25, 26, 27 comes 23. Do you think he's right or 
wrong?" When difficulties are encountered, help the child to exploit the 
rule-governed nature of the teens and twenties. For example, if a child has 
difficulty figuring out what comes after 27, say, "What comes right after, 
seven when we count? [Allow the child to respond.] Eight, right. So what 
comes right after twenty-seven when we count?" Practice of both counting 
to 29 and answering number-after questions can thus help make the latter 
skill automatic. As with the error-detection activities. Count Teacher can 
be used to provide practice stating the number after with a running start. To 
provide practice without a running start, use adaptations of the various 
games used for number after 1 to 9: Advanced Number-After Dominoes 
(see Example 3-18), Number-After Race (see Example 3-20) and 
Number-After Quiz Game: 11 to 28 (see Example 3-21). 



Decade After 10 to 90 

First remedy the prerequisite skills (e.g., number after 1 to 9). Instruction on 
the skill should be done in tandem with counting-by-tens to 100. At first, 
allow children to respond to decade-after questions by using a running start 
(starting with 10, counting by tens up to the given number, and then giving 
the next decade in the sequence). As soon as possible, though, help children 
to exploit recunring patterns in the number sequence. That is, help them 
connect the decade-after task with their existing number-after 1 to-9 
knowledge. For example, point out: "To answer 'What comes after 60 when 
we count * j tens?' think: 'What comes after six when I count by ones?' Six, 
seven. :)o when c-^ \ inting by tens, it is sixty, seuenty." Once a child has made 
this fx);if ection, practice the skill until it is automatic. 
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Number After 29 to 99 

First remedy any difficulties with the more basic number-after x*tO'*9 and 
lO-to-28 skills. Instruction on the skill should be done in conjunction with 
countlng-by-ones 30 to 100. Help the child exploit the rule-governed 
nature of the number sequence. For e .ample, if a child has difficulty figuring 
out what comes after 47, say, ''What comes right after seven when we 
count? [i^low the child to respond.] Eight, right. So what comes right after 
forty-seyen when we count?" Practice counting to 100 can help make the 
number-after skill automatic. Most of the games described for number-after 
1 to 9 and 10 to 29 can be easily adapted for practice at this level. 

Decade After 100 to 190 

First remedy any difficulties with the prerequisite skills (e.g., decade after 10 
to 90). Instruction on the skill should be done with that for count-by-te.is 
100 to 200. To help children enter the decade sequence at a given point 
rather than count out the sequence each time, exploit the rule-governed 
nature of the decade sequence. For example, say, 'To figure out what comes 
after 130 when we count by tens, think: 'What comes after 30 when we count 
by tens? Thirty, forty. So after one hundred thirty comes one hundred forty 
when we count by tens.' " If need be, relate this skill to the even more familiar 
number-after l-to-9 skill. Adapt the various suggested games for other 
number-after skills to practice this skill until it becomes automatic. 

Number After 100 to 199 

Rrst remedy any difficulties with the more basic number-after 1 -to-9, 10-to- 
28, and 29-to-99 skills first. Instruction on this skill should be along with that 
for count by ones 101 to 200. Help the child exploit the rule-governed 
nature of the number sequence. For example, if a child has difficulty figuring 
out what comes after 147, say, "What comes right after forty-seven (seven) 
when we count? [Allow the child to respond.] Forty-eight (eight), right. So 
what comes right after one hundred forty seven when we count?" Most of 
the games described for other number-after skills can be easily adapted for 
practice at this level. 

Backward Counts: Next Term 

Number Before 2 to 10 

Rrst ensure that the more basic skills ^counting by ones 1 to 10 and number 
after 1 to 9) are quite automatic. To help a child understand the term before 
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and that the number sequence can proceed in two directions, use a number 
list. Point out that a number (e.g., 5) has two neighbors or two numbers next 
to it: one that comes after (6) and one that comes before (4). Once children 
can figure out number-before responses, work on making the skill automatic. 
The various activities described for teaching and practicing number-after 1 
to 9 can be adapted for number before. For example, Basic (Advanced) 
Number-After Dominoes (Example 3-18) can, by a simple change of the 
rules, become Basic (Advanced) Number-Before Dominoes. 

Number Before 11 to 29 

First ensure that the prerequisite skills (count by ones 1 1 to 19 and 20 to 29, 
number after 10 to 28, and number before 2 to 10) are quite automatic. If 
need be, begin practice of number before 11 to 29 with a number list 
available. The games used for number before 2 to 10 can be adapted for 
teaching and practicing this skill. 

Number Before 30 to 100 and 
Decade Before 20 to 100 

Rrst ensure that Lhe prerequisite skills (count by ones 30 to 100, number 
after 29 to 99, number before 2 to 10 and 11 to 29, count by tens to 100, 
and decade after 10 to 90) are mastered. If needed, begin practice of these 
skills with a number list available. The games used for the other related skills 
can be adapted to teach and practice these skills. 

Backward Counts: Sequence of Terms 
Count Backwards from 10 

Brst remedy any difficulties with the more basic skills of counting by ones 1 
to 10 and citing the number before 2 to 10. Initially, have the child count 
backwards with a number list present. Once the child has an idea of what the 
count-backwards task entails, use only a partially visible number list as a cue. 
This can be done with the activity Peek (see Example 3-8). Insert a 1 -to* 10 
number list into a sheath , left-end first, so that only the 1 0 on the number list 
shows. Before uncovering the next number, ask the child to predict what 
comes 3xt when you count backwards. If he or she is correct, uncover the 9 
and congratulate the child. If the child is incorrect, give him or her a second 
chance and then have the child uncover the preceding number. Proceed in 
this manner until you reach 1. 

As soon as the child is ready, remove prompts like the number list and 
require the child to count backwards verbally. For some children , it may take 
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some time and practice before verbally counting baclM'ards becomes 
efficient 

Count Backwards from 20 

Rrst remedy any difficulties with the more basic skills of counting by ones 1 
to 20, counting backwards from 10, and number before up to 20. Use the 
instructional guidelines outlined for counting backwards from 10 to teach 
and practice counting backwards from 20. 

SUMMARY 



Though the first portion of the count-by-ones or the decade sequence 
requires rote memorization, thereafter the counts are rule-govemed. 
Instruction should help kin dergartners and first graders find and learn these 
patterns. The most difficult terms to learn are the exceptions to patterns 
(e.g., 15) and transition terms (e.g., 40). Once children can automatically 
produce these forward sequences, they are ready to learn more sophisticated 
"skip counts,** such as counting by twos or fives. Familiarity with forward 
sequences also permits the development of next-term sldlls. That is, when 
given a term, they specify the next term in the '^'^unt-by-one (or decade) 
sequence VA^thout counting up from one (ten). Because of the rule-govemed 
nature of the number sequence, instruction on counting-by-ones and 
number-after skills can proceed together for numbers greater than 13orso. 
Once these skills are learned, children can begin to operate in the opposite 
direction and master the number-before (or decade-before) skill. After 
children can "take one step backwards,** they should be able to count 
backwards in sequence. Though counting backwards from 10 will not 
present a problerr- to many primary-age children, counting backwards from 
larger numbers may. 
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Numbers are used in a wide variety of ways (see Example 4-1). Indeed, 
numbering skills are used so often and so automatically by adults that they 
typically take such skills for granted. For preschool, primary-level, and 
special education children, however, learning numbering skills and how to 
use numbers is a real challenge. Oral cou" ting is an important first step but 
does not itself indicate a v^'^stery of lumbering skills or their uses (Ginsburg, 
1982). 

Numbering skills include labeling an existing set (e.g., given five 
pennies, a child identifies how many pennies there are) and creating a set 
(e.g., asked :o get five pennies, a child counts out a set of five from a pile of 
pennies). Labeling a collection involves assigning a number name to a set. 
For the most part, children first rely on object counting (enumeration) to 
label collections. In time, children learn other means for deifining cardinalify 
(the number of items in a set). For example, shown a plate of three cookies 

( )» kindergarten-age children can, without counting, Identify the 

number of items in the collection. Recognition of sets is the result of 
familiarity with number patterns. 

To create a set, children again first rely on counting. Counting out a 
specific number of objects from a larger pool of objects is called production 
of sets. In time, children can become quite skilled in creating sets. For 
example, without counting out each finger, they can readily create a /^nger 
pattern (e.g., represent "3" by immediately and simultaneously putting up 
three fingers). 
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Example 4-1 The Importance of Numbers* 



Count Disorderly was so confused by numbers that one day he 
decided not to try to learn them any more. He would just banish all 
numbers from the country and never allow them to come back. So 
he wrote out notices and put them up everywhere. When he woke 
up the next day he found that everyone he knew was packing to 
leave. His cook was going because she couldn't use numbers to 
count the amount of ingredients to use in the food she made. The 
gardener couldn't count the seeds he planted to grow vegetables 
and flowers. Nobody could tell time because the clocks had to go; 
they all had numbers.The storekeeper closed his store because no 
one could figure out how much money to give him without counting. 
And no one could call anyone or even go visit because there were 
no more phone numbers to call or house numbers for addresses. 
Poor Count Disorderly felt very lonely with everyone leaving him. 
He hadn't even noticed how much people used nurfibers. He 
decided to let numbers be used again. Then he gathered all the 
people together te ask for their help so he could learn how to do all 
kinds of things with numbers. 

*This story was written with the assistance of Cathleen A. Mason. 
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Labeling an Existing Set 
Fajmerutton 

Very young children may engage in counting-like activities with sets of 
objects. However, they may do so without any intention of labeling the set 
with a number (Baroody, 1987a). Moreover, they may lack the know-how 
necessary for object counting (enumeration). Indeed, initially, a child may 
simply pass or wave a finger over a set while spewing out numbers (Fuson 
and Hall, 1983). If an effort is made to point at objects in a set, the child may 
just count the objects in any order— recounting some several times and 
perhaps missing others altogether. 

In time, children learn that enumeration involves a one-to-one 
prindple: assigning one and only one counting-sequence number to each 
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object In a set. In effect, enumeration requires that the child match one-for- 
one the items of a collection (e.g., four cookies) and the tags of the number 
sequence words (e.g., "one, two, three, four . . ,"): 

O O O O 

"one" "two" "three" "four" 

Though preschoolers may appreciate the one-to-one principle, they 
often have trouble executing it accurately (Beckwith and Restle, 1966; 
Gelman and Gallistel, 1978). There are three different kinds of enumeration 
errors. First, if children do not know the correct number sequence, tfiey will 
make sequence errors when counting objects. For example, a child may tag 
three blocks: "1, 2, 10." 

Second, some children have difficulty coordinating, in a one-to-one 
fashion, the processes of saying the number sequence (oral counting) and 
pointing to the objects In a set. Coordination errors, then, entail not properly 
tagging an Item (I.e., assigning too many tags to an Item or pointing at an 
object but not designating it with a tag). Children just learning to enumerate 
sets and mentally handicapped children. In particular, may have difficulty 
starting or stopping the oral-counting and pointing processes at the same 
time (Baroody, 1986a). As a result, a child may point to the first Item and 
say, "one, two" and thereafter honor the one-to-one principle. Likewise, a 
child may get to the last Item of, say, a five-object set and let several tags slip 
out before stopping the oral count (e.g., "five, six"). Children are especially 
prone to this type of coordination error when they rush their counting. 

Third, children may fall to keep track of which objects have been 
counted and which need to be numbered. As a result, they may skip an 
object or count an object more than once. Such fceep/ng-irac/c errors are the 
most common type of enumeration error and are especially likely If a child 
rushes (Fuson, 1988), 

Enumeration difficulty Is greatly Influenced by the arrangement of the 
set (e.g., objects In a line are easier to enumerate than those In a 
disorganized array) and set size (small sets are easier to enumerate than 
larger ones). By the time they enter kindergarten, children can accurately 
en umerate sets ofl to 5 even with disorganized arrays. With larger sets, they 
may be able to enumerate those In a linear array but may have difficulty with 
those In a disorganized array. Some children entering kindergarten have 
not learned efficient keeping-track strategies (e,g., creating a separate pile 
for counted Items), which would allow them to deal effectively with relatively 
complex enumeration tasks (Fuson, 1988). By the end of kindergarten, 
though, most children can proficiently enumerate sets of 6 to 11 or sets of 
11 to 20, 
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Children learn early on that enumeration tells how many objects are in a 
collection (the cardinal designation of the collection). Typically, children 
learn how to respond to "how-many" questions very quickly. To indicate 
how many they have counted, preschoolers soon learn that they do not 
have to repeat the whole count (e.g , "1, 2, 3, 4, 5" for a set of five pennies) 
but need only repe?*^ the last term of the enumeration process (e.g., "5"). 
This shortcut is called the cardlnallfy rule (Schaeffer, Eggleston, and Scott, 
1974). 

An understanding of cardinality does not stop with mastering the 
cardinaliiv rule. A deeper sense of cardinality requires understanding the 
fdcnt/ty-conseruat/on prfnc/p/c— that the number of a set remains the same 
even though its appearance changes. For example, a set designated as 
''five" continues to have the same number even though it is lengthened and 
looks "bigger " 

With counting experience, children discover another important as{>ect 
of cardinality: It does not matter on which end of a row they start, the 
outcome is the same (e.g., see Frames A and B of Rgure 4-1). Indeed, as 
long as the one-to*one principle is observed, a set can be enumerated in any 
order and the cardinal designation of the set will not change (see Frame Cof 
Figure 4-1). This property of the numbering process is called the order- 
lrrelevan<x principle. Though a relatively sophisticated concept (Baroody, 
1984c), it is typically acquired before children enter kindergarten (Gelman 
and Gallistel, 1978; Gelman and Meek, 1987). 



Recognition of Sets 

Young children learn to recognize immediately various number configura- 
tions (e.g., o^O ^ '"three" q q "four"). The recognition of sets 1 

to 3 develop)s quite early, because such small sets are so easily distinguished 
from one another and other sets. (Indeed, children may recognize and label 
sets of one or two before they learn how to enumerate sets.) Ldcer, children 

become familiar with the patterns of somewhat larger sets (e.g., 

"five** or O O = "six"). Recognition of sets 4 to 6 primarily depends on the 
O O 

amount of exposure to such number patterns (e.g., experience playing dice 
games). Automatic recognition of number patterns provides children with 
important concrete models of number (von Glasersf eld, 1982) and later can 
fecilitate the development of informal arithmetic (e.g., see Bgure 6-1). 
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Rgure 4^1 Some Different Ways to Count a Row of Five Itemo 



A. A left-to-right count 



1 2 3 4 5 




B. A right-to-left count 



5 4 3 2 1 




C. A count beginning with the mid-item 



1 2 3 




Creating a Set 

Production of Sets 

I^eschool children also leam to count out (produce) a specified number of 
objects from a group of objects. Production of a given number is more 
difficult than labeling an existing set (enumemtion), because it requires the 
child to remember how many objects have been requested and to stop 
counting objects when that many objects have been reached (Resnick and 
Ford, 1981). 

A common error, especially among very young and mentally handi* 
capped children, is continuing to count out pennies even after the specified 
amount has been reached (Baroody, 1986a). Children make a ^no-stop** 
error (e.g., count all 10 pennies available) because they do not (1) 
understand the task (that they are supposed to stop at the requested 
amount); (2) forget the requested amount; or (3) forget to stop at the 
requested number. Another error thdt occurs with some regularity among 
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young and mentally handicapped children is counting out an inconrect 
number of items but tagging the last item with the requested number 
(Baroody, 1986a). An example of this end-with-requested-number error 
is— in response for five pennies— counting out three pennies but tagging the 
pennies ""1, 2, 5." Children make an end-with-the-requested-number error 
because they do not (1) understand the task or (2) care to make the effort to 
complete the production process. The latter can be checked by asking the 
child to take a specified number of highly desired items to keep. 

Less serious errors include minor errors in counting out pennies in a 
one-to-one fashion or in keeping track of counted pennies and those sti 1 
available. If a child does not have an efficient keeping-track strategy, he or 
she may come up with one or two too few (if counted items are recounted) o ^ 
too many (if uncounted items are included in the counted pile). 

Typically, accurate production of sets I to 5 is achieved earlier than 
accurate production of sets 6 to 20. With small sets, it is relatively easy to 
keep track of the object-counting process and when to stop. 

Finger Patterns 

Children may often be more successful in creating cardinal sets with their 
fingers than with other objects (Steffe, von Glasersfeld, Richards, and Cobb, 
1983). Initially, children have to count their fingers to put up, say, five 
fingers. In time, they learn automatic finger patterns (e.g., simultaneously 
extending all the fingers on one hand to represent five). Children master the 
finger patterns I to 5 before the finger patterns 6 to 10. 

The sequence of numbering competencies by grade level and develop- 
mental order is summarized in Table 4-1. 



INSTRUCTION 



Preschoolers need interesting opportunities to use numbering skills more 
than they need direct training. By the time they enter kindergarten, children 
typically have a good start on numbering skills at least with sets of up to five 
items. For those kindergartners who have not mastered these basic 
numbering skills, intensi' emedial efforts are needed. They should be given 
interesting and extendeu practice with enumerating and producing sets of 
1 to 5. Feedback and guidance are particularly important for such children . 

If simply given the opportunity to practice numbering skills with larger 
sets, many children will master such competencies quickly. Some, though, 
will need guidance. For example, a portion of any kindergarten class would 
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Table 4-1 Sequence of Numbering Competencies by Grade Level and 
Developmental Order 



Level 



Labeling an Existing Set 



Creating a Set 



PK 



K 



Enumeration of sets 1 to 5 
Cardinality rule 

Identity-conservation principle 
Recognition of sets 1 to 3 
Order-irrelevance principle 



Enumeration of sets 6 to 10 
Recognition of sets 4 to 6 

Enumeration of sets 1 1 to 20 



Finger patterns 1 to 5 
Production of sets 1 to 5 



Production of sets 6 to 1 0 
Production of sets 1 1 to 20 
Finger patterns 6 to 10 



benefit from a teacher's tip or a discussion on how to organize their 
enumeration and production efforts in order to keep track efficiently. An 
ideal oppctunity to provide needed feedback is when children are engaged 
in games or activities in which numbering skills are a natural and integral 
part. 



Labeling an Existing Set 

Enumeratloii of Sets 1 to 5 

Brst ensure that a child can count by ones to at least five and do so 
automatically. If this skill is not automatic, it will be difficult for the child to 
coordinate oral counting with pointing to objects in a one-to-one fashion. 

The nature of enumeration training depends on a child's specific 
difficulty. If a child does not appear to make any effort at one-to*one 
counting, it is essential to help the child appreciate the one-to-one principle 
(e.g., se( the story in Example 4-2). Begin with a Pointing Exercise, using 
a relatively easy set of objects (e.g., three blocks in a row). Have the child 
point once and only once to each object in the set. After the child has 
mastered this skill, introduce enumeration. If necessary, first say the 
numbers for the child while he or she points to each block. Then have the 
child count out the number sequence as he or she points to the blocks. 
Gradually work toward more difficult (larger and less orderly) sets. 
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Example 4-2 The Importance of Counting One-to-One 



Count Disorderly was planning a gala party that he hoped would be 
the social event of the year. He wanted to have such a wonderful 
party that everyone In the kingdom would say, "Oh, that marvelous 
Count Disorderly puts on such a nice party." Count Disorderly 
eagerly began planning his party, all the time thinking how wonder- 
ful it would be and how much people would thank him for putting on 
such a marvelous party. 

The first thing that Count Disorderly did was to go down to the 
mallroom to find out how many invitations had been returned so 
that he would know how many guests were coming to his party. In 
the mallroom he found a big pack of invitations that had been 
returned. He poured the invitations out of the bag, and they 
scattered out all overthefloor. Count Disorderly was so excited that 
he did not bother to arrange the invitations as he sang , "One, two— 
I'm so cool— three, four— I'm no bore— five, six— I'm the pick- 
seven, eight— I'm really great— nine, ten— I'm a gem." Count Dis- 
orderly was now so excited, he rushed to the kitchen and told the 
cook to prepare food and cake for ten guests for his party. 

The day of the big party, everyone In the kingdom who sent in 
their invitations came to Count Disorderly's castle. A lot of people 
showed up— a lot more than the ten Count Disorderly had counted 
and was expecting. Because there was food and cake for only ten 
people, most guests had nothing to eat. 

Everywhere people whispered, "I'm really hungry. Is there any 
food anywhere? This is a terrible party. What a mean trick Count 
Disorderly played on us, inviting all these people to a party but not 
giving them any food or cake. Count Disorderly is despicablel" 

Count Disorderly was very sad. His big party was a big flop. He 
was now the most hated man in the country. Then Count Disordv^rly 
had an Idea: "I'll give another, bigger party." So Count Disorderly 
sent out invitations to everyone in the kingdom, inviting them to his 
second party. 

Unfortunately, nearly everycne In the kingdom thought that 
Count Disorderly wasjust trying to play another mean trick on them. 
All across the kingdom people said, "I'm notgoing tc be tricked into 
going to a party without food and cake by Count Disorderly again." 
So just about everyone threw away their invitations. 

A week later. Count Disorderly went down to the mallroom to 
see how many invitations had been returned. He opened up the 
mail bag; out fell two invitations. Count Disorderly started counting 
the invitations: "One, two." Dismayed, he 5»aid, "No, no, that can't be. 
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There has to be more." So Count Disorderly pointed at each of the 
invitations and said, "Three, four." He counted them again: "Five, 
six," and again: "Seven, eight," and again: "Nine, ten." Indeed, he 
kept recounting those two invitations into the night. When he 
stopped counting. Count Disorderly had reached 1 00. "One hundred 
guests," Count Disorderly exclaimed, 'That's more like it. This is 
going to be the best party ever." So Count Disorderly toid the cook 
to prepare food and cake for 100 guests. 

Cn the day of the party, only two guests showed up at Count 
Disorderly's castle. Cou nt Disorderly was very sad, because he was 
expecting 100 people. Not only was his party a flop, but Count 
Disorderly liad spent all his candy-and-toy money for the year 
buying food and cake that would now not be eaten. Poor Count 
Disorderly. 

Count Disorderly turned to his brother. Count Orderly, who was 
one of the two guests, and complained bitterly, "For my first party, I 
counted ihe invitations but I did not have enough food and cr ke. 
For this party, I counted the invitations and now I have too much 
food and cake. Why don't things come out right?" 

Count Orderiy felt badly for his brother. Count Disorderly, and 
offcied to help: "Show me the invitations to your parties." Count 
Disorderly took Count Orderly to the mailroom. There, he showed 
Count Orderiy the huge bag of invitations for the first party and how 
he had counted them: "One, two— I'm socool— three, four— I'm no 
bore— five, six— I'm the pick— seven, eight— I'm really great— nine, 
ten— I 'm a gem."Then Count Disorderiy showed his brother the bag 
with two invitations for this party and how he counted, and re- 
counted, and counted them again until he got to 100. 

Count Orderiy just shook his head. "My dear Count Disorderiy," 
he said, "you can't say and do anything you want when you count. 
You have to be careful. For this big pile of invitations, you can't just 
point at the pile and say some numbers. You have to point to each 
invitation in the pile as you say a number. And for this small pile, you 
can't keep pointing to the same two invitations as you say numbers. 
You have to point to each invitation as you say a number. See: 'one, 
two.' " 

Count Disorderiy was vory happy that his brother Count 
Orderiy had taught him tc count carefully. He sent a letter to 
everyone in the kingdom explaining his mistake. He also sent 
everyone an invitation for another party, with the promise that he 
would count each invitation very carefully so that everyone would 
have food and cake. 
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If a child seems to understand the one-to-one principle but still 
frequently misenumerates sets, the child may need to learn keeping-track 
strategies. That is, th« child must learn how to separate already-counted 
objects from yet-to-be-counted objects (see the story in Example 4-3). Point 
out that counted objects can be put in their own pile far enough away so that 
they are not confused with uncounted objects. For sets of objects that are 
fixed, start in a well-defined place, such as a comer or an end, and count in a 
particular direction. 

Example 4^ Orderly Count Story* 



It was the day of the big baseball game. Count Disorderly was busy 
getting his players excited to win. The umpire came over and said, 
"We're ready to start, but we need to know if you have enough 
players. You need at least nine." So Count Disorderly began 
counting his players. While he counted, the players wandered 
around. Some of the players walked off to talk to players on the 
other team. Several of the others walked off to throw a baseball 
around, and a coupie of placets walked off to get drinks of water. 
Poor Count Disorderly kept getting confused. He did not know 
which players he had already counted and which needed to be 
counted. Hefinally ended up with a count of three players.He knew 
that was wrong because he had to have more than three players so 
he tried again. Because the players kept moving around. Count 
Disok early got confused again and counted all the way to ninety- 
nine. Now Count Disorderly knew he did not have that many 
players. 

Meanwhile, the other team was getting restless, and the 
umpire was getting i^ngry because of the long wait. Count Orderly 
arrived on the scene to watch the game. His brother. Count 
Disorderly, rushed over and said, "You have to help me! I can't 
figure out if I have enough players. The umpire <s going to cancel the 
game if I don't hurry." Count Orderly came ever and saw all the 
players running around. "Well, wo can't count everyone if they don't 
stay put." He had all the piayers sit on the bench. Count Orderly 
then told Count Disorderly to start on one end of the bench, walk 
down the row. and tap each one on the shoulder as he counted. 
Count Disorderly started on one end and counted each player on 
the bench until he got to the end of the row. He counted nine 
players. "Aha," said Count Disorderly, "we have exactly nine players." 

"Play ball!" yelled the umpire and the game started. 



*This story was written with the assistance of Cathleen A. Mason. 
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If the child has difficulty starting (or stopping) the oral counting and 
pointing processes simultaneously, have the child slow down. Indeed, with 
children who make any type of enrors, it Is important to emphasize that It Is 
more Important to count objects slowly and carefully rather than quickly and 
Inaccurately. 

Enror-detectlon activities, such as Good and Bad Counter or The 
Absent-Minded Counter (Example 3-2), can readily be adopted for 
enumeration training and arc great fun for children. Model correct enumera- 
tion and various enumeration errors (examples and nonexamples of the 
one-to-one principle). Then have a child, group of children, or class evaluate 
the correctness of the count and, if Incorrect, indicate what was wrong. For 
example, count the fingers on a child's hand but make sequence errors (e.g., 
point to each finger while saying, "1, 2, 3, 9, 10"), coordination errors (e.g., 
point to the first finger and say, "1, 2," and then complete the count with, "3, 
4, 5, 6"), or keeping-track errors (e.g., skip a finger or go back and count a 
finger a second time). Such exercises make an excellent vehicle for pointing 
out and discussing the one-to-one principle underlying enumeration and 
how to Implement this principle correctly. 

Enumeration practice can be accomplished with numerous games 
(e.g.. Animal Spots described in Example 2-1 ; Number-After Dominoes 
as described in Example 3-18 but with a regular set of dominoes and 
Number-After Racedescribed in Example 3-20; Hidden Stars described 
in Example 4-5 of this chapter; and Lotto Same Number, Clue, Cards 
More Than, and Dice More Than described in Chapter 5). Any board 
game that uses a die to determine the number of spaces a player can move 
(like the S "^ccer game described in Example 4-4) can provide enumeration 
practice as well. 

The complexity of the dot arrangement can be varied according to 
children's readiness. For very young children just beginning to master the 
skill, use a linear array of dots. This minimizes the demands of keeping 
track of the starting point and what items have already been counted (as 
long as a child starts at one end and counts in one direction). With some- 
what more experienced counters, arrange the signal dots in patterns such 
as: 



These arrangements require some keeping-track effort. For relatively 
advanced children, use dice with Irregular anrays that require careful 
keeping-track strategies. 

It may be helpful to use enlarged dice made of balsa wood, and large 
signal dots covered with clear contact paper. Alternatively, a deck of 5" X 8" 
cards with 1 to 5 half-inch dots :;ttached can be substituted for a die. 



O O 00 OO 
OO ' 000' O O' 000 
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Sxamplt 4^ Soccer 



Objective: Enumeration of sets 1 to 5 (in either orderly or 
disorderly arrays). 

Grade Level: PK. 

Participants: Two players. 

iMateriais: Soccer-field t)oard (see below), baW marker, and cards 
or a die with 0 to 5 dots. 



< 



o 



X 





Procedure: Place the ball marker at midfield (on the space 
marked X). "^he players alternate turns. On their turn, the players 
draw a card or throw a die to determine how r lany spaces they can 
advance the ball. For practice in counting > ts 1 to 5, start with the 
ball at midfield. A player scores by adv ;incing the ball into an 
opponent's goal (hatched-marked space). Then replace the ball at 
the starting point and continue play until a predetermined number 
of points (or rolls) is reached, or time runs out. 
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CanUnaltty Rule 

first ensure that a child can count orally to at least five and hcs some 
appreciation of the one-to-one principle governing enumeration before 
introdudng the cardinality rule. Examples and ronexamples (correct and 
Incorrect applications) of the cardinality rule can be demonstrated and 
discussed by using the error-detection exercise Good or Bad Count'er 
(Example 3-2). The Hidden-Stan Game (Example 4-5) is another 
interesting and useful teaching device. Model the cardinality rule 1^ 
counting a small set of, say, two objects ("One, two.") and then announce, 
"So there are two stars." Next, turn the card over and ask, "How many stars 
am I hiding?" Afterward, have the child count a different small set and ask, 
"How many stars did you count?" Then cover this set and ask, "How many 
stars am I hiding?" If necessary, ask, "How many stars did you count?" This 
exercise will be sufficient for most children to master the cardinality rule. 

If the child does not learn the rule quickly, continue the modeling-and- 
practice procedure described above in conjunction vAth pattern recognition 
of sets 1 to 3. If the child picks up on the cardinality rule, play Hidden Stars 
wrtth both small- and large-number sets. If a diild cannot enumek'ate 
accurately sets of 6 to 20 items, enumerate the sets for the child. Then 
continue the game as usual : Turn the axtd over and ask the child how many 
stars there are. It is a good idea to practice with various objects. For example, 
Animal-Spots (described in Example 2-1) provides an opportunity to 
practice the rule with dots and pegs. 

Example 4-5 Hidden-Stars Game 



Objective: Cardinality rule with sets of 2 to 5. 
Grade L^vei: PK. 

Participants: One, two, or three children. 

IMateriais: A number of "star cards" (3" X 6" cards on which two 
to five stars are pasted in a row about ^/z Inch apart). 

Procedure: Explain, "In the Hidden-Stars game, the hlder [the 
teacher or a child] shows the player(s) some stars. The player 
counts them. Then the hider covers them up and the player tries to 
tell how many stars the hider is hiding." if a player does not 
spontaneously count a star card, the hider can say, "Count this row 
of stars." After the player counts the set, the hider covers the card 
and says, "Hov^ many stars am I hiding?" 
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Identtty-Conservatton Principle 

First ensure that the child masters the prerequisite competencies: counting 
by ones to 10, enumeration 1 to 5, and the cardinality rule. The Hidden- 
Penny Game (Example 4-6) can be used to help children induce the 
identity-conservation principle. Using small sets of two, three, or four items 
will facilitate discovery of the principle, because young v':hildren can see that 
the number of items in a set remains the same despite changes in 
appearance. Once children grasp this principle with small sets, try the 
exercise with larger sets. Moreover, use a variety of initial appearances (e.g., 
rows, circles, triangles, rectangles, random arrangements) and changed 
appearances (e.g., lengthening, shortening, creating a [new] geometric 
shape, mixing up the internal arrangement). 



Example 4^ Hidden-Penny Game 



Objective: Understanding that changes in physical appearance 
do not change the number of items in a set. 

Grade Level: PK. 

Participants: A single child or a small group of children. 

Materials: Six pennies, chips, or other small countable objects 
and a cover (SVz'* X 11 " piece of thin cardboard). 

Procedure: Explain, "In the Hidden-Penny game, you count the 
pennies, I cover them up, and you try to tell me how many I'm 
hiding." Set out a number of pennies in a row about one inch apart. 
Either haveachild count thesetorcount the set together. Then say, 
"Watch what I do with these n pennies before I hide them." Change 
the appearance of the row by lengthening or shortening the row or 
creating a new pattern (circle, triangle, cross, etc.). Cover the set 
and say, "How many pennies am I hiding?" If the child is incorrect, 
count the set again and ask if it is the same number counted before. 



Recognttioii of Sets 1 to 3 

Typically, special training is not required for this skill. Any game that uses a 
die or requires children to count small sets of dots or other forms can be used 
(e.g.. Animal Spots, described in Example 2-1; Numbe?-After Dom- 
inoes with a regular set of dominoes and Number-After Race, described 
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In Examples 3-18 and 3-20; Hidden Stars, described in Example 4-5; 
and Lotto Same Number, Clue, Cards More Than, and Dice More 
Than, described In Chapter 5). With repeated exposure, children will learn 
spontaneously to recognize immediately the various small-set arrange- 
ments. Children may leam to recognize sets of one and two and possibly 
three even before they can effectively enumerate very small sets. Thus, 
practice on this skill (e.g., use of the Quick-Look Game described in 
Example 4-7) need not await mastery of enumeration of sets 1 to 5 or even 
1 to 3— //someone identifies the patterns by number for the child. On the 
other hand, learning to recognize patterns involving three or more objects is 
facilitated by accurate enumeration. It is important, after all, for a child to 
count a pattern repeatedly and anive at the same cardinal designation each 
time. Imagine a child's confusion even if he or she recognized q^q as 
"three" but counted it several times and got "two" and "four." 



Objective: Automatic recognition of sets 1 to 3. 
Grade Level: PK. 

Perticipants: Two children or two small teams of players. 

Materials; Cards with one, two, or three 2-cm dots, respectively. 
The dots should be pasted on the cards in random fashion. 

Procedure: Explain, "I'm going to show you some cards with dots 
on them. I'll show you the cards very fa^t. So look carefully at the 
card and quickly try to see how many dots there are. Ready?" Show 
the child each card in turn fortwo seconds and say, "How many dots 
did you see?" If correct, the child gets to keep the card (scores one 
point) for his or her team. 



Order-Irrelevance Principle 

Rrst remedy any deficiencies in the prerequisite skills: enumeration 1 to 5 or 
6 to 10 and the cardinality rule. Provide the child with plenty of opportunities 
to enumerate sets— particularly small sets. It may be helpful to ask probing 
questions, such as, "Do you think you will get the same number if you count 
the other way?" The error-detection activity Good or Bad Counter 
(Example 3-2) can provide an opportunity to illustrate and discuss valid and 



Example 4-7 Quick-Look Game: 1 -3 
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invalid applications of the order-irrelevance principle. Another activity that 
may help direct children's attention to this issue is the Coimt-Plredlctlon 
ActivSty (Example 4-8). 



Example 4^ Count-Prediction Activity 



Objective: Understanding that as long as the one-to-one principle 
is observed, the items of a set can be enumerated in any orderand 
the cardinal designation of the set will not change. 

Grade Level: PK. 

Participants: One child or a small group of children. 

Matarials: Five blocks and a Cookie-Monster Muppet (or other 
hand puppet, stuffed animal, or doll). 

Procedure: Explain toa child that Cookie Monster Isjust learning 
to count objects and needs help. Request that the child serve as 
Cookie Monster's teacher. After a participant has enumerated a 
set, have Cookie Monster (or some other pretend pupil) ask what 
counting the set In another way produces (see Examples A and B 
below). 

Example A. Put outaset of fourblocksand say,"ShowCookle 
Monster how to count these blocks." After the child finishes, ask, 
"Hovv many are there?" If the child accurately enumerates the set 
and correctly uses the cardinality rule, proceed with the order- 
irrelevance questions. Point to the last Item counted by the child 
and say, "Could Cookie Monster make this number one and count 
the other way?" If the child says "yes," ask, "Cookie Monster does 
not know what he would get If he counted that way. Can you tell 
Cookie Monster how many he would count?" If he or she begins to 
count, cover the set and say "Before you finish counting, what do 
you think you will get when you finish counting?" 

Example B. Put out a set of five blocks. Use the same pro- 
cedure described above with the following exception: After the 
child counts the set and identifies its cardinal value, point to the 
middle item and say, "Could Cookie Monster make this number one 
and count the blocks? What would he get if he started here [point to 
the middle item] and counted all the blocks?" 
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Recognttton of Seto 4 to 6 

Rrst remedy any deficiencies in more basic skills (recognition of sets 1 to 3 
and enumeration of sets 1 to 5 and 6 to 10). Discussing the fact that sets of 
three or more objects form patterns may facilitate children's mastery. 
Encourage children to describe and illustrate as many different easily 

recognizable patterns a number can make (e.g., six can look like: ^ ^ ^ 
O nn 000 
(PfpQ OqqO ). The lesson does have to be restricted to numbers up 

to six. 

Frequent exposure to games that use a die or require counting small 
sets of dots or other forms is often sufficient for pattern -recognition learning 
(see games described for pattern recognition 1 to 3). Kindergartners can 
practice this skill directly by playing Quick-Look Game: 1-6. Simply add 
cards with four, five, and six dots to the deck used for the basic version 
described in Example 4-7. (The teacher or an assigned judge can keep time 
by using a stopwatch or counting, "One-and-a-two.") 

Enumenitioii of Sets 6 to 10 

Rrst remedy any defi::iencies in prerequisite skills: counting by ones 1 to 10 
and enumf ation of sets 1 to 5. Because keeping track of counted and 
uncounted items with larger sets requires attention, it is essential that a child 
count by ones efficiently. Indeed, it is crucial that the one-for-one coordina- 
tion of oral counting and pointing be automatic— that the tagging process 
require little conscious effort. 

If counting by ones and one-to-one counting are automatic, then 
attention can be focused on keejMng track of counted and uncounted items. 
If the child has not already mastered keeping-track strategies with smaller 
sets, encourage the child to consider how this can be done. If the child 
continues to have difficulty, point out specific keeping-track strategies (e.g., 
checking off objects in a picture or list, putting counted items in a separate 
pile or container). In this regard, note the suggestion by Count Orderly to 
Count Disorderly in the story of Example 4-3. For some children, it may be 
important to encourage them to count objects slowly and carefully. 

Enumeration practice can be achieved by adapting the games recom- 
mended for enumeration of sets 1 to 5. A large-number die (balsa wood 
cube with five to ten dots) or large-number cards (5" X 8" index cards with 
six to ten dots) can be substituted for a small-number die or cards. For 
Soccer, for instance, change the rules so that the ball starts in a player's own 
go^l zone (instead of midfield, where a score would occur on virtually every 
turn with a five- to ten-dot die). 
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Enumeration of Sets 11 to 20 

First remedy any deficiencies in prerequisite skills: counting by ones 1 to 20 
and enumeration of sets 1 to 5 and 6 to 10. Because keeping track of 
counted and uncounted items with larger sets requires considerable 
attention, it is important that more basic skills (counting by ones to 20 and 
one-to-one counting) be automatic to the point that they do not require 
conscious effort. For children who are having keeping-track difficulties, see 
the instructional guidelines outlined above for enumeration 6 to 10. 

Enumeration practice can be achieved by adapting the games recom- 
mended for enumeration of sets 1 to 5. Large-number cards (5" X 8" index 
cards with eleven to twenty dots) can be substituted for small-number cards. 
For Soccer, for instance, use a field with fifteen instead of seven spaces 
between the goals and start play with the ball on a player's own goal zone 
(instead of midfield). 

Creating a Set 

Production of Sets 1 to 5 

First ensure that the component skills (counting by ones and enumeration of 
sets 1 to 5) are accurate and automatic. If the child can read numerals, it may 
help initially in production instruction to put out a sign indicating the 
requested number. Explain, ''We want to count out just three pennies from 
this pile of pennies. Count out pennies until you get to three. This number 
[point to the sign with the numeral 3] wiW remind you when you need to stop 
counting." If necessary, ask the child after each counted object if he or she 
should stop (e.g., ''One. Is that the numberyouneedtostopat? [point to the 
card with the numeral 3] Two. Is that . . . ?"). Then proceed to producing 
sets without prompt cards. This instruction can take place while playing a 
game with the child such as the Modified Hidden«Penny Game (Example 
4-9). 

If a child continues to make, say, no-stop errors, ask the child whai the 
requested number is. If it appears that the child is having difficulty 
remembering the requested amount, point out the impcrtdnce of re- 
membering the requested number and how the child can remember the 
number (e.g., rehearse the number by saying it several times before getting 
involved in a counting-out process). If the child makes end-with-the- 
requested-number errors, efforts need to focus on getting the child to use a 
one-to-one process until the requested number is reached (rather than 
helping the child to remember the requested amount). 

With all types of errors, help the child acquire efficient keeping-track 
strategies. For example, when practicing production of sets, have the child 
put already-counted items in a jar lid or plate to separate them from the 
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uncounted pie of Items. Again, error-detection activities, such as Good or 
Bad Counter and The Absent-Minded Counter (Example 3-2) can be 
useful In modeling and discussing correct and Incorrect production 
procedures. 

Ptoductlon of sets can be practiced with, a game like Animal Spots 
(Example 2-1 ). After a child has counted the dots on the die, retrieving the 
corresponding number of pegs ("spots") from the dish of pegs Is a 
production task. Games where a child has to move a specified number of 
spaces (e.g., Number-After Race, described In Example 3-18 and 
Soccer, described in Example 4-4) also serve to practice the production 
skill. (The set of "uMngj" produced are, in these cases, the nunr.ber of spaces 
moved.) Star Collector (Example 4-10) entails both counting out objects 
and spaces. 



Example »-9 Modified Hidden-Penny Game 



Oujective: Counting out one to five objects (as requested) from a 
pile of objects. 

Grade Level: PK. 

Participants: One child or two small teams of players. 

Materials: Ten pennies, chips, or other small countable objects. 

Procedure: Teach the participant(s) the Hidden-Penny game 
(used toteach the cardinality rule). If playing with a singlechild, say, 
"Let's play the Hi dden-Penny game, but this time you hide the 
pennies. Here are the pennies. ' Then ask the child to put out two to 
five pennies for you to count. Ha^e the child hide the pennies so 
that you car make a gues.s {correctly and incorrectly). If two teams 
of children play, have one side roll a (numeral) die to determine how 
many pennies they will put out. Then, a player from the other team 
has to count the ^el and judge how many are hidden. 



Example 4-10 Star Collector 



Objectives: Enumeration or pattern recognition of sets 1 to 5 
and the cardinality ruid as well as production of sets 1 to 5. 

Grade Level: PK. 
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Participants: Two to four children. 



Materials: Star-Collector Board (see below), dot die with 0 
to 5 dots, and star forms or otiier countable objects to represent 
stars. 



Procedure: On their turn, players role the die to determine how 
many spaces they can move. If a player lands on a square with stars, 
he or she can collect the number of stars depicted on the square. 
The player(s) with the largest number of stars at the end of the game 
wins. 
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Hnger Patterns 1 to 5 

For some children, it may be productive to teach finger patterns 1 to 5 
directly. Indicate the number and model its associated finger pattern. Then 
ask the child to imitate the finger pattern for that number. Some children 
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may have to leam the finger {patterns in a more roundabout bul perhaps 
more meaningful way. For these children, it may be helpful to have them 
practice counting out a specified number of fingers. Many children will, in 
time, naturally adopt finger patterns because they require less effort. 
Several activities (Hand Shapm and Finger PappetB) for practicing 
finger patterns are described in Chapter 4 of Baroody, 1987. Another 
activity is LonflhDtotance Number Communlcatfone. A team of two (or 
more) children stationed across the room from each other have to 
communicate messages to each other composed of numbers. Because 
verbal and written communications are not allowed, the children have to use 
fingers to relay the!f number messages. In more elaborate forms of the 
activity, teams could compete against each other to see which was the 
quickest and most accurate. Alternatively, a team can compete against its 
own accuracy and speed record. 



Production of Sets 6 to lOancf 
IVodaction of Sets 11 to 20 

First ensure that the prerequisite skills (production of sets 1 to 5 or 6 to 10 
and counting by ones 1 to 1 0 or 1 to 20) are automatic. Then have the child 
practice the skill in a wide variety of settings: 

• The games described for production of sets il to 5 can be adapted 
for this purpose. 

9 A child can serve as the teacher's helper and retrieve a specified 
number of straws, pencils, and so on. 

• The child can be assigned the duty of scorekeeper and record with 
marks a specified number of points for players. 

In each setting, it might be helpful to encourage the child to consider how to 
best separate counted and uncounted items to keep track of the count. 



Fins« Patterns 6 to 10 

Brst ensure that the more basic skill (finger patterns 1 to 5) is automatic. For 
six, eight, and ten, at least, it may help to model the ''doubles pattern": three, 
four, and five fingers up on each hand. Indeed, the finger pattern for ten 
should be relatively easy for children to pick up. Some children may find it 
easier to think in terms of five and so many mere (e.g., six is five fingers up on 
one hand and one more on the other). The activities used to practice finger 
patterns 1 to 5 can be used to practice this skiU as well* 
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SUMMARY 



Even before they enter school, children typically master numbering skills— 
at least with small sets. Enumeration, which entails assigning a number- 
lequence term to each item in a set, is one mechanism for labeling an 
e^dsting set. Only a few children entering kindergarten will need heip 
coordinating the oral counting and pointing processes to produce a tag for 
each point. Many may need help learning keeping-track strategies, par- 
ticularly with larger sets in disorderly arrangements. 

Nearly all children naturally learn to recognize that the last tag in the 
enumeration process stands for the whole set (the cardinality rule) and that 
this nuL.ber label is still applicable even after (1) the physical appearance of 
the set has been changed (identity-conservation principle) or (2) the set is 
recounted in a different fashion (order-irrelevance principle). With ex- 
perience, children can simply recognize how many items are in a set, v^thout 
enumerating it. As with enumeration, children acquire this set-labeling skill 
with very small sets (1 to 3) first and then somewhat larger ones. Creating 
sets with objects (production of sets) or with fingers (finger patterns) builds 
on and develops somewhat later than enumeration. Usually kindergartners 
will master these skills with numbers up to 5 on their own but may need help 
representing larger sets. 
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5 

Numerical 
Relationships 



The numbering skills discussed in Chapter 4, such as enumeration and 
production, Involve a single collection. Numerical relationships involve two 
(or more) collections. Two collections aie equivalent if th^y contain the 
same number of items; they are inequivalent if they contain a different 
number of items. A concept of equivalence and inequivalence is a 
fundamental ingredient for understanding number and operations with 
numbers (arithmetic). Counting experience plays an integral role in learning 
about numerical relationships. 

Two inequivalent collections can be compared or ordered in terms of 
which set is "more" and which is "less." A gross comparison refers to two 
collections or numbers that differ by many (e.g., Which is more: 1 or 10? 
Which is less: 4 or 7?). A fine comparison refers to collections or numbers 
that differ by one (e.g.. Which is more: 2 or 3? Which is less: 3 or 4?). 



LEARNING 



Equivalence 

A primitive ability to judge the equivalence or inequivalence o' two 
collections is based on direct perception and may be present before children 
can enumerate accurately. The perception of same entails readily recog- 
nizing the equivalence of two very small sets of one, two, or three items. 
Even two-year-old children can see that OO and O O have the "same 
number" but are different from O or 000 (Wagner and Walters, 1982). 
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The perception of same can also Involve an equivalence judgment based on 
perceptual cues. For instance, the two rows below have the same length. 
Thus, without counting, it is clear that there are the same number of white 
dots as black dots. A child who has difficulty with such a task may not 
understand the phrase "same number." 

• •••••• 

o o o o o o o 

Direct perception is not always useful in jud^ng same number. The 
accuracy of such judgments drops off dramatically as set size increases. 
Moreover, sometimes appearances can be deceiving. For instance, though 
two lines at check-out counters have the same length, it does not guarantee 
that there are exactly the same number of people in each. 

In time, children learn that numbers can be used to compare quantities 
and that counting is more reliable than depending on direct perception: If 
two collections have the same number label, then the collections are 
equivalent (have the same number of objects)— desp/te differences or 
changes in appearance (e.g., Gelman, 1972). For example, in spite of 
different appearances, the following sets are equivalent because both have 

"seven": O O O 0 O O O ; q^O^O^O 

Because they can recognize small number patterns relatively eariy and 
count small sets more efficiently, children can determine same number for 
sets of 1 to 5 before they can gauge same numberforsets 6 to 10 (Klahr and 
Wallace, 1973; Schaeffer, Eggleston, and Scott, 1974). Particularly with 
larger sets, a chLM may fall to establish the equivalence of two sets because 
he or she (1) inaccurately enumerates one set (or both), (2) does not tWnkto 
count the s^U, or (3) does not want to expend the effort needed to 
enumerate ne sets. 

Children eventually learn a noncounting method for gauging same or 
different (e.g., Elklnd, 1964; Gelman and Galllstel, 1978; Lawson, Baron, 
and Siegel, 1974; Zlmlles, 1963). Matching sets Involves putting two sets In 
one-to-one correspondence: matching an item in one set to one In the other 
set. If two collections match up, then the collections are equivalent in spite of 
superficial differences In appearance or changes In the appearance of one of 
the sets. Children have little difficulty in learning to put out one item for each 
item of an existing set, and they readily recognize that the two equally long 
rows are equivalent In number. However, young children fall to realize that 
the equivalence relationship established by matching is unaffected by, say, 
lengthening one of the rows. Now a young child says the longer row has 
more. In time, the child will count each row and conclude that Initial match 
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still holds despite the fact that one row looks like more. Eventually, the child 
do2S not even have to count; it is obvious that nothing has been added or 
taken away and so the initial match is "conserved" despite changes in 
appearance. A "mature'* concept of matching sets (number conservation) 
implies this last stage of logical certainty (Plaget, 1965a). 

Inequfvalence 

GroM Comparisons 

Like the perception of same, the ability to identify the larger of two grossly 
different sets as more docs not depend on counting and develops very early. 
The perception of more is based on direct perception: Which of two sets is 
bigger, longer, or more crowded? For example, a set of pennie? that covers a 
larger area than another frequently has more coins. Children naturally have 
the ability to see the differences in set size. What they must learn is the 
meaning of the term "more" so that they can label the larger set correctly 
and consistently. 

At first, children do not realize that numbers are associated with 
magnitude. For instance, they do not realize that "three" stands for a 
quantity that is more than "two." When asked to compare two numbers, 
such children may simply guess or use a response bias of, say, always 
choosing the last number lizard. 

In time, children recognize that the number sequence represents 
increasingly larger quantities and can be useful in making comparisons. At 
first, they may be able to make gross but not fine comparisons of number. 
For example, they may know that nine is more than two but may be 
confused about whether nine is more than eight. They find the first 
comparison easier than the second because nine is much further along in 
the counting sequence than is two. Because of their familiarity with the 
number sequence to 10, children typically learn to rmke gross comparisons 
Involving 1 to 10 before they enter kindergarten (Schaeffer, Eggleston,and 
Scott, 1974). As they learn more of the number sequence, this ability is 
readily extended. By the end of first grade, children can make gross 
comparisons involving 11 to 100 with facility. Obviously, if a child does not 
know or is not familiar with a portion of the number sequence, accurate 
gross comparisons are not possible. 

Judging "more" is easier than "less," in part because the word more is 
used more frequently and more readily understood by children. A child 
who does not understand the term less may, for example, respond by giving 
the larger of two terms— the term that is more. As a result, the ability to make 
gross comparisons of less Involving 1 to 10 may develop some time after 
similar comparisons of more. 

Er|c 1 ^ 3 
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Fine Comparisons 

With very small collections, even very young children usually distinguish 
between and choose the larger of two sets that differ by only one item (e.g., 
O O versus O O O )• The perception of fine differences lul.th I to 4 objects, 
in fact, may be a concrete and important basis for realizin^^ that numbers are 
connected with magnitude. Because children can see that "three" objects is 
more than "two," they learn that the term three is associated with a larger 
quantity than is the term two. 

In time, children use their knowledge of the number sequence to make 
precise numerical judgments of more. Children learn to make such fine 
comparisons with 1 to 5 first. At about four years of age, many children 
discover a general fine-comparison rule: A number that comes after another 
in the number sequence is (one) more than its predecessor (Schaeffer, 
Eggleston, and Scott, 1974). As children master the number-after relation* 
ships for more and more of the number sequence, they can apply the fine- 
comparison rule to larger and larger numbers. For example, once the 
knowledge that nine follows eight becomes automatic, children can quickly 
determine that nine is more than eight. 

Knowledge of number-after relationships and the fine-comparison 
rule enables the majority of children entering kindergarten to make fine 
comparisons with 6 to 10. By the end of first grade, children have mastered 
the count sequence (number-after relationships) to 100 and so can make 
even fine comparisons from lltol 00. However, a child who does not have 
command over the number-after skill will encounter difficulty in making fine 
comparisons. 

Similarly, automatic knowledge of number-before relationships per- 
mits children mentally to make fine comparisons of less. For example, 
children learn that four is (one) less than five because four comes just before 
five when they count. Determining/ine comparisons o//essiu/th 1 to lOmay 
develop somewhat later than gauging fine comparisons of more than 1 to 
10, and specifying /ine comparisons of less 11 to 100 develops even later. 

The developmental orHer of numerical-comparison competencies 
discussed above are summarized in Table 5-1. 



To foster an understanding of equivalence, encourage a child to play with 
very small sets that he or she can readily recognize as the same (intuitively 
match) and can easily enumerate. By attaching number labels to sets that 
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Table S^l Numeiical-Comparlson Competencies by Developmental Order 
Equivalence 



Qross Comparisons F.ne Comparisons 

PK Perception of "same" Perception of "more" — 



Same number 1 to 5 
K Samenumt>er6to10 

1 Matching sets 



Gross comparisons 1 to 1 0 



Gross comparisons of less 
1 to 10 

Gross comparisons 1 1 
to 100 



Perception of fine 
differences with 1 to 4 



Fine comparisons 1 to 5 
Fine comparisons 6 to 10 



Fine comparisons of less 

I to 10 

Fine comparisons 1 1 to 1 00 
Fine comparisons of less 

II to 100 



children can see match up, children leam that "same number" does not refer 
to some physical property or appearance but rather to quantity. 

To compare larger sets, which are difficult visually to judge as 
equivalent, encourage the use of counting (e.g., This row of white chips has 
six, and this row of red chips has six. The rows have the same number.). Use 
of a matching process to evaluate equivalence can be Introduced later. 



Perceptton of Same 

Make a game (Same-Number or Different?) of estimating the equivalence 
or Inequivalence of collections. At first, It may be Instructive to compare sets 
of objects that are obviously the same In number (1 vs. 1, 2 vs. 2, and 3 vs. 3) 
or obviously different In number (1 vs. 6, 2 vs. 8, 3 vs. 9). Then training can 
proceed with pictures of sets (as In the case of the Fab: Cookie Portfons 
described In Example 5-1) and then with less obvious cases of equivalence 
(e.g., 4 vs. 4 and 7 vs. 7) and inequivalence (2 vs. 5 and 4 vs. 6). To help 
children to define better the same-number concept, use the training 
methods for same number 1 to 5 described In the following section. 



IM 

Exampit 6-1 
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Fair Cookie Portions 



Objective: Perception of same and different with pictured sets. 
Grade Level: PK. 

Participants: One child or possibly a small group of children. 
Materials: Cards such as A to E shown below. 



Card A: 00 000 

Card B: 000 000 

CarxlC: OOOOOOOOOO 0000 

Card D: 00 00000 

00 OOOOO 

CardE: 00 O 

O 



Procedure: Present a card and say, "Ernie has this many cookies 
[point to one side], and Bert has this many cool<les [point to the 
other side]. Did Ernie and Bert get the same numberof cool<ies7 Did 
they share the cooi<ies fairly?" 



Same Number 1 to 5 

Brst ensure that a child has proficient numbering skills (e.g., can efficiently 
enumerate at least small sets of 1 to 5 items). Instruction should then focus 
on teaching the same-number concept and how counting can play a role in 
determining equivalent sets. Games, such as Clue (described in Example 
5-2) and Lotto Same Number (e.g. see Baroody, 1987a; Wynroth, 
1986), are useful. Briefly, to begin lotto, children select a number of 
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dominoes (say, three) from a pile of turned over dominoes. The remaining 
dominoes are then turned face up. From tills pile, players In turn try to find a 
matching set for each of tiie s^ts drawn at tiie beginning cf the game. Such 
games have been used to teach a same-number concept to mentally 
handicapped children (Canrlson and Werner, 1943; Descoeudres, 1928). If 
necessary, expllcitiy point out that counting can be used to determine If two 
collections have the same number. Ejqslain that If counting results In the 
same (last) number, two collections have tiie same amount despite 
differences In appearance. Note that Lotto Same Number and Clue can 
serve to practice enumeration skills as well as to reinforce the idea of using 
counting to determine equivalent collections. 



Example 6-2 Clue 



Objective: Using counting to detemilne which of a number of 
sets has the same number of Items as a given set. 

Grade Level: PK. 

Participants: One child or two teams consisting of one to a few 
children. 



Materials: "Clue Cards" such as Cards A to E shown below. 




Card E: 
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Procedure: Cover the bottom half of a card and show it to the 
child. Say, "This game is called Clue. You have to figure out how 
many dots I'm thinl<ing about. IHere's a clue to help you figure out 
Justthe right numberofdots I'm thinking about [point to the set that 
is showing]. Now [uncoverthe bottom half of the card], am I thinking 
about this many dots [point to the first choice], this many [point to 
the second choice], or this many [point to third choice]?" If the child 
r takes no attempt to respond, point to each choice in turn and say, 
"Does this have the same number of dots as the clue up here 
[point]?" If the child is wrong, encourage him or her to count the 
number of dots in the clue and each of the choices. If necessary, 
point to each choice and say, "Does this have the same number of 
dots as the clue on top [point]?" 



Same Number 6 to 10 

If a child fails the more basic same-number 1 -to-5 item, begin work with this 
prerequisite skill first. If a child can establish equivalences with smaller sets 
but not larger sets, then explain how small-set-equivalence procedures also 
apply to larger sets. If the difficulty is due to inefficient larger-number 
enumeration, work on this basic skill before or during the training of 
equivalence 6 to 10. Clue can be used to teach and practice this skill by 
using a deck of cards such as those shown in Figure 5-1. 

Matching Sets 

First ensure that children can count to make same-number judgments with 
at least small sets. Mastery of this more concrete skill will enable children to 
learn more readily the more abstract matching skill (Gelman and Gallistel, 
1978). Instruction can begin with asking a child to put out the same number 
of objects as that of a preexisting set. Start with sets that naturally go 
together and that highlight the one-to-one correspondence (e.g., sets of 
plastic tea cups and saucers). Then introduce sets with no functional match 
(h\uB and white sets of blocks) or with pictured sets of objects (e.g., drawings 
of girls and dresses). 

Some children may need help in learning how to match sets one-to- 
one. As the example below illustrates, some children will simply put out a 
row of the same length but with too few: 

Sample row: O O O O O 
Child's row: 0 0 0 0 

if - 
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Rgura 6-1 Clue: Same Number 6 to 10 



Card A: 



— 1 

• 
• 


> Card B: 


• •• 

• •• 


• 


• 






• •• 


:*: ' ••••• 



Card C: 



••••• 






•••• 



Card D: 



• • • • 

• • • • 




• •• 

•••• 





Card E: 







•• •• 


•••• 



As the example below shows, some put out a row of the same length, but 
with too many items: 

Sample row: O O O O O 

Child's row: 0000 0 00 

If need be, help the child to line up the corresponding elements. Point out 
that to match up two collections, there must be one and only one item in one 
collection for each item in the other collection. 

Next, give the child two sets in which the items are not arranged in any 
order and have the child match the two sets to see if rows can be put in one- 
to-one correspondence or if one set has items left over. During the initial 
phase of training, children should be encouraged to check their answers by 
counting. 

Once children can make one-to-one matches, training efforts can 
focus on helping children see that changes in physical appearance do not 
affect equivalence relationships but that addition or subtraction trans- 
formations do. (See Baroody, 1987a, or Gelman and Gallistel, 1978, for a 
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description of the Magic Show that can be used to demonstrate these 
ideas.) The number*conservation task can also be used as a training vehicle 
(see Bgui^ 5-2). Initially, it may be helpful to have children count each set 
that is in one-to-one correspondence. After lengthening or shortening one 
row, have the child count again before indicating whether or not the rows 
have the same number. If the child indicates that one row now has more, 
point out that counting each row yields the same number— the same 
number that was obtained before the change in physical appearance. 
Another exercise is to have a child create matching sets. Then— while the 
child is watching— lengthen one row and add an item to the shorter row. 
Initially it can help children to count each row before asking if the rows have 
the same number or if one has more. If a child cour ts and still indicates that 
the longer row has more, check fine-comparison ability and remedy if 
necessary. 

Work should begin with small sets for which pattem recognition can 
come into play. This rdnforces the idea that differences in physical 
appearance are not relevant to judging equivalence or inequivalence. 
Frequently, children will spontaneously transfer this number-conservation 
learning with small sets to larger sets (Gelman, 1982). Indeed, direct 



Figura 5-2 Number-Conservation Task 



A Initial Equivalence 



B. Length Transformation 

• •••••• 

o o o o o o o 

C. Check by Counting the Chips of Each Row 

"1 2, 3, 4, 6, 6, 7" 

• •••••• 

o o o o o o o 

"1, 2, 3, 4, 6, 6, 7" 



ERIC 



iBstiuctSon 



instruction on number conservation is not necessary for most children. If 
given ample experiences in counting and comparing sets, most discover 
matching procedures and the number-conservation concept on their own. 

Inequivalence: Gross Comparisons 

Learning about inequivalence can go hand in hand with learning about 
equivalence. Ordering sets Qudging more and less) should follow naturally 
from children's infomial experiences. As with equivalence, the child should 
be given ample opportunity to compare very small sets of objects. Later, the 
child can be given opportunities to compare small and then larger 
collections. A parent or teacher should encourage efforts to reason out the 
comparison by counting or thinking about the number sequence. 

Pterceptfon of More 

With the very few children who need training, teach a concept of more with 
small, easily recognized sets of objects that clearly differ in amount. For 
example, hold out one hand with four pieces of candy (or other highly 
desirable objects) and the other with one piece of candy and offer to give the 
child the set with "more"— "the bigger handful." If need be, compare very 
small numbered sets to sets with ten or more items. This instruction can be 
incorporated into a game that uses objects, such as Snack Activity 
(Example 5-3), or that uses pictures of sets, such as the More-Coolde 
Game (Example 5-4). 



ExamplaS-^ Snack Activity 

Objective: Perception of more with objects. 

Grade Level: PK. 

Participants: One to five children. 

IMaterials: Chips or other objects to represent cookies; prizes 
(optional). 

Procedure: Say, "Cookie Monster Is getting very hungry, it Is 
time for his snack, and he wants a big number of cookies. Can you 
tell me which pile of cookies Is more so that Cookie Monster will get 
lots of cookies for his snack?" Present the child with various 
comparisons as suggested above. 
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Example 5-4 More-Cookie Game 



Objective: Perception of more with pictured sets. 
Grade Level: PK. 

Participants: One child or a small group of children. 

Materials: Cards such as those shown below. 
A. 



^- O O • 

o • o 
o • o 

o o o 

o o • 



^- o • oo 



^' 0000000 o 



I. 



o • • 
o • • 



o 

ooo • coo 

o 
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Procedure: Show the child a card and say, "Let's try the More- 
Cookie game. On this side of the card there is a picture of a plate of 
cookies, and on this side of the card there is another plate of cook- 
ies. Look carefully and point to the plate that has more cookies." If 
the child is incorrect, say, "No. That plate has more. See it has a lot 
of cookies [make an exaggerated circular gesture over the side 
with more dots]. This other side has just a few- It is small [make a 
tiny circular gesture]." 



Gro^ Compurisom 1 to 10 

Deficiencies In counting to 10 or the perception of more should be 
remedied before training on gross comparisons of 1 to 10. Training on gross 
r>mparison sho'Ud begin by helping a child realize that the number 
sequence represents increasinglif icar^ quantities. The StalrcaM Actfvity, 
Mooii'Iiivadcn Gamt, and NumbeMJst Race Game described in 
Baroody (1987a) and Dtoappearlng Numbers (Example 5-5) can be 
used for this initial instruction. With eariy practice efforts, concrete repre- 
sentations of numbers should accompany verbal numerical comparisons. 
High Die (Example 5-6) is a good way to start such practice, because all 
comparisons involve small, easily counted or recognized sets. Cards More 
Than (with dot cards), described in Example 5-7, extends comparison 
practice to numbers up to 10. 

Because the aim is to enable children to make numerical comparisons 
mentally, concrete supports should be withdrawn as soon as a child has 
mastered numerical comparisons with concrete models. To practice making 
comparisons mentally, play the advanced versions of Disappearing 
Nwnbers (described in Example 5-5) and Cards More Than (described 
in Example 5-7) with numeral cards. Other game*-, for practicing this skill are 
the Blg-i^umber Game: 1-10 (Example 5-8) and the Hit-the-Target 
Game (Example 5-9). 



Example 5-5 Disappearing Numbers 



Objective: Gross comparisons of numbers 1 to 10 with a con- 
crete representation of the number sequence (for beginners), with 
the aid of a number list (for sorr^ewhat more advanced children), or 
using a mental representation of the number sequence (advanced 
players). 

Grade Level: PKtoK. 
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Participants: One to three players. 



Materials: Cards each with a numeral 1 to 10 and enough 
interlocking cubes to represent each number. 

Procadura: Lay out the cards on a table face up and in numerical 
order. Have the child represent each number with Interlocking 
blocks (see the figure below). After building a "staircase" with the 
blocks, give the player two numbers. Initially, as each number is 
stated, concretely identify its relative position in the sequence and 
relative size by pointing out its card and accompanying "step of 
cubes." If a player can say which is more, that child wins the card 
with the larger number of dots on it. Make sure to alternate the 
order of the smaller and larger term (e.g., "Which is more: eight or 
two? Which is more: three or seven?"). If incorrect, encourage the 
child to think about which number comes later when we count so 
that in the next turn he or she can win a card. The game continues 
until only one card is left. 



□ 



/ 


z 


3 




5 




7 
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Previous question: "Which Is more: 3 or 8?" 
Previous response: "Eight." (Child tskes the "8" card.) 
Question: "Which Is more: 9 or 2?" 
Response: "Two.** 

Teacher: "Let's look at the blocks to see. Which is m-o-r-e?" 
Response: "Nine." 

Teacher: "Nine is more than two. Sure. When we count, we say 
two right at the start, and we say nine later: one, f wo, three, four, five, 
six, seven, eight, nine. See— nine comes after two when we count so 
we know that it is more." 



For somewhat more advanced players, lay out the cards in numerical 
order without the staircase of interlocking blocks. Note that the cards serve 
as a number list. If a child has difficulty making a comparison, remind him or 
herthatas we count (be^n with Card 1 and pointtothe cards in order) each 
number represents a larger amount. If necessary, use interiocking blocks to 
represent the specific comparison. For even more advanced players, lay out 
the cards in random order. This requires the child to use his or her own 
mental representation of the number sequence. 



Example 5-6 High Die 



Objectives: Gross comparisons of numbers 0 to 5 using the 
concrete supports of counting, pattern recognition, or perception 
of more. The game also requires fine comparisons involving num- 
bers 0 to 5 and same number (equivalence) 1 to 5. 

Grade Level: PK. 

Participants: Two to five players. 

Materiais: Large die with 0 to 5 dots for each player. 

Procedure: Players roll their dice in turn. After the second child 
rolls Ms or her die and identifies the number (m) of dots, ask, "Is m 
[point to the player's die] more than n [point to the first player's 
die]?" (Note thatthis effectively randomizes whetherthe smaller or 
larger number is stated first.) Summarize or conrect the player's 
response. With two players, the child with the "high die" is then 
awarded a point. (A block can be used as a point marker.) With three 
or more players, have the next child roll his or her die and compare it 
to the previous winner. Repeat this procedure with any remaining 



114 



Namcrical Ralationahips 



players. Keep rotating who goes first (e.g., on the next turn, the 
"second" piayer shouid go first.) This gives everyone an equal 
opportunity to make comparisons. 

Note that during the course of the game, fine comparisons are 
inevitable (e.g., 4 vs. 3 or 3 vs. 4). Often players will have the same 
number of dots. A player should note that neither die has more— 
they have the same number. If necessary, point this out. After all the 
comparisons have been made, sometimes the high die will be 
shared by two or more players. All players tied with the high die are 
awarded a point (block). 



Example 5-7 Cards More Than 



Objective: Gross comparisons of numbers 1 to 1 0 using counting 
(for beginners) ora mental representation of the number sequence 
(for advanced players). The game also entails fine and same- 
number comparisons involving numbers 1 to 10. 

Grade Level: PK. 

Participants: Two to five players. 

Materials: Dot cards with sets of dots from 1 to 1 0 (for beginners 
and children who cannot read numerals) or numeral cards 1 to 10 
(for more advanced children). 

Procedure: This game is played like the card game "War" and is 
based on theWynroth (1 986) game used to teach number after and 
before. Shuffle the cards and give one to each player, face up. Ask 
the children to count the dots (or read the numerals) on their card to 
determine \ hat they have. Then, have the children compare their 
numbers (e.g., ask a player, "You have five and Sally has three. 
Which is more: five or three?"). // necessary, have the child 
compare the extent of each count. For example, "Do you have to 
count more numbers to get to five or to get to three? Let's count and 
see. One, two, f/7ree— that's Sally's number— four, five. When we 
count to five, we go past three, so five is more than three." Most 
children will quickly move on to using their mental representation 
of the number sequence. At this point numeral cards are easier to 
use. 

It may be less confusing and more instructive to use a routine 
to make the comparisons. For example, have one child start and 



Inftnictloii 



lis 



compare his or her number with the child to the ieft; the winner of 
that comparison then compares his or her number with that of the 
next chiid to the ieft; and so on. The game can be piayed, as in War, 
where the piayerwith the bigger numbers keeps both cards. The 
piayer with the most cards at the end of the game wins. Use the dot 
cards aschiidren begin worl^ing on thisskiii,then the numerai cards 
as they become more proficient. 



ExamptoS-8 Big-Number Game: 1-10 



Objective: Mentai gross number comparisons 1 to 1 0. 
Grade Level: PK. 

Participants: Two to six piayers or several teams of players. 

Materials: Deck of 3" X 5"cards indicating various comparisons 
(e.g., 9 on , 2 or 8, 3 or 7, 1 0 or 4, 3 or 9) and a chalkboard or other 
means to keep score. 

Procedure: Explain, "In the Big-Number game, you have to pick 
the bigger number to win a point. For example, which is more: 1 0 
marbles or 1 marble? Which is more: 1 0 orl ?" If necessary, point 
out that 1 0 is more than 1 and say, "Now remember to pick the 
bigger number so that you can win." On their turn, players draw a 
comparison card. If they choose the larger number, award the 
player (team) one point. If a child has difficulty, use a number list or 
interlocking blocks to illustrate the comparison concretely. 



Example 5-^ HIt-the-Target Game 

Objective: Application of gross number comparisons 1 to 10. 
Grade Level: PK. 

Participants: One to four players or two small teams. 

Materials: Cardboard target about 8V2 X 1 1 inches, ten chips, 
and paper and pencil or chalkboard and chalk to keep score. Prizes 
are optional. 
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Proeedura: Explain, "In the HiMhe-Target game, a player tries to 
get these chips onto the target. After you have thrown the chips, we 
will count how many you get on the target. If you get more than two 
chips on the target, you score a point (win a prize)." After a player 
has thrown his or her chips, the teacher says, for instance, "You got 
five chips on the target. Is five more than two?" The criterion for 
scoring a point (winning a prize) can be varied to practice more than 
with a range of numbers from one to about six. 

Alternative Procedure: Have children or teams compete against 
each other rather than a preestablished criterion. Record each 
child's (team's) score with tallies (or, for more sophisticated children, 
with numerals). The child (team) with the larger tally (number) wins 
the round. Keep score of each round, and determine the overall 
winner in the manner described above. 



GroM Cmnparitons of Less than 1 to 10 

Instruction should first remedy any deficiency in ttie prerequisite skill (gross 
compzurisons 1 to 10). It then should focus on helping the child to 
understand the term "less." Techniques to teach the perception of more 
and gross comparisons of more 1-to-lO can be adapted for this purpose: 
Snack Activity (Less Version), Less Cookie Game, Disappearing 
Numbers (Less Version), and Cards Less Tlian. For example, in Cards 
Less, the player with the smallest dot card wins. Finger Play may also help 
teach the less concept. Have the child represent a number (e.g., five) with the 
fingers of one hand and another number (e.g., two) with the fingers of the 
other hand. Ask the child to raise the hand with the finger pattern that has 
more. Then have the child do the same with the hand with the finger pattern 
that has less. By contrasting the terms "more" and "less," a child can define 
the novel term "less" as the opposite of the familiar term "more " The 
Number-Guess Game, described in Example 5-10, can be used to 
practice udng the terms "more" and "less" and reasoning about numerical 
relationships. The Ltttle-Number Game, described in Example 5-1 1, can 
provide practice in mentally making gross comparisons of less. 



Example 0 Number-Guess Game 



Objectives: This relatively simple game can help achieve a 
number of ii portant objectives. First, it can help familiarize children 
with the terms more than and less than. Second, it is typical of many 
real-life problem-solving situations where an /ncorrecf solution can 



InMfuctlon 



117 



provide useful information about how to proceed. Third, the game 
can provide an opportunity toexercisedeductive reasoning: reach- 
ing a conciusion by reasoning iogicaiiy from a premise. Fourth, the 
game provides an opportunity to discover and discuss different 
soiution strategies and their relative merits. More specificaiiy, it 
iiiustrates that real problems can be figured out in different ways 
but that some strategies may be more efficient and desirable than 
others. 

Grade Level: Kto3. 

Participants: The game can be played by pairs of students or by 
two small teams. 

Procedure: One side or a monitor picks a number between one 
and f ive.This can be done ra ndomly by using a die or shuffled cards. 
The number can be recorded on a pad. The "number picker" then 
says, "I have picked a number between one and five. You have three 
guesses to figure out the number that I have picked." If the guesser 
is Incorrect on the first or second guess, the number picker has to 
indicate if the guessed number is greater ('more) (bigger) or less 
(fewer) than the picked number. If the guesser says a number 
greater than five, the number picker says, "Sorry, the number is 
either one, two, three, four, or five." If the guesser is incon-ect on the 
third guess, the number pickershowstheguesser(the pad with)the 
number picked. If theguessercorrectly guesses the picked number 
on any one of the th ree tries, the guessers are awarded a point. The 
players then switch roles. The game ends after each player (team) 
has had a prescribed number of turns. (The game can end in a tie.) 

By making a judicious first guess (picking the middle number, 
three) and using the feedback provided, a player can be virtually 
certain of being con'ect each time. For example, if the picked 
number is five, the guesser would know after the first try that the 
number could not be less than three (one or two) but has to be more 
than three (four or five). If the guesser did not pick the correct 
number on the second try, success would follow on the last try. 

Even if a player does not think or discover this efficient 
strategy, he or she can still use incorrect guesses wisely to narrow 
down choices. Another h ighly efficient strategy Is to always pick the 
number two first. If the feedback indicates that the number is 
bigger, the child then can choose four. If four is not the correct term, 
the feedback will tell Ihe player which term (three or five) has been 
picked . A relatively Inefficient strategy is to randomly guess or start 
with one (five) and add (subtract) one on each guess. 
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Numerical Relatloiuh^M 



The game can be made more difficult by reducing the number 
of g uesses to two or by increasing the range of allowable choices to 
6, 7, 10, or more. 

The game can be played over a period of time so that as many 
students as possible are given the opportunity to discover for 
themselves more efficient strategies and learn about more-less 
relationships. The game can also be played only once and serve as 
the basis for discussing the nature of problems, problem-solving 
strategies, reasoning logically, using infonnation from errors, and 
soon. 



Example 5-1 1 Little-Number Game 



Objective: Practice mentally making gross comparison of less 1 
to 10. 

Grade Level: K. 

Participants: One child or two teams of one to a few children. 

Procedure: Explain, "In the Little-Number game, the goal Is to 
pick the smaller number." Pose questions such as: "Arlene has a 
bag with ten coins, and Barb has a bag with one coin. Who has less? 
Who has fewer, Arlene with 10 or Barb with 1?" 



Gross Comparisons 11 to 100 

After remedying any deficiencies in the prerequisite skills (counting to 100 
and gross comparisons 1 to 10), instruction should focus on developing 
greater familiarity with the number sequence to 100. Practice with number 
comparisons 11 to 100 can be done by using various games, such as the 
Big-Number Game: 1-100, Baseball More Than (Example 5-12), and 
Dice MoieThan (Example 5-13). Encourage children to think about and 
share their observations about the number sequence to 100 and comparing 
the magnitude of these larger numbers. If necessary, help the child to see the 
connection between his or her existing number-after knowledge and 
making gross comparisons of numbers 1 1 to 100. 
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Example 5-1 2 Baseball More Than 



Objective: Mental gross number comparisons 1 1 to 100. 
Grade Level: 1. 

Participants: Two players or two small teams. 

Materials: A baseball diamond (e.g., 1 X 1 foot piece of cardboard 
withfourbasesdrawnin);objects("pieces")torepresentthe batter, 
base runners, and runs; cue cards on which are printed two 
numerals (the numbers to be compared). 

Procedure: The player or team "at bat" places a piece at home 
plate to represent the batter. The other player or team draws a cue 
card from a deck of cards and announces the comparison (e.g., 
"Which is more: 54 or 27?"). If the player (team) at bat correctly 
picks the larger number, the batter advances to first base. The 
player or team at bat then places another piece at home plate for 
the next batter. If the child (team) at bat is incon-ect, an out is 
recorded. (Like baseball, three outs retire the side, and the other 
playerorteam takes their turn at bat.) If the player (team) at batgets 
the next comparison correct, the piece representing the batter is 
advanced to first base; the piece already on first base Is advanced 
to second. A run is scored when the player at bat has the bases 
loaded and then gets another comparison correct (the piece 
representing the runner on third is forced home). 

Alternative Procedure: The cue cards can be made up to indi- 
cate whethera con-ect response results in a single (batteradvances 
to first), a double (batter advances to second), a triple (batter 
advances to third base and forces all runners to score), or a home 
run (batter and all runners score). Indeed, the difficulty of com- 
parisons can be matched to the outcome. For example, an easy 
comparison like 24 or 98 might only be worth a single. Whereas 
more difficult comparisons, like those Involving a 28 or 73 (a child 
who focuses on the ones digits 8 and 3 would be misled and pick 
28) or 73 or 63 (a child must know that the seventies are more than 
the sixties) might be worth a triple or home run. 

The game can be adapted in various ways to meet the needs of 
individual players. With children who make few mistakes, the side 
can be retired by one mistake or by putting a limit on the number of 
runs that can be scored In an inning (e.g., maximum = 5 runs). 
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Dice More Than 



Objective: Mental gross number comparisons 44 to 99. 
Grade Level: 1. 

Participants: Two to five players. 

Materials: Two dice with the numerals 4 to 9 for each player; 
paper and pencil, or hand calculators, depending on the method of 
scoring used. 

Procedure: On their turn, players throw the dice. They can 
arrange the dice in the order they desire (e.g., if a player rolled a 4 
and a 6, the player could rearrange the dice to read 64). With two 
players, the child with the larger number wins a point. The players 
can alternate who makes the comparison to determine the larger 
number. With three to five players, the player(s) with the Iarge3t 
number win(s) a point. To make the comparing process more 
manageable with this number of players, have the children place 
their dice in front of them. Have one child start and compare his or 
her roll to that of the child to the left. The child with the smaller 
number then goes on to compare his or her roll to the next child to 
the left.Thisprocess is repeated until only the child with the largest 
roll has dice remaining. 

Alternative Scoring Procedure: instead of the winner scoring a 
point, the winner can be awarded the number of points equal to his 
or her roll. Using this scoring procedure, each player would need a 
calculator to keep track of his or her tally. 



Perception of Rne Dlffervmcee with 
Sets 1 to 4 

Brst ensure that a child understands the term more (masters the prerequisite 
perception of more). Then turn to the case of fine comparisons of one to four 
objects or pictured items, as in the More-Cookie Game (Example 5-14). 



Example 5-14 More-Cookie Came 



Objective: Perception of fine differences with pictured sets of 1 
to 4 items. 
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li irti u cUon 121 
Qrad«L«v«l: PK. 

Participants: One child or a small group of children. 
Materials: Cards such as those shown below. 



' O •••••• O 

o 
o 



B. 



c. 



D. 



ooo 



o 



O 0 
O 0 



G. 



o • 

o 

o • 



H. 



o 
o 

o 
o 



Procedure: Use the same procedure described for perception of 
more. Use Card A to explain the rules. 
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Inequivalence: Fine Compadsons 



As with gross comparisons, fostering skill with fine comparisons should 
basically entedl providing informal learning opportunities. Children should 
be given experiences with small numbers ( 1 to 5) first and then progressively 
larger ones. Instruction should proceed from the concrete (with objects) to 
the semiconcrete (using counting or number-after skills to make the 
comparison explicitly) and then to the abstract (mentally and efficiently 
making comparisons). 

Fine Conqpartoons 1 to 5 

Rrst ensure that the prerequisite skills are mastered: perception of more and 
perception of fine differences with 1 to 4. Introduction of the skill should 
focus on helping children see that the numbers one, two, three represent 
increasingly larger sets. Begin by comparing very small sets of objects (one 
to three items). The Store Game (with objects version) and the More- 
Fingers Acttvlty, described in Examples 5-15 and 5-16) are useful 
introductory activities. As children grasp the idea that each successive 
number in the count sequence represents a larger set, instruction can be 
expanded to include the somewhat larger sets of four and five. 

Initially, collections of objects should be arranged so that, spatial cues 
are consistent with and highlight the difference in magnitude. That is, the 
collection with more should cleariy (a) be longer, (b) cover more area, or (c) 
be more tightly (densely) packed: 

{r^) O O O O (b) 0 0 (c) O O O O 

••• 00 ••• 



Typically, children spontaneously discover the key idea that appearances 
are not always a true indication of more. To encourage this discovery, 
introduce collections where the spatial cues are at odds with a conect 
magnitude comparison. 

(a) (b) • • (0) 



• 0 0 • • • 

O O O O O O OOOO 
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Most children will count spontaneously or employ their number-after 
knowledge to make comparisons, such as 3 vs. 4 or 5 vs. 4. For some 
children, especially children with learning handicaps, it may be helpful to 
point out explicitly the connection between counting and making number 
comparisons. During the course of instructional games, a teacher can use his 
or her turn to model a counting-based comparison procedure: "Which is 
more: five or four things? Let me see. When I count— one, two, three,/our, 
^we— five follows four so five things are more than four things." On their 
turn, children can be encouraged to verbalize the procedure as they figure 
out their answer. Moreover, it may be helpful with some children to point out 
explicitly the connection between their existing number-after knowledge 
and making fine number comparisons. For example, a teacher might ask, 
"What number comes after four?" After the child responds, the teacher can 
follow up with, "So which number is more: four or five things?" The basic 
count-from-one procedure and the more direct number-after procedure 
can be eiqplained and practiced during the course of Cards More Than, 
described in Example 5-7, or the Store Game (Example 5-16) and the 
Age-Comparison Activity (Example 5-17) described below. 



Example 5-1 5 More-Fingers Activity 



Objective: Fine comparisons of 1 to 5 that involve counting 
objects. 



Grade Level: PK. 



Fdrtlcipants: One child or a small group of children. 

Procedure: Initially, children can be encouraged to put up the 
fingers on one hand as they count. Stop the count at various points 
and say, for instance, "Which is more fingers: two fingers or one 
finger?" If need be, point out that more fingers go up the further we 
count. A variation of this activity involves representing one number 
with the fingers of one hand and another number with the fingers of 
the other hand. The child is then asked, for example, "So, which is 
more:fouror five fingers?" As with all comparison tasks, sometimes 
give the smaller number first and sometimes the larger. 



Example 5-1 6 Store Game 
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Objective: Fine comparisons of 1 to 5 objects either by counting 
(with-objects version) or mentally (without-objects version). 



Qradt Level: PK. 

Particlpante: One or a small group of children. 

Materials: Prizes like chalk, paperclips, stars, stickers, or rubber 
bands and envelopes In which to put the prizes. 

Procedure: Explain, "In the Store game you can shop in the store 
and keep the prizes you pick. We will put the prizes you pick in your 
shopping bag [envelope]." Give the shopper(s) various choices 
such as the examples noted below, in the with-objects version, 
actually put out the items as the comparison question ic asked. For 
example, for Question 1 below, put out two pieces and one piece of 
chalk. 

1 . Would you like two pieces of chalk or one piece of chalk? 
Which is more: 2 or 1? 

2. Would you like three paperclips orfour paperclips? Which 
is more: 3 or 4? 

3. Would you like two starsorthreestars?Which ismore: 2or 
3? 

4. Would you like five stickers or four stickers? Which is 
more: 5 or 4? 

5. Would you like three rubber bands or two rubber bands? 
Which is more: 3 or 2? 



Example 5-1 7 Age-Comparison Activity 

Objective: Application of mentally making fine comparisons of 
numbers 1 to 5. 

Grade Level: PK. 

Participants: One child era small group of children. The activity 
could also be adapted as a game between two small teams of 
players. 

Materials: Picture cards of children (or animals) with numerals 
Indicating their age in one of the corners. 
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Procedure: Say, for instance, "Here is Sally; Sally is 3 years old. 
Here is Teri; Teri is 2 years old [place to tlie riglit of tlie picture of 
Sally]. Sally is 3 and Teri is 2.Wlioisolder:tlie 3-year-old ortlie 2- 
year-old?" Pick up tlie cards, andcontinue witli otiier comparisons. 

It is often useful to encourage cliildren to discuss tlieir current 
age in relationship to tlieir age tlie previous year, tlieir age at their 
next birthday, the age of an olderor younger siblingorfiiend.and so 
on. 



Fine Comparisons 6 to 10 

Rrst ensure that the more basic prerequisite skills (gross comparisons 1 to 
10, fine compansonii 1 to 5, and number after 5 to 9) are automatic before 
beginning the training of fine comparisons 5 to 10. Children, including some 
mentally handicapped children, will spontaneously transfer their comparison 
skills for 1 to 5 to the somewhat larger numbers 5 to 10. If transfer does not 
occur spontaneously, recommend to the child the procedure taught for 
making fine number comp)arisons 1 to 5. Cards More Than (Example 5-7) 
and the Big*Niimber Car-Race Game (Example 5-18) or the Enough- 
to-Buy Activkty (Example 5-19) can be used to practice this skill (or other 
number*comparison skills). 



Exampis 5-1 8 Big-Number Car-Rqce Game: 1-10 



Objective: Mentally making fine comparisons with numbers 6 to 
10. 

Grade Level: K. 

Participants: Tv*o players or two small teams of players. 

Materials: Deck of number-crmparison cards, spiral race-track 
board, and two miniature racing cars. 

Procedure: Give the children their choice cf racing car. Explain, 
"When it is your turn in the Big-Number Car-Race game, you will be 
given two numbers. The number you pick tells us how many spaces 
your car moves. The other number is how i-^any spaces the other 
player's (team's) car can move. So try to pick the bigger number." 
Hava the players take turns picking a nuTiber-comparison card 
from the ckor have a judge read the comparisons to the players. 
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Example 5-1 9 Enough-to-Buy Activity 



Objective: Application of mentally making fine comparisons 5 to 
10. 

Grade Level: K. 

Participants: One to five children. 

Materials: Play dollar bills, price tags, and assorted store items. 

Procedure: Explain, "Cookie Monster needs some help shop- 
ping. Would you help him by telling him if he has enough money to 
buy the things he picks out?" Put out an item, such as a ball, l-lave 
Cookie Monster put seven dollars in a pile. Point out the price tag 
($8) and ask, "Cookie Monster has seven dollars, and this ball costs 
eight dollars. Is seven dollars enough to buy a ball that costs eight 
dollars?" 



Fine Comparisons of Less 1 to 10 

After remedying any deficie. cies in the prerequisite skills (gross com- 
parisons of less 1 to 10 and number before 2 to 10), traiiiing can focus on 
helping a child to see that their number-before knowledge can be used to 
specify fine comparisons of less than. Golf (Example 5-20) is an interesting 
way to provide practice mentally deciding which of two numbers between 1 
and 10 is less. 



Exanr:ple 5-20 Golf 



Objective: Mentally make fine comparisons of less involving 
numbers 1 to 10. 

Grade Level: 1. 

Participants: One to five playe. o. 

Materials: Scoresheet, pencil, deck of question cards, and hand 
calculator. 

Procedure: Explain to the players that in golf, the idea is to get 
the lowest score possible. In this game, a player draws a card that 
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has two numerals printed on It. To get the lowest golf score 
possible, a player should pick the smaller of the two numbers. The 
score is recorded on the hand calculator. Subsequent scores are 
added. At the end of the game, the child with the lowest overall 
score is the winner. 



Fine Comparisons 11 to 100 

After remedying any deficiencies in the prerequisite skills (fine comparisons 
1 to 10 and number after 10 to 99) instruction should focus on developing 
greater familiarity with the number sequence to 100. This skill can be 
practiced by playing the football game described below (Example 5-21) or 
by adapting one of the games described for the other comparison skills. 
Encourage children to think about and share their Ideas about the number 
sequence to 100 and comparing the magnitude of these larger numbers. If 
necessary, help the child to see the connection between his or her existing 
number-after knowledge and determining the larger of two adjacent two- 
digit numbers. 



5-21 Larger-Number Football 



Objective: Practice mentally making fine comparisons 1 1 to 1 00. 
Grade Level: 1. 

Participants: Two players or two small teams. 

Materials: Game board with 1 1 field lines (G, 1 0, 20, 30, 40, 50, 
40, 30, 20, 1 0, G), deck of cards with number comparisons, deck of 
good-outcome cards (e.g., gain 1 0 yds., gain 50 yds., touchdown), 
deck of bad-outcome cards (e.g., no gain, lose 1 0 yds., fumble), and 
football marker. 

Procedure: Say, "You're goi. ,g to play Larger-Number Football. 
I'll flip a coin to see whogets the football first." Place the ball on the 
20-yard line to start (eight lines from the child's goal and a 
touchdown). The defensive player draws a number-comparison 
card. If the offensive player (the child with the ball} responds 
correctly, he or she may draw a good-outcome w d. If wrong, the 
offensive player draws a bad-outcome card. 

If an offensive player advances the ball to or across the 
opponent's goal line, a touchdown can be scored simply as 1 point 
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To provide experience or practice with hand caiculators, touch- 
downs can be scored as 7 points. For footbali purists, a touchdown 
can be scored as 6 points. The piayer can score the extra point by 
correctiy answering an additionai question. On the other hand, if 
the offense moves back to or across its own goal iine, then the 
defense is awarded 1 point. (If a realistic scoring system Is desired, 
a ''safety" can be scored as 2 points). The game continues until the 
deck of comparison cards is exhausted or a time limit is reached. 



Fine ConqMrisons of Less 11 to 100 

After remedying deficiencies in the prerequisite skills (fine comparisons of 
more 11 to 100, fine comparisons of less 1 to 10 and number before 11 to 
100) training should focus on developing greater familiarity with the 
descending order of the number sequence to 1 00. This skill can be practiced 
by changing the rules of Larger«Number Football to create Smaller* 
Number Football If necessary, help the child to see the connection 
between his or her existing number«before knowledge and determining the 
smaller of two adjacent two*dlgit numbers. 

SUBIMARY 



Understanding the numerical relations between two sets builds on direct- 
perception and numbering skills. Preschoolers can see that very small sets of 
one, two, and perhaps even three items are equivalent. Experiences in 
numbering such sets teaches them that the same (cardinal) label indicates 
the same nunibei— despite differences or changes in appearance. Kinder- 
gartners m^iy need training in establishing the equivalence of sets larger 
than three. Initially, they should be encouraged to count each set to 
determine ''same number." Matching, which is a somewhat more abstract 
process, should be introduced later. 

Likewise, when two sets clearly differ in number, children can see 
which has "more." As a result of numbering experiences, particularly with 
very small sets, preschoolers recognize that the number sequence represents 
quantities of increasing magnitude. This allows them to identify the larger of 
two widely separated numbers (make ''gross" comparisons). For very small 
sets, preschoolers can see which set is more even when they differ by only 
one item. This provides a basis for using their number sequence to make 
"fine" comparisons: judge which of two neighboring numbers is more. 
Some kindergartners, however, may need training to make such com- 
parisons up to 10 or even 5. Children naturally extend both gross and fine 
comparison skills as they leam more of the count sequence. Comparisons of 
"less" may be more difficult for some children than comparisons of "more." 
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Gradually, young children extend their oral counting and numbering skills 
to the task of calculation. At first, a child may see that if one block is added to 
one already present, the result is "two." Next, the child may see that if 
another block is added to the two, the result is "three." There is only a tiiin 
line between counting and adding (Baroody and Ginsburg, 1986). Similarly, 
young children may see that if one cookie is taken amy (subtracted) from 
the three present, onty two are left. Addition and subtraction in i 
familiar experiences to preschool children (e.g., Gelman and Galllstel, 
1978; Ginsbuig, 1982). 

Indeed, before they receive fonmal arithmetic instru-^on or master the 
basic addition and subtraction facts, young children can solve simple 
arithmetic word problems by using self-Invented calculatlonal procedures 
(e g.. Carpenter, 1986; Riley, Greeno, and Heller, 1983). Counting serves 
as the basis for this informal addition and informal subtraction. Initially, 
children rely on using objects to perform addition and subtraction cal- 
culations. In time, 6 Ildren abandon their object-counting (concrete addi* 
Hon and concrete subtraction) procedures in favor of more advanced 
procedures. With sufficient computational exp<>rience, children spon* 
taneouslif Invent verbal-count p'^^^nedures to calculate sums and differences 
(e.g., Baroody, 1987b; Grjen and Resnick, 1977). In brief, whether they use 
objects or not, counting is the natural medium for children's informal 
addition and subtraction. 

Later, children assimilate multiplication in terms of their existing 
counting and addition knowledge and rely on informal procedures to 
calculate products. As with addition and subtraction, children are capable of 
informal multiplication before tliey master the basic times facts. 
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Infomial Addition 

Concrete Addftion 

Preschoolers have numerous experiences that involve adding something 
more to an existing collection to make it larger. An informal "incrementing" 
view of addition provides a basis for understand^g and solving simple 
addition problems. Indeed, if given objects such as blocks or allowed to use 
tiieir fingers, many kindergartners and even some preschoolers can solve 
word problems like that below (e.g.. Carpenter and Moser, 1984; Hebbeler, 
1977; Undvall and Ibarra, 1979). 

Alice has two candies. Her brother gives her four more. How many 
candies does Alice have altogether? 

Children use objects to model the incrementing process reflected in 
such "change problems." Specifically, children invent a counting-all pro- 
cedure: They count out objects (blocks, fingers, marks, etc.) to represent the 
initial amount. Then they produce a number of objects to represent the 
amount added. Bnally, they count the total numberof objects. For example, 
to solve the word problem above, a child could (1 ) count out two blocks; (2) 
produce four more; and (3) starting with one again, count all the blocks put 
out. (Frame A of Table 6-1 shows this process with fingers.) 

Children commonly use finger patterns to represent addends and 
compute small sums. For 2 + 4, say, a child could automatically put up two 
fingers on the left hand and four fingers on the right. Once the finger 
patterns representing each term are produced, the child determines the sum 
by counting all the fingers. 

With little or no instruction, primary-level children frequently can 
accurately count-all with sets lto5 (e.g., Baroody, 1984a; Ilg and Ames, 
1951; Siegler and Shrager, 1984). Count-all with sets more than 5 is more 
difficult, because each addend cannot be represented on the fingers of one 
hand. Even if other objects are available to model the problem, it is relatively 
difficult to produce sets greater than 5 a. accurately count more than ten 
objects to determine the sum. Indeed, it is not uncommon for children to be 
off by plus or minus one because of a counting error (Ilg and Ames, 1951). 

Verbal-Count Procedures 

Without instruction or prompting, young children typically invent verbal 
procedures for calculating sums (Resnick, 1983). These procedures model 
their incrementing view of addition and exploit their highly familiar 
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Tabit 6-1 Concrete and Verbal Addition Procedures with Fingers and the Example 2+4 



Procfiure 

A. (Concrete) 
Cour* all 



Stepi 

Count out 2 fingers 
"1,2." 



Step 2 

Count out 4 fingers 
"1,2, 3, 4." 



Step 3 

Count all 6 fingers 
"1,2; 3,4,5,6" 





a (Verbal) 
Count from one 
(basic version) 



Count up to the first 
term 2 



-1.2; 



Count-on 4 more 
times, keeping track 
of each additional 
count with a finger 
3(+1), 4(+2), 5(+3), 6(+4)" 



C. (Verbal) 

Count from one 

(advanced 

version) 



Count up to the 
larger temi 4 



"1,2,3. 4; 



Count-on 2 more 
times, keeping track 
of each additional 
count with a finger 
5(+1); 6(+2)" 




D. (Verbal) 
Count-on from 
the larger 
addend 



Start with the 
larger temi 4 

"4; 



Count-on 2 more 
times, keeping track 
of each additional 
count with a finger 
5(+1), 6(+2)" 
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knowledge of the number sequence. Indeed, even before arithmetic is 
formally introduced in school, most children can mentalli/ add one more. 
For example, many 4V6-year-olds can mentally calculate that three cookies 
and one more cookie is four cookies (StaAcy and Gelman, 1982). Young 
children can add one more mentally because they can draw on the!r well 
learned number-after knowledge (Resnick, 1983). For instance, children 
can readily calculate that four and one more is five, because they know that 
five is the next number after four. 

In time, children invent their own verbal-count procedures for cal- 
culating more difficult problems and, in the process, abandon their concrete 
procedures for calculating non-one problems. At first many children count 
from one to add 2 to 5. The more basic form of this procedure involves 
starting with "one,** counting up to the cardinal value of the first addend, and 
then adding on the second addend (e.g., 2 + 4: "1, 2; 3 [is 1 more], 4 [is 2 
more], 5 [is 3 more], and 6 [is 4 more] —so the answer is six"). In Frame B of 
Table 6-1, note that such a mental procedure uses objects in a different way 
than does the counting-all procedure. Objects, such as fingers, are used to 
keep track of how much must be added on. This keeping-track process can 
be simplified by ignoring the order of the addends a^^ J counting out the 
larger addend first (Baroody, 1984a). This advanced version of the count- 
from-one procedure is illustrated in Frame C of Table 6-1. 

To save more effort, children invent an even more sophisticated 
verbal*count procedure. Counting-on from tfie larger addend involves 
starting with the cardinal value of the larger addend and counting-on the 
smaller temi (e.g., 2 + 4: "4, 5 ps 1 more], 6 [is 2 more]— so the answer is 
six"). This sophisticated calculational procedure is shown in Frame D of 
Table 6-1 . By the end of first grade, most children count on 2 to 5 from the 
larger addend. (Children sometimes count on from the first addend, but this 
happens infirequently and/or for a brief period of time.) 

It is relatively difficult for children mentally to add 6 or more. Problems 
like 6 + 7 or 9 + 8 require a sophisticated and highly efficient keeping-track 
process. To mentally add 2 to 5, the child can easily keep track by counting 
the fingers of one hand. To mentally add 6 or more, the child must think to 
use, say, the fingers of both hands to keep track of the longer counting-on 
process. 

Infonnal Subtraction 

Concrete Subtraction 

Preschoolers have numerous experiences where something is taken from 
an existing collection to make it smaller. An infonnal "take-away" view of 
subtraction serves as a basis for understanding and solving simple subtraction 
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problems. In fact, if given objects such as blocks or allowed to use their 
fingers, most first graders and many kindergartners can solve take-away 
word problems like that below (e.g., Riley, Greeno, and Heller, 1983). 

Helen had five postage stamps. She gave three to her sister. How many 
stamps does Helen have left? 

Children use objects to model the take-away process implied by such 
problenns. Specifically, they concretely represent the minuend (larger num- 
ber) with objects (e.g., blocks, fingers, or marks), remove the number of 
objects equal to the subtrahend (the smaller number), and count the 
remainder to determine the answer. For example, to solve the word problem 
above, a child might automatically put up five fingers, then count and bend 
down again three fingers, and count the remaining fingers to determine the 
difference. Children commonly devise such an informal procedure and can 
take QwQif with objects with little or no formal instruction. 

Some children may know the take*away-withobjects procedure but 
may count inaccurately. For the word problem above, for example, a child 
may have difficulty representing the min uend accurately (put up four fingers 
or put out four blocks instead of five), take away one object too many or too 
few, or misenumerate the remaining objects. Such counting errors often 
lead to answers that are off only by plus or minus one. 

Verbal-Count Procedures 

Typically, children devise their own verbal-count procedures for modeling 
the take-away process. As with addition, young children can mentally 
calculate simple differences because they use their highly familiar knowledge 
of the number sequence. Early on, their number-before knowledge permits 
children to mentally lake away one. For instance, many kindergartners can 
readily determine that four candies take away one candy is three, because 
they know that three precedes four in the count sequence. 

In time, children spontaneously invent verbal-count procedures that 
replace their concrete procedure for calculating differences of more than 
one: take awai; 2 to 5 and take awav 6 to 9 (e.g., Baroody, 1984b; Fuson, 
1984). Initially, many children use a verbal-count procedure called countfng- 
down that— like the concrete procedure— directly models "taking away" 
(e.g.. Carpenter and Moser, 1982). Counting-down entails starting with the 
cardinal value of the minuend, counting backwards the number of times 
equal to the subtrahend, and announcingthe last number counted (e.g., 5 — 
2: "5; 4 [that's one taken away], 3 [that's two taken away]— so the answer is 
3"). This procedure can be used with ease when subtracting two and three 
or even four and five. By the end of first grade, most children can efficiently 
take away 2 to 5. 
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With subtrahends greater than 5, keeping track of the counting-down 
process becomes increasingly difficult. As children are introduced to more 
difficult symbolic problems (e.g., 9 — 7) and take-away word problems (e.g., 
Hope had $9 and spent $7; how many dollars does she have left?), they 
resort to another verbal-count procedure that does not directly model 
taking away but does minimize the keeping-track process. Counting-up 
involves starting with the cardinal value of the subtrahend, counting forward 
until the minuend is reached— while keeping track of the number of steps in 
the forward count (e.g., 9-7: "7; 8 [that's 1 more] , 9 [that's 2 more]— so the 
difference is two"). By third grade, many children discover that counting- 
down is relatively easy to use when the difference is greater than the 
subtrahend (e.g., 9 4 5), especially when the subtrahend is very small 
(e.g., 9 — 2 = 7). They recognize that counting-up is relatively more efficient 
othenvlse (e.g., 9 - 7 = 2, 5 - 4 = 1, 19 - 12 = 7). At this point, children 
switch between the two informal subtraction procedures— choosing which- 
ever one requires the least effort (Woods, Resnick, and Groen, 1975). The 
ability to flexibly choose between counting-down and counting-up better 
enables children to take away from teens (e.g., 11 — 4, 13 — 9). 

Informal MuMplicatioD 

Typically, counting is also children's initial basis for determining multiplica- 
tion products (e.g., Allardice, 1978; Kouba, 1986). Multiplication is often 
interpreted by children as the repeated addition of like terms. Usually, 
children just learning multiplication are already accustomed to adding like 

0000 

sets of 2 to 5 objects (e.g., three groups of four objects: 0000)- The total 

0000 

number of objects can be determined by starting with one and counting all 
the objects, skip counting ("4, 8, 12"), or a combination of skip counting and 
counting by ones ("4, 8 is two fours; 9, 1 0, 1 1 , 12, is the third four). Children 
may also use known addition combinations to figure out such problems ("4 
+ 4 is 8; 8 + 4 is 1 2") ora combination of known addition facts and counting 
(e.g., "4 + 4 is 8 [that's two fours], 9, 10, 11, 12 [that's three fours]-so the 
answer is 12"). 

Many children quickly invent an object-counting procedure that 
involves representing one of the like sets with objects (e.g., fingers), and 
repeatedly counting this set as needed (e.g., for three groups of 4 objects: 
Put up four fingers and count, "1, 2, 3, 4 [that's four counted one time] 5, 6, 
7, 8 [that's two times]; 9, 10, 11, 12 [that's three times]— so the answer is 
12"). Table 6-2 illustrates this procedure. Note that in the illustration, 
fingers are used in two ways. The fingers of one hand are used to represent 
the counted set, and the fingers of the second hand are used to keep track of 
how many times the first set is counted. 
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Tabto 6-2 A Semiconcrete Multiplication Procedure Using Three Groups of Four as an 
Example and Rngers to Keep Tracic 



Step Left Hand Right Hand 

1 "Four." "That's one four." 




Adding like sets with terms greater than 5 is rather difficult for 
children who rely on Informal procedures. For eight groups of seven, for 
example, skip-counting and repeated-addition methods are difficult because 
skip counts of seven and addition facts involving seven are relatively less 
familiar to children than those involving smaller numbers. An object- 
counting procedure is difficult because 7 cannot be represented on one 
hand and a child cannot keep track of 8 counts of 7 on the other. 

Table 6-3 summarizes the developmental sequence of the informal 
addition, subtraction, and multiplication procedures described above. 
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lufiifiml AKlihuMtlc 
A Suggested Sequence of Informal Arithmetic by Grade Level 



Informal 
Multl- 

Informal Addition Informal Subtraction plication 

ConcretB Verbal-Count Concrete Verbal-Count 
Laval Addition Procedures Subtraction Procedures 

K Count all: _ — — — 

Seta 1 to 5 

— Mentally add _ — — 
one more 

— — Takeaway — — 

with objects 

_ — — Mentally take — 

away one 

1 Count all: Count from _ _ — 
Sets more one to add 

than 5 2 to 5 

— Count-on 2 to — — — 
5 from the 

largeraddend 

— — — Takeaway: — 

2 to 5 

— Mentally add — — — 
on6to9more 

2 — — — Take away: — 

6 to 9 

— — — Takeaway Adding 2 to 5 

from teens like sets 

3 — — — — Adding more 

than 5 like 
sets 



INSTRUCTION 



In generzd, the operations should be introduced in contexts that are 
meaningful to children. Word problems and games are ideal media. The 
operations should be introduced concretely in terms of counting objects. 
Though some children will spontaneously model the meaning of word 
problemis with objects, others may need to be encouraged to do so. Egyptian 
hieroglyphics are a useful vehicle for modeling word problems pictorially or 
semiconcretely. (Sets of 1 to 9 are depicted with tallies, which is a natural 
form of representation for many children.) Introduce the operations with 
small numbers (1 to 5); introduce numbers greater than 5 after they have 
achieved proficiency with smaller sets. 
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Instruction for preschool and kindergzurten children should focus on 
concrete informal addition. Some children will invent verbal adding 
strategies before first grade, and this should not be discouraged. Teachers 
probably should wait until first grade before actively encouraging verbal 
counting strategies for addition— particularly the relatively sophisticated 
counting-on strategy. 

Introduce informal subtraction after children are familiar with informal 
addition. Many children will find subtraction relatively difficult. Although 
multiplication is often postponed until third grade, infomial multiplication 
can be introduced any time after children have mastered informal addition 
concepts and skills. Indeed, because it builds directly on their informal 
addition, children may find infomial multiplication easier than informal 
subtraction. 

Infoimal Addition: Concrete 

Connt-All: Sett 1 to 5 

Rrst ensure adequate proficiency with such prerequisite skills as enumera- 
tion of sets 1 to 10, production of sets 1 to 5, and fine comparisons of 1 to 
10. Skill with finger patterns 1 to 5 or mentally adding one more would be 
helpful but is not necessary. For children who do not know a counting-all 
procedure, use simple word problems and a demonstration like that 
described in Example 6-1. Word problems are used to foster meaningful 
learning of the procedure. 



Example e-1 Using Word Problems to Teach a Basic (Count-All) Addition Procedure 

If a child does not know a count-all procedure, read the following 
word problem and demonstrate how it can be figured out using 
pennies: 

"Cookie Monster reached into a bag of cookies and pulled out 
two yummy cookies. IHe was so hungry, he then turned the bag 
upside down, and three more cookies fell out. IHow many cookies 
did Cookie Monster get? How much are two cookies and three 
more altogether?" Then say, "Put out two pennies to show how 
many cookies he grabbed first. Now put out three more pennies to 
show how many fell out of the bag. To find out how many there are 
altogether, count all the pennies." 

After this demonstration, present Problem 1 below and en- 
courage the child to use pennies, blocks, fingers, or other countable 
objects to calculate the answer. If the child remains silent or 
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guesses incorrectly, reteach the counting-all procedure as done in 
the demonstration. Whether or not the child spontaneously uses 
the counting-all procedure to solve Problem 1, proceed with 
Problem 2. Many kindergarten-age children and even some ele- 
mentary-level mentally handicapped children will need only a 
single demonstration of the concrete addition procedure to learn to 
count-all. In any case, monitor follow-up word-problem exercises 
and reteach the procedure as necessary. 

1 . "Cookie Monster's mother put out four cookies for Cookie 
Monster. Because he was very hungry. Cookie Monster 
took two more cookies out of the cookie jar while his 
mother was not looking. As he walked out of the kitchen, 
his mother asked: 'Cookie Monster, how many cookies do 
you have?' He had four cookies, and he got two more. How 
many cookies did Cookie Monster have altogether? You 
can f igure out the answer any way you want: You can use 
these pennies, this paper and pencil, or your fingers." If 
necessary, repeat the problem. If the child remains silent, 
guesses incorrectly, or verbally calculates incorrectly, 
prompt with, "Use these pennies or your fingers to figure 
out how much four cookies and two more cookies are 
altogether." 

2. "Cookie Monster went to the store to buy cupcakes for his 
mother. He picked out five cupcakes with chocolate frosting 
and three with strawberry frosting. When he went to the 
check-out counter to pay for the cupcakes, the check-out 
girl said, 'How many cupcakes do you have?' He got five 
cupcakes with chocolate frosting and three cupcakes with 
strawberry frosting. How many cupcakes did he have 
altogether? You can figure out the answer any way you 
want: You can use these pennies, this paper and pencil, or 
your fingers." If necessary, repeat the problem. If the child 
remains silent, guesses incorrectly, or verbally calculates 
incorrectly, prompt with, "Use these pennies oryourfingers 
to figure out how much five cupcakes and three cupcakes 
are altogether." 



Particularly v/ith children who have had little or no previous addition 
experience, it is important to check for and immediately correct the error 
commonly made when children are first required to add sets. After 
producing sets to represent each addend, a child may start with one each 
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time and simply enumerate the sets of objects separately. To help chi' iren 
understand that addition involves joining two collections, push the objects 
representing each add and together and then request the child to count to 
determine the an«5wer. If necessary, explain that to find out how many there 
are altogether, we have to countall the objects without beginning again with 
one. 

Counting all can be practiced in the context of any game that uses dice, 
such as the Racing-Car and the Jungle-Trip games described in Examples 
6-2 and 6-3. A number of games from the Wynroth Math Program (e.g.. 
Animal Spots described in Example 2-1) can be used for addition training 
by using two dice. Note that the dots on the dice should be large enough for 
the children to enumerate them with relative ease. If a child tries to count 
each die separately, push the dice together and point out that all the dots 
need to be counted to find out how many there are altogether. 

Example 6-2 Racing-Car Game 



Objective: Practice counting-all with addends 0 to 5. 
Grade Level: Korl. 
Participants: Two to six players. 

Materials: Race-track board (with at least 21 squares large 
enough to accommodate toy race cars), differently colored miniature 
race cars (or other markers for each player), and dice with 0 to 5 
dots. 

Procedure: Give the players their choice of race car and place 
the cars on the square marked Start on the race-track board. 
Explain, "In the Racing-Car game, we start here and race around 
the track. The car that goes furthest wins. To find out how many 
spaces we can move on our turn, we throw the dice, and add the two 
amounts shown." 



Example Jungle-Trip Game 



Objective: Practice counting all with addends 0 to 5. 
Grade Level: K or i. 
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Participants: Two to six children. 



Materlais: Jungle-Trip game board (see below), markers, and 
dice with 0 to 5 dots. 



Procedure: Have the players place their markers on the square 
marked Start on the Jungle-Trip game board. Explain, "In Jungle 
Trip, start here, try to avoid the Jungle dangers, and make your way 
to a pyramid treasure. Whan it's yourtum, we roll these dice to see 
how many spaces you can move." 




After children have learned a counting-all procedure with objects and 
how to use Egyptian hieroglyphics to represent a single set, verbally present 
word problems that are accompanied by a hieroglyphic representation (see 
Frame A of Example 6-4). Next, ask the students to record with Egyptian 
hieroglyphics verbally presented word problems (see Frame B of Example 
6-4). Solving these pictured problems can easily be done by counting «J1 
and provides additional practice using this procedure. 
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Exampto 6-4 Addition Story Problems with Egyptian Hieroglyphics 



A. Story problem accompanied by Egyptian hieroglyphic 
representation. 

Teacher reads, "The pharaoh received three gold 
crowns for his birthday, which his scribe recorded in the 
royal record. The next day, two more gold crowns came. The 
scribe recorded these in the royal record also. According to 
the royal record, how many gold crowns did the pharaoh 
have altogether?" 

Child records his or her answer (5) on the worksheet: 

Royal Record 






B. Story problem that students depict with Egyptian hiero- 
glyphics and then solve. 

Teacher says, "Pretend you are the Intelligence officer 
of an Egyptian army. One of your jobs is to keep records of 
how many prisoners your army captures. Listen to the 
following story and use Egyptian hieroglyphics to make a 
record of the prisoners captured." 

Story: "The Egyptian soldiers captured four enemy 
sold'srs during the battle. They found three more after the 
battle. How many prisoners were captured altogether?" 

Child depicts addends and records the sum on the 
worksheet: 






Count-All: Sets More than 5 

Rrst ensure that prerequisite skills (enumeration and production of large 
sets ?.nd counting-all with small numbers) are mastered. The games used for 
counting all with sets 1 to 5 can be used to practice adding numbers 5 to 10 
by substituting larger dice (five to ten dots on a side). When solving word 
problems, make available blocks, pencil and paper for making marks (tallies 
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or Egyptieun hieroglyphics), or other concrete or semiconcrete means for 
calculating sums. For some children, introducing larger problems will be a 
powerful incentive to invent verbal-count procedures or other more 
advanced means of determining sums. 

Infonnal AdcUtion: Verbal 

Mentally Add "One More** 

First ensure that a child is fairly proficient with such basic sidlls as number 
after 1 to 5 and enumeration of sets 1 to 5. For a child with little or no 
understanding of addition, introduce the addition of one in terms of 
counting and with sets of one to three objects. This training can take the 
form of a PtredlcUon Game. For example, put out three pencils and ask the 
child to count the set. • '9xt, add one more pencil and ask the child to predict 
how many there are now. If it makes the game more interesting, cover the set 
until the child makes the prediction. Then have the child count the set to 
check the prediction. As he or she makes progress, make the game more 
challenging by starting with somewhat larger sets. After the child is proficient 
with this concrete form of the game, introduce the less-concrete version: the 
Behind-the-Screen Activity (Example 6-5). 



Example C-5 Behlnd-the-Screen Activity 

Objective: Mental addition (and subtraction) of one in a concrete 
context. 

Grade Level: PK or K. 

Participants: One child, small group ofchildren, two small teams 
of children, or a whole class. 

Materials: Pennies and a screen (e.g., 8V2" X 1 1 " piece of thin 
cardt)oard supported by a base). Prizes are optional. 

Procedure: For example, say, "Here's one penny [put one penny 
In front of the child or children}. Now I'll hide the one penny with this 
screen [place the card in U^ .d of the penny]. Novi' I'll put out one 
more penny. [Do not allow the participant(s) to view the addition of 
the extra penny.] Without looking behind the screen, how much is 
one penny and one more altogether?" Then proceed with additional 
n + 1 questions in a similar manner. After an object is added to the 
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collection behind the screen and the child has made his or her 
prediction, the screen can be removed, and the child can count to 
check the prediction. To provide variety, Include n+0 quef Ions 
(cases where nothing Is added to the hidden set) and n - 1 
questions (cases where one Is removed from the hidden se*). 



Count from One to Add 2 to 5 

Rrst ensure proficiency with the developmentally more basic strategy: 
counting all with sets 1 to 5. If given the opportunity to practice addition with 
objects, a child— when ready— may Invent this more sophisticated verbal 
strategy. This process can be facilitated, though, by using word problem 
exercises, or (as discussed in Chapter 8) dice with numerals. In these 
situations, children may find it more convenient to use a verbal procedure 
than to produce and enumerate objects as r quired by a count-all strategy. 

Countlng-On 2 to 5 from the Larger Addend 

Rrst ensure that a child has mastered concrete addition: counting all with 
sets 1 to 5. If a child cannot make fine number comparisc^ automatically, 
have him or her master this prerequisite for calculatlo: ^ . ocedures that 
Involves picking the larger addend. Once this skill is automatic, most 
children will spontaneously apply this number-comparison skill to make 
their Informal arithmetic easier— to invent (the advanced form of counting 
from one to add 2 to 5 or) counting on 2 to 5 from the larger addend. 

To maximize the chances that children will Invent counting-on, ensure 
that they have mastered the prerequisite skills: count from one to add and 
mentally add one more. To facilitate the invention of counting-on, encourage 
mastery of the number patterns on dice (recognition of sots 1 to 5) and 
provide them ample opportunity to sum two dice patterns (see Frame A of 
Figure 6-1 ). To help prompt counting on, substitute a numeral die fcr one of 
the dot dice (see Frame B of Rgure 6-1). A training procedure fo; directly 
encouraging the invention of counting-on is described in Rgurrj 6-2. 

Mentally Add 6 or More 

First ensure that a child has mastered a keeping-track method and can count 
on with small problems (counting on 2 to 5 from the larger addend). If the 
prerequisite skill is automatic, training can focus on helping the child to 
extend the keeping-track process to count on 6 to 9. For a child who only 
makes minor errors, all that may be necessary is computational practice and 
encouragement to calculate carefully. Use a die with five to nine dots and a 
die with the numerals 5 to 9 to play any of the games listed earlier for 
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ngure 6-1 Using Dice to Foster Countlng-On Using 5 + 4 as an Example 



A. Using recognition of dice patterns. 






• • 
• 

• • 




• • 

• • 






"Oh 5; 




6, 7, 8, 9" 


B. Using a numeral die and a dot die. 






5 




• • 

• • 






"5 




6,7,8,9" 



Figure 6-2 Countlng-On Training* 

1. Present the child with a concrete representation of each 
addend and ask the child to add the sets. For example, say: 
"Let's add 5 and 3. Here's five [put out a card with five dots] and 
here's three [put out a card with three dots]. How much are five 
dots and three dots altogether?" 



145 



2. Before the child has a chance to count from one, hide the 
representation of the first addend and restate the problem: 
"How much are five and three altogether?" 



*This method was suggested to m a by Ed Rathmell of North Iowa State University. 



counting all: sets 1 to 5. For a ch^M experiencing great difficulty in keeping 
track of six to nine, point out that the fingers of both hands can be used, or 
tape a number list from 1 to 9 on the child's desk to make keeping track 
easier (e.g., 8+6: ""8, 9 [point to the 1 on the number list], 10 [point to the 
2] ... 14 [point to the 6 and stop!''). 



Informal Subtraction: Concrete 

Take Avray with Objects 

Rrst ensure adequate proficiency with niore basic skills (counting all with 
sets 1 to 5 and mentally take away one) and component skills (production of 
sets 1 to 5 and 6 to 10, finger patterns 1 to 5 and 6 to 10, and enumeration of 
sets 1 to 5 and 6 to 10). For children who do not know take-away-wlth* 
objects procedure, use simple word problems and a demonstration like that 
described in Example 6-6. As with addition, word problems are used to 
foster meaningful learning and should involve small numbers (one to five) 
initially. As the child makes progress, problems with teims up to 10 (or even 
larger) can be introduced. 



Example 6"^ Using Word Problems to Teach a Basic (Take-Away) Procedure 

If a child does not appear to know a take-away-with-objects 
procedure, read the following word problem and demonstrate how 
it can be solved using pennies. 
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"Cookie Monster got six candy bars as a present. Because he 
had just eaten a huge meal and dessert, he only ate two candy bars 
and saved the rest for his bedtime snack. If Cookie Monster had six 
candy bars and he munched up two, how many does he have left for 
his snack?" Then say, "Put out six pennies to show how many candy 
bars he started with. Now take away two< because he ate two. To 
find out how many are left for his snack, just count the remaining 
pennies." 

After the demonstration, present Problem 1 and encourage the 
child to use pennies again to calculate the answer. If the child 
remains silent or guesses incon'ectly, reteach the take-away^ith- 
objects procedure as done in the demonstration. Whether or not 
the child spontaneously uses the take-away-with-objects procedure 
to solve Problem 1, proceed with Problem 2. Many kindergarten- 
age children will need only a single demonstration of the concrete 
subtraction procedure to learn to take away with objects. 



1. "Cookie Monster baked five cookies as a present for his 
sister on her birthday. The cookies looked so good when 
they came out of the oven that Cookie Monster ate three 
on the spot. If Cookie Monster made five cookies and ate 
three, how many are left for his sister? You can figure out 
the answer anyway you want: You can use these pennies, 
this paper and pencil, or yourfingers." If necessary, repeat 
the problem. If the child remains silent, guesses incor- 
rectly, or verbally calculates incorrectly, prompt with, "Use 
these pennies or yourfingers to figure out how much five 
take away three is." 

2. "Cookie Monster was supposed to bring seven cookies to 
school for the holiday party. On the way to school. Cookie 
Monster could not resist sampling the cookies. He did not 
stop eating until he had swallowed four cookies. If Cookie 
Monster started out with seven cookies and he ate four, 
how many were left for the holiday party? You can figure 
out the answer any way you want: You can use these 
pennies, this paper and pencil, or yourfingers." If neces- 
sary, repeat the problem. If the child remains silent, guesses 
incon'ectly, or verbally calculates incorrectly, prompt with, 
"Use these pennies or your fingers to figure out how much 
seven take away four is." 
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By a simple rule change, take away with objects can be practiced with 
small groups of children by using the games suggested for concrete 
addition: Animal Spots (Example 2-1); Radng-Car and Jungle-Trip 
(Examples 6-2 and 6-3). In the most basic form of these games, have a 
player roll dice with 0 to 5 dots, choose the die with the larger number of 
dots, and take away (by covering up) dots on that die equal to those on the 
die with the smaller number of dots. A more advanced form can include a 
die with 0 to 5 dots and one with 5 to 10 dots. 

Additional meaningful practice can be provided by reading children 
word problems (with minuends up to 9) and asking them to represent them 
with Egyptian hieroglyphics. This would entail representing the minuend 
with one-symbols (tallies) and the take-away process with cross outs (see 
Example 6-7). Such a procedure is very similar to the informal method with 
tallies that children often naturally rely on when doing subtraction as- 
signments. 



Teacher reads, "You are the pharaoh's scribe and royal record 
keeper. Your job is to keep track of the pharaoh's possessions. 
Listen to the following story about the pharaoh's horses and use 
Egyptian hieroglyphics to make a record of what happened." 

Story problem: "The pharaoh had five horses [pause to allow 
students to represent with tallies]. He gave two to a visiting king 
[pause to allow students to represent with cross outs]. How many 
did the pharaoh have left in his stable?" 

Pupil's depiction: 



Mentally "Take Away One" 

First ensure that a child is fairly proficient with such basic skills as mentally 
adding one more and number before 1 to 5. For a child with little or no 
understanding of subtraction, introduce take away of one in terms of 
counting and with sets of 1 to 3 objects. This training can take the form of a 



Examrle6-7 Take-Away Story Problems 





Informal Subtraction: Verbal 
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Prediction Game For example, put out three pencils and ask the child to 
count the set. Then take away one and ask the child to predict how many 
there are now. If it makes the game more interesting, cover the set until the 
child makes the prediction. Then have the child count the set to check the 
prediction. As the child makes progress, make the game more ch^^Henglng 
by starting with somewhat larger sets. 

Behind-tiie-Screen (Example 6-5) is also a good activity to employ. 
Children vA\o have not mastered number before or vAio have little or no 
understanding of subtraction may respond to n — 1 questions by stating the 
number of the set originally hid or by adding one to this number. If checking 
indicates the child has mastered number before, demonstrate the take-away 
process with objects in the context of a story. 

A teacher, older children, or even the pupils themselves can put on 
Mysteriout-Disappearance Sldts in which, for example. Cookie Monster 
is supposed to bring five cupcakes to school for a party. However, the 
hungry Muppet hides behind a tree and eats one of the cupcakes. The 
audience can figure out how many he has left. 

TakeAway 2to5 

nrst ensure that a child has mastered prerequisites (e.g., mentally takes 
away one, counting on from the larger addend, and counts backwards from 
10). To foster counting*down, present word problems that entail taking 
away one followed by those that involve taking away two. As the child is 
ready, introduce problems that involve taking away three to five. If 
necessary, help the child to find ways of keeping track. For instance, model 
the counting-down procedure, using fingers to keep track. Other methods 
are discussed in Chapter 8 of Baroody (1987a) (see in particular Rgure 8-6). 
If a child starts the keeping*track process too soon, explicitly point out, for 
example, "When we take two from five, five is how many we begin v^th. After 
we take away one, there are four left. After we take away two, there are three 
left." If necessaiy, have the child compare the outcomes of his or her 
incorrect verbal procedure with the outcomes of a take-away-wlth-objects 
procedure. If a child is prone to rush through the verbal-count procedure, 
reassure the child that accuracy is more important and that counting (and 
using fingers to keep track) Is a sensible and widely used method. 

TakeAway 6to 9 

Rrst ensure that a child has mastered the more basic skill: take away 2 to 5. 
For a child who relies on a counting-down procedure and has difficulty 
accurately calculating take away 6 to 9, encourage the child to devise a 
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counting-up procedure (e.g., The Balance Activity described In Cwmple 
8-1 of Baroody, 1987a). In addition, help the child to see that counting-up 
is interchangeable with and can be used as a substitute for counting down 
(see Chapter 8 for details). If needed, reassure the child that it is not 
necessary to rush this informal calculating procedure. If indicated, help the 
child to start the keeping-track process in the correct place as suggested for 
the section entitled Take Away 2 to 5. 

Take Away from Teena 

First ensure that the child has mastered the more basic skills (take away 2 to 
5 and 6 to 9, cite the number before the teens, and counting backwards from 
20). As with take away 6 to 9, instruction should focus on helping children to 
see that counting-down and counting-up are interchangeable procedures. 



Infonnal Multiplication 

Adding 2 to 5 Like Seta 

Rrst ensure that a child has mastered foundational concepts and skills. At 
the very least, the child should be proficient with counting all with sets 1 to 5 
and more than 5. It would be helpful if the child could count on from the 
larger addend. If the child has r^ot mastered skip counting yet, counting by 
twos, fives, and so forth can be remedied in conjunction with training aimed 
at adding like sets. 

To help children understand the idea of repeated addition of like 
terms, use word problems such as those in Example 6-8 (Kouba, 1986; 
Quintero, 1985). Encourage children to use objects or make drawings (with 
tallies or Egyptian hieroglyphics) to model concretely or semiconcretely the 
meaning of the problems. In addition io helping children understand the 
problem, such models may help children to discover shortcuts for finding 
•solutions to such problems. For example, with three groups of five 
00000 

( 00000 ), most children abandon rather quickly a count-alMhe-items- 
00000 

by-one strategy in favor of more efficient methods such as skip counting ("5, 
10, 15") and known addition combinations ("5 and 5 is 10 and 5 more is 
15") (see Baroody, 1987a). The game described in Example 6-9 (How 
Many Dots?) can provide practice in estimating products as well as 
encouraging this shortcutting process. 
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Informal Artthmcdc 

Using Word Problems to Introduce Repeated Adduion of Like Terms 



Have children solve word problems, such as these space stories. 
Explain that they may figure out the answers any way they want- 
including objects or making a drawing. 

1. "The crew of the starship was assigned to collect rock 
samples on the newly discovered planet Orb. If each of the 
five crew members collected three rock samples, how 
many rock samples were brought back? You can figure it 
out by using these pennies, your fingers, this paper and 
pencil, counting out loud, orany way you want." If necessary, 
repeat the problem. If correct, congratulate the child and 
proceed with the next problem. If the child is silent, 
indicates that he or she does not know, interprets the 
problem as addition (answers: "five"), or verbally calculates 
the product incorrectly, prompt with, "Use these pennies 
to figure out how many rock samples were collected if five 
crew members each collected three rock samples." If the 
child remains silent or still indicates that he does notl<now, 
suspend testing. 

2. "On their flight backf rom Orb, the starship crew received a 
coded message from home base. The message consisted 
of two beeps repeated four times. How many beeps did the 
message consist of?" If necessary, repeat the problem. If 
the child is silent, indicates that he or she does not know, 
interprets the problem as addition (answers: "six"), or 
verbally calculates the product incorrectly, prompt with, 
"Use these pennies to figure out how many beeps were in 
the message if two beeps were repeated four times." 



Example 6^ How Many Dots? 



Objectives: Estimation of products up to 25 (Basic Version), 
illustrate multiplication as the repeated addition of like terms, 
provide practice in finding the solution to such problems, and 
furnish an opportunity to discover and practice shortcuts such as 
skip counting. 



Grade Level: 2 or 3. 
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Participants: Two children or two small teams of players. (Up to 
about six children or teams can play If, instead of the procedure 
described below, the teacher acts as a judge and decides the 
winner.) 

Materials: Dot cards, materials for recording estimates (optional), 
numberiine from 0 to 25, measuring strip (strip of paper as long as 
the numberiine and some means to keep score (see below). 
A. Gauging the accuracy of the first player's estimate. 



12 3 4 8 6 7 8 9 1. 11 12 13 ,4 18 1 6 17 ,8 19 20 2, 22 24 26 

f t I 

B. Gauging the accuracy of the second player's estimate. 



I I I I 1 1 7 1^ Y 1 1* ? i' 'i ? r ? T 

Procedure: A judge or one of the players turns over a card in the 
dot-card deck. Each player has about three seconds to guess how 
many dots are on the card. Recording answers on a magic slate, 
small chalkboard, or piece of paper is recommended. (To minimize 
disagreements, players should ensure that previous answers are 
not evident.) After estimates are noted, then the players should 
determine the exact number of dots. If a player does not give 
(record) an estimate within the time limit, his or her answer is 
disqualified and the other player wins the round. Otherwise, the 
winner is the player whose estimate is closer to the exact answer. 

The relative closeness can be determined by using a number- 
line and a measuring strip. The judge or one of the players places 
the measuring strip under the numberiine so that an end is at the 
mari< for the exact answer (e.g., for 4 dots by 4 dots: 1 6). The first 
player's estimate (e.g., "1 2" in Frame A of the figure) is found on the 
numberiine and its position is marked on the measuring strip. The 
same is done for the second player's estimate (e.g., "10" in FrameB 
of the figure). The player with the shorter mari< is the winner and 
getsone point. Play continuesuntil one playergetsapredetermined 
winning total, a predetermined number of rounds as played, era set 
amount of time runs out. 
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Adding More than 5 like Sets 

First ensure that a child has mastered the prerequisite skill (adding 2 to 5 like 
sets). Then help the child master the skills for informally figuring or 
reasoning out larger combinations: skip countingand addingon orcounting- 
on . For six groups of five items each , adding-on would entail : groups of 
five is 25, so six groups of five is 25 and five more or 30/' Si milarly counting- 
on would involve: ''Five groups of five is 25, so a sixth group is five more; 26 
is one more, 27 is two more, 28 is three more, 29 is four more, 30 is five 
more." This can be done while playing How Many Dots? (Advanced 
Version). (This version will require a numberline that runs from 0 to 81.) 

For k ger combinations, particularly, Wynroth (1986) suggests a 
vertical keeping-track method, which encourages children's natural ten- 
dency to use skip counting, adding-on, or counting-on. For a problem like 
five groups of six items each, a child would put out six objects or make six 
tally marks, and record a 6. Then the child would recount the six objects or 
tallies starting with seven and record the result of the secon d count: 12. This 
process would be r j: -^ted until the child has counted the six object<^> or 
tallies five times and recorded each result as shown below: 



(1) _6 
(2) 

(3) _I8 

(4) _24 

(5) 30 




When introduced tu u.iother problem involving groups of six, the child 
would be encouraged to use his or her "six chart." For example, for six 
groups of six items each, the child would be encouraged to add or count on 
six from the fifth six or 30. This result would be recorded. In time, use of the 
chart would breed familiarity with skip counting by six as well as provide a 
basis for adding or counting on larger combinations. 

Calculating the nine-times combinations, in particular, may seem 
insurmountable to children. Example 6-10 illustrates a finger-based device 
for figuring out the products of such combinations. This method has a 
number of advantages. Typically, third graders can master the strategy after 
only a couple of demonstrations. Children are often delighted that a teacher 
would show them a strategy that utilizes their natural medium for calculating: 
their fingers. (In effect, the teacher endorses the studentsMnformal methods 
and thinking, which is important for building confidence.) The strategy also 

1G4 
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Exfcmpl* 6-10 An Informal Means for Determining the Products of Nine 



Fingers can be used to answer single-digit nine-times problems 
(e.g, "3 X 9" or "9 X 3") by means other than computing. Follow 
these steps: 

1. Extend the fingers of both hands. Beginning with the left- 
most finger, count the fingers until the term multiplied by 
nine is reached. For example, with the palms facing away, 
the product of three times nine can be determined by 
beginning with the llttlefinger of the left hand and counting 
this finger and the next two. 



2. Fold down the last finger counted in Step 1 (e.g., for 3X9, 
the third finger from the left). 




3. The number of fingers to the left of the folded finger 
.specifies the tens digit of the product. The number of 
fingers to the right of the folded finger specifies the ones 
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digit. For 3X9, for instance, this process yields two and 
seven or "27." 




Note that for problems like 9X3, the order of the addends 
is disregarded. Thus 9 X 3 would be figured out in the very 
same manner as shown for 3X9. 

The figures below illustrate Step 3 for 2 X 9 (9 X 2) and 
7 X9(9 X7). 
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reinforces base-ten place-value concepts (the fingers represent so many 
tens and so many ones), and it is fun (Struck, 1987). 

The idea of adding like sets can be applied to the task of gauging how 
many (like) groups a whole can be decomposed inio. The activity How 
Many Groups? (Example 6-11 ^ requires children to look at an array and 
estimate how many groups of a given number can be made. For Exercise A 



Example 6-1 1 How Many Groups? 



Objectives: Estimation of factors, group-in-like-sets concept, 
figuring out missing factor, fair-sharing concept, and missing-factor 
approach to figuring out division combinations. This activity could 
also be used to practice adding like sets of 2 to 5 as well as 6 to 9t 

Grade Level: 3 to 4. 

Participants: One child, small group of children, or whole class. 

Materials: Worksheets like those in Figure 6-3 and stopwatch or 
watch with second hand (optional). 

Procedure: At your signal have the participants turn over and 
examine their worksheet. Adjust the amount of time allowed to 
make an estimate according to the difficulty of the problem and the 
sophistication of the pupils. Enough time should be allowed to 
enable pupils to think about the problem and make a reasonable 
estimate but r't so much time that they can determine an exact 
answer by counting by ones and grouping. 

After children have recorded their estimate, have them circle 
the items in whatever groups the exercise calls for. Encourage 
children to compare the exact answer to their estimates. Ensure 
that a child is not belittled for his or her estimate. Emphasize that 
estimates are supposed to be (quick) educated guesses, rather 
than exact answers (figured out). It might be helpful to encourage a 
discussion of how to make better educated guesses (estimation 
strategies). 

Children can practice honing their estimation skills with each 
other. One child can act as the teacher and briefly show one or 
several pupils an array. After the estimates are recorded, the 
teacher and pupil(s) can check the estimate by grouping. 
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lofornul Arithmetic 

Sample Worksheets for How Many Groups? 



Exercise A 

Estimate of how many bags of (g can be made from the pile of 
42 apples: 

Number of groups of (P circled: 

o o o o 

o o o o 

o o o o 

o o o o 

o o o o 

o o o o 

o o o o 

Exercise B 

Estimate of how many bags o f (p c an be made from the pile of 
42 apples: 

Number of groups of b circled: 

oooooooooo 
oooooooooo 
oooooooooo 
oooooooooo 
o o 



o o 

o o 

o o 

o o 

o o 

o o 

o o 
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Exercise C 

Estimate of how many bags of b can be made from the pile of 
45 apples: 

Number of groups of iP circled! 
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o 
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o 
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o 
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Exercise D 

Estimate of ' w many bags of b can be made from the pile of 
45 apples: 

Number of groups of (p c ircled: 

Estimate of the number of apples left over 

Actual number of apples left over 
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in Rgure 6-3, a child would have about ten seconds to look at the 6 X 7 
array of data and gauge how many groups of six are present. Children 
sh ould discover that with such arrays, they simply have to count the number 
of rows (of six) to determine the answer. Estimates can be checked by 
drawing circles around groups of six and counting the number of circles. 

After a couple of introductory exercises like Exercise A, more difficult 
problems like Exercise B can be given. By checking their estimates by 
circling groups, children should gradually become familiar with the factors 
of a product (the basic multiplication combinations). Such an exercise also 
lays the concrete ground work for understanding division. For example, if 
we divide up a basket of 42 apples into bags of 6 apples each, how many 
people can share the apples fairly? It also provides a means for reasoning 
out and then mastering division combination (e.g., 42 divided by 6: How 
many groups of 6 do I need to make 42: seven). 

Exercise C illustrates the next step that can be taken: grouping that 
leaves something leftover. This is helpful in illustrating the fact that numbers 
mesh (divide evenly) with only some factors (e.g., 6, 12, 18, 24, 30, 36, and 
42 can be divided fairly into groups of 6 but 45 cannot). Such an exercise 
can alao serve as a concrete lead into division with remainders. Exercise n 
addresses this issue even more directly. 



SUMMARY 



Initial arithmetic instruction should be based on counting— first with objects 
and then verbally. It can be made even more meaningful by using simple 
word problems. Moreover, it should focus first and at some length on 
problems with addends zero to five. Children should be encouraged to find 
or may need help finding more efficient strategies for coping with problems 
with terms greater than five. 

Children typically come to school with the idea that addition involves 
incrementing. This provides the basis for inventing or readily grasping a 
concrete counting-all strategy or mentally adding one more. In time, 
children invent verbal strategies for larger problems. Initially, they may 
count from one to compute sums. Nearly all children invent counting on. 
The invention of this relatively sophisticated informal strategy can be 
accelerated or fostered by careful manipulation of a child's practice. 

Children typically come to school with the idea that subtraction 
involves "taking away." This provides the basis for inventing or readily 
adopting a take-away strategy with objecib and mentally taking one away. In 
time, children elaborate on their informal subtraction knowledge and invent 
verbal procedures for taking away two or more. 
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Summary 15^ 



Children frequently Interpret multiplication as repeated addition of 
like terms. As a result, they can bring to bear a number of Informal 
calculational strategies including skip counting, using known addition 
combinations, or counting-on. 
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Reading and 
Writing Symbols 



Typically, children learn oral counting and numbering skills before they 
learn how to interpret, make, and use written representations of numbers 
(e.g., Ginsburg, 1982), Written representations of numbers, such as 5, 12, 
47, and 106, are called numerals (see Rgure 7-1). This chapter will focus on 
single-di^t numerals: 1 to 9. Skills with multidigit numerals (e.g., 12, 47, 
106, or 1,420) will be discussed in Chapter 10 along with other place-value 
skills and concepts. 

Verbal skills with numerals include r\umeral recognition and reading 
numerals. Numeral recognition involves identifying the writ.en form of a 

Figure 7-1 Numbers or Numerals? 



Should a teacher refer to a written number as f* numhar or a 
numera/TTechnically, 7, for example. Is nof a number. It Is a numeral 
that represents the abstract concept, seven. Technically, 7 and 
other numerals are labels or names for numbers. Other names for 

(representation of) seven are 1 1 1 1 1 1 1 , 5 + 2, and 8 - 1. Purists 

would Insist that teachers use the technically correct terminology 
numeral to refer to written numbers. Others (e.g., Ginsburg, 1 982) 
dismiss the distinction as unimportant. After all,chlldren will tend to 
call numerals numbers in any case. 

I recommend a compromise. Teachers should make an effort 
to use the terms number and numera/ correctly so that children can 
learn from their example. However, I would be willing to call, say,7 a 
number for the sake of clear communication (e.g., If a child were 
puzzled by the temi numeral). 
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spoken number. This can be tested by reading a numeral to a child and 
asking the child to pick the numeral from several choices. Numeral reading 
involves naming a written form. This can be tested by showing a child a 
numeral and asking him or her what it is. Recognizing and reading numerals 
not only lags behind but depends on a child's oral-counting skill. Basically, 
children must learn which arbitrary written symbol represents the terms 
"one" to "nine" in their oral-count sequence. 

Graphic skills with numerals require children to make the written 
forms of numbers and include copying numerals and writing numerals. 
Copying involves showing a child a numeral and asking him or her to draw a 
likeness of the model. Writing numerals involves reading a number to a child 
and askinq him oi ner to draw its symbol. 

Recognizing numerals is a first step in the symbo/ recognition skills 
required by school mathematics; child-^n must eJso learn to identify the 
operation signs (+, -, X, -^). In addition, children must learn to recognize 
and use relational signs (symbols that denote important mathematical 
relationships, such as = signifies "equals"). 

LEARNING 



Verbal Skllk with Numerals 

Numeral Recognition 

In order to recognize the one-digit numerals, a child must be able to 
distinguish among the numerals. To do this, the child must know the 
defining characteristics of each numeral: the component parts and how the 
parts fit together to form a whole (Gibson and Ixvin, 1975). For example, 
the component parts of 6 are a curved line and a single loop. These 
component piirts fit together in a particular way: The loop attaches at the 
bottom and to the right of the curve, which faces to the right. The curved line 
distinguishes a (> from numerals that contain only straight lines (1,4, and 7). 
The single loop distinguishes 6 from all other numerals except 9. The 
relative position of the loop and the direction of the curve are the only 
features that separate written «!xes and nines. 

Children sometimes confuse numerals with letters that share defining 
characteristics (e.g., read 5 as S). They frequently confuse numerals that 
share defining characteristics : 2 and 5 or 6 and 9. Many young children have 
difficulty discriminating between 6 and 9 (e.g., read 6 as "9"), because these 
numerals are similar except for the orientation of their parts. Reliably 
labeling orientation or direction (e.g., "the loop of a nine is at the top left") is 
a relatively difficult skill for young children to master. As a result, some 
children continue to have difficulty distinguishing these numeralsin first and 
even second grade. 
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Reading Numerals 

Like numeral recognition, reading one-digit numerals requires children to 
know the defining characteristics of the numerals. Unlike numeral recog- 
nition, reading numerals requires that children recall the verbal name for the 
represented number. Thus, numeral reading is somewhat more difBcult 
than numeral recognition because children must reniember verbal labels as 
well as what the written forms of numbers look I'ke. Many children learn to 
distinguish amongthe single-digit numerals and thus learn to recognize and 
read these numerals before kindergarten. 

Graphic Skills with Numerals 
Copying Numerals 

In order to copi; one-digit numerals, it would seem that all children need is 
eye-hand and fine-motor coordination. Yet even after young children can 
demonstrate these perceptual-motor skills, an ability to copy numerals is not 

guaranteed. A child might repeatedly copy a five backwards: ^ . What they 

need is a systematic plan of execution: a motor plan for translating into 
motor actions what he or she sees (Kirk, 1981). A motor plan consists of a 
set of rules. These rules specify where to start and how to proceed 
(Goodnow and Levine, 1973). For example, to write a 7, children must 
know they should start at the upper left, draw a horizontal line from left to 
right, change direction, and make a diagonal line that ends up in the lower 
left. Before or soon after they enter school, children typically either figure 
out or are taught how to make numerals. 

Without a motor plan, children will have difficulty properly forming a 
numeral— even with a model numeral in front of them or with repeated 
demonstrations. A common problem is starting off in the wrong direction. 
For example, if a child starts to copy the "hat" of the five and goes from left to 

right, the result is a backwards five: ^ . Even though he or she can see that 

the numeral is backwards and incorrect, a child may continue to copy fives 
backwards. The error will persist if the child does not recognize how to 
correct the incorrect motor plan. 

Various difficulties can arise from an inaccurate or incomplete motor 
plan. Some children miTiic the reading process by consistently drawing 

from left to right. As a result, such children regularly reverse fives ( ^ ) and 
nines ( P ). Because their orientation is difficult to define, diagonals are 

relatively difficult for young children to draw. When copying diagonals, 
young children often have difficulty in reproducing the direction of the 
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model diagonal (e.g., / is incorrectly copied as | , \ , or — ). Common 
copying enrors with sevens then, are the absence of a diagonal ( ) or a 
misdirected diagonal ( ). Eights are relatively difficult to copy because of 

the relatively sophisticated preplanning required to make the numeral. 
Many errors are due to the unsophisticated motor plans children use to copy 
numerals. For example, instead of a motor plan that is executed m a single 
motion, younger children tend to copy numerals by drawing the parts 
separately. If this is not done carefully in a preplanned manner, the child 
may not put the parts into a proper and recognizable part-whole relationship 
(e.g., copy 7 as "| or 9 as ^ ). 

Wrtflng Numerals 

Like copying numerals, writing one-digit numerals requires that children 
have a motor plan to direct the writing process. Unlike copying numerals, 
writing numerals must be done without model numerals present— without 
any clues as to their appearance. Thus, children must remember (1) what the 
written form looks like (the defining characteristics of a numeral) as well as 
(2) the step-by-step plan for translating this mental image into motor actions 
(the motor plan for the numeral). 

Because it requires that children not only know what a numeral looks 
like but have a motor plan that directs the writing process, writing single-digit 
numerals lags behind recognizing and reading numerals. The typical grade 
level and developmental order for verbal and graphic skills with numerals 
are summarized in Table 7-1. 

Symbol Recosnition 

Operation Signs 

With minimal training, children typically learn to recognize the + sign, — 
sfgn, and X sign. However, sometimes a child does poorly on written 
assignments because he or she does not know the sign for an arithmetic 
operation. For example, a child may know how to subtract (at least 
informally) but not know what the written symbol means. As a result, 
instead of subtracting, the pupil may use the familiar operation of addition. 

Relational Signs 

Children must also learn to read and write commonly used symbols such as 
= (equals), 9^ (not equals), > (greater than), and < (less than). The = sign 
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Table 7-1 Sequence of Numeral Skills and Symbol Recognition Skills by Grade Level and 
Developmental Order 



Symbol Recognition 





Verbal Skills 


Graphic Skills 


Operations 


Relational 




with Numerals 


with Numarals 

www mm Www MM W WW^mW MmWl^ 


S'gns 


Signs 


PK 


Recognition of 


— 


— 


— 




one-digit 










numerals 










Reading one- 


— 


— 


— 




digit numerals 








K 




Copying one- 










digit numerals 










Writing one- 










digit numerals 






1 








= and ^ 










sign 










>and < 










sign 








+ sign 




2 






-sign 




3 






Xsign 





and 7^ sign usually cause little problem The > sign and < sign are the source 
of much confusion, because it is difficult for children to remember which 
syrrbol represents more than and which represents less than. Note that 
these symbols have the same defining characteristics except one: (left^right) 
orientation. 



INSTRUCTION 

Verbal Skills with Numerals 

Recognition of One-Digit Numerals 

Brst ensure that a child has mastered counting by ones from 1 to 10. 
Remedial efforts should then focus on pointing out the numerals' defining 
characteristics: th^^t component parts and how they fit together. It may 
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facilitate learning to have the child describe the component parts and the 
part-whole relationships. If the child has not mastered the vocabulary that 
describes defining characteristics (e.g., top, bottom, right, and left), this 
deficiency should be remedied first. To some extent, a vocabulary deficiency 
can be circumvented. For example, for right-handed children, "toward your 
pencil hand" can be substituted for "right" and "toward your free hand" for 
left. Or, use easily identifiable pictures on the child's paper to identify 
position (e.g., see Rgure 7-2). Note that easily confused ni nerals, such as 6 
and 9 or 2 and 5, should be taught together. By placing the numerals side by 
side and explicitly noting how they differ, the child has a better chance of 
learning the features that distinguish the numerals. 

Various games (Examples 7-1 through 7-7) for fostering recognition 
of numerals 1 to 9 are listed below. 



FIguro 7-2 Copying Paper with Pictures to Help Identify Position 
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Example 7-1 Number-List Race 



Grade Level: PK or K. 

Participants: Two to five or two teams of a few each. 

Materials: Number list 1 to 9, number-pattern cards, miniature 
cars (see below). 




Procedure: Have each player pick a number-pattern card. Tell 
them (basic version) or have them count (advanced version) the 
number of dots on the card. Each player ca.i then move his or her 
carto the number on the number list indicated bythecard.The child 
whose car is further along the number list wins. 



Example 7-2 Find the Number 



Grade Level: PK or K. 

Participants: One to five or two teams of a few each. 
Materials: Number list 1 to 9 and sheath (see below). 









2> <? 







Procedure: In random order, ask a child to uncover the numbers 
1 to 9. if played as a competitive game, award a player (or team) for 
each correct answer. 
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Example 7-3 Clue Game 



Grade Level: PKorK. 
Participants: One. 

Materials: Clue number-pattern cards and numeral cards 1 to 9. 





/ 






9 


5 


3 


7 




Procedure: intheadvancedversion,puto jtthenuni alcardsin 
random order. (This eliminates counting ihe numeral cards as a 
means of identifying the correct numeral.) Say, "In the Clue Game, 
you have to figure out what number I'm thinking about. Here's a 
clue" ipoint to the number-pattern card]. If necessary, say, "Count 
the dots to figure out the number I am thinking about." Then have 
the child point to the correspondinp numeral card. In the basic 
version, put out the numeral cards In sequence (to make choosing 
the correct numeral easier) and count the n umber-pattern cards for 
the players. To practice larger numerals, include the appropriate 
numeral cards. 



Example 7-4 Bingo 



Grade Level: PK or K. 



Participants: Two or more. 



Materials: Bingo board with numerals 1 to 9, numeral cards 1 to 
9, and colored markers (see below). 
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0 








3 


^3 


Z 








8 


0 


1 





Procodure: Randomly call off numbers by drawing cards from a 
shuffled deck of numeral cards. Players place colored markers on 
theirboardontheappropriatesquare.Theflrstplayertogetthreain 

a row wins. 



Example 7-5 Number Race 



Grade Level: PKorK. 
Partlclpr r.ts: Two to six. 

Materials: Deck of number-pattern cards 1 to 9, deck of numeral 
cards 1 to 9, and miniature race cars (see below). 





7 




1 


9 




I 


S 









Procedure: In order (basic version) or random order (advanced 
version), put out the deck uf numeral cards to make a track. A player 
draws a number-pattern card and moves his or her car to the space 
indicated. Whoever is closest to the finish line at the end of the 
round is the winner. 
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Example 7--e Score Keeping 

Grade Level: PK or K. 



Participants: Two or two teams. 



Materials: Game materials and numerals (numeral cards or mag- 
netic numerals) to keep score (see beiow). 





1 Bluebirds 


Hawks 








2 





Procedure: High-Low (with dice or cards) or any other game that 
requires keeping score. State a score and ask a child to use 
numeral cards or magnetic numerals to post the score. 



Example 7-7 Number-Search Game 



Grade Level: PKorK. 

Participants: Two teams of one to four children each. 

Materials: Nine 3" y5"cards, each of which hasanumeral 1 to9 
printed on it. Play money for prizes Is optional. 

Procedure: Say, "Let's play the Number-Search game. Here are 
some cards with numbers on them. I'll put them out here so that you 
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can see." Then place the 3" X 5" cards before the child face up 
either in order (basic version) or as shown above (advanced 
version). Continue by saying, "I'll read you a number and if you can 
point to the number I say, your taam wins a play dollar. The team 
with the most money at the end of the game wins the game." 



Reading One-Digit Numerals 

Training should focus on helping children recognize the numerals: to learn 
the defining characteristics of each numeral. Point out that, as with 
identifying letters (e.g., b, d), orientation is very important in distinguishing 
between numerals. If a child continues to confuse certain numerals with 
other symbols (e.g., often reads 5 as S or confuses 6 and 9), point out how 
the symbols differ. It may h 'p to give children mnemonics (memoi / aids) for 
remembering distinguishing characteristics. For example, "Nine is bigger 
than six; so when nine and six wrestle, nine always comes out on top. A 
nine's loop is on the top then, and a six's loop is on the bottom." 

Try a variety of games to practice numeral reading. Use cards with 
numerals instead of dots for Animal Spots (described in Example 2-1), 
Soccer (described in Example 4-4), and Cards More Than (described in 
Example 5-7). Likewise, substitute numerals for dots on the cards used for 
Moon Invaders, described in Example 6-3 of Baroody, 1987a. Several 
additional games (Examples 7-8 through 7-10) are noted below. G>ntinue 
to use the games that 'M^rk best with a chi.d. 

Example 7-8 Zip Race 



Grade Level: PKorK. 
Participants: Two to six players. 

Materials: "Zip-Race" Board (see below), two markers, and a 
deck of numeral cards. 

Procedure: Give the children their choice of marker color and 
say, "In Zip Race, first we put our markers on Start. Then we read a 
card with a number on it. The number tells us how far we can move 
our marker. The playerwho goes thefurthest wins. Let's see to what 
space you can move your marker." On their turn, have the players 
draw a card from the (shuff ' ?d) deck. As necessary, say, "Read this 
number." After the child responds, help move the child's or your 
marker to the appropriately numbered square on the board. 
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7 




5 






H 




1 


z 
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Example 7-9 TIcTacToe 



Grade Level: PK. 



Participants: Two players. 

Materials: Tic-tac-toe board, O markers, X markers, and numeral 
cards 1 to 9 (see below). 




Xi 








0 








X 
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Procedure : Flip a coin or otherwise determine wliicli player goes 
first and wlio gets tlie Xs and Os. On tlieir turn, players draw a 
numeral card, if the numeral is read correctly, they place their 
mariner on the square of their choice. If necessary, pc'nt out the 
distinguishing characteristics of the numeral or help the child to 
name the numeral. The game can be altered by numbering the 
squares. A drawn numeral card indicates on what square a player 
may place his or her mariner. 



Example 7-10 Car Race 



Grade Leva!: PKorK. 
Participants: Two to six. 

Materials: Numeral cards 1 to 9, race tracl<, and miniature cars 
(see below). 

























Finish 





























Procedure : The players draw and read a numeral card to see how 
many spaces to advance on their turn. 
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Graphic Skills with Numerals 

Copying One-Digit Numerals 

If a child cannot identify numerals, work on this skill and copying numerals 
can proceed hand in hand. Efforts in this case should focus on helping the 
child to identify and remember the defining characteristics of the numeral. If 
a child can identify but not copy a numeral, instruction should focus on 
teaching tiie child a motor plan for the numeral. 

Because directional terms such as right and left may be unfamiliar or 
confusing to some children, pictures of common objects can be placed on 
writing paper to facilitate in direction giving. The special writing paper 
shown in Rgure 7-3 is adapted from that suggested by Traub (1977). In 
using the special writing paper to help children to learn the (defining 
characteristics and) motor plan, first ensure recognition of the parts of the 
special paper: They should be familiar with the names ""top, middle, and 

Rgure 7-3 Writing Paper with Direction Cues 
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bottom line." If necessary, use the analogy: "The top line is the top of the 
snowman's tophat ; the bottom line is the ground (line) ; and the middle line is 
the neck line of the snowman." Make sure the children can also successfully 
identify the flag side (left side) and tree side (right side). Also check to see if 
the child knows the concepts up, down, and across, because these 
directional terms are common in the instructions. Note that if a child 
consistently refers to the lines by other suitable names (e.g., calls the top line 
"sky"), substitute the more familiar term. 

After a child is familiar with the special writing paper, motor-plan 
training can proceed using the following steps: 

1. On the special writing paper, draw the numeral while describing 
the motor plan. An example of a motor plan for each numeral is 
detailed in Figure 7-4. 

2. After describing and demonstrating the motor plan, define the 
starting point by drawing a dot. 

3. Talk the child through the process (i.e., have the child execute 
ec*cn step of the plan as you present it). Provide feedback and 
correction as necessary. 

4. If the child experiences difficulty, place the child's hand over yours 
and write the numeral as you describe its motor plan. Then place 
your hand over the child's and guide the child's writing as you talk 
through the motor plan. (These hand-over-hand techniques can 
hd used until the child can copy the numerah independently.) 

5. Encourage the child to verbalize that motor plan as he or she 
copies a model numeral. 

Figure 7-4 Motor Plans for the Numerals 1 to 9 



The numerals are presented in the following order so that Instruction 
builds on previous learning. Easily confused numerals, such as 5 
and2or6and9aretaughtoneaftertheothersothatdlfferencesln 
their execution can be highlighted. 

For the sake of completeness, the motor plans below are 
rather detailed. Many children will not need such elaborate In- 
structions. As long as the child has enough guidance to make the 
numeral accurately, the simpler the motor plan the better. 

1 . - - 1 — ''One starts at the top line and drops straight down 

_ I tothebottomllne(ground).ltgoesallthewaytothe 

X ground but not below It " 
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"Seven starts at the top line, walks along the top 
line toward the tree side, sfops, and then slides 
down toward the bottom line and back toward the 
flag side. Like the one, it goes all the way to the 
ground but not below it." 

Note that some children may lift the pencil 
between the two strokes. This produces results like 



I . Therefore, emphasize keepi ng the pencil in 
contact with the paper. 

(1 ) "Four starts at the top line, drops straight down 
to the middle line, sfops, then walks along the 
middle line toward the tree side, and stops. (2) Then 
down to the ground, crossing the first line that goes 
along the middle." 
along the middle." 

Note that it is important to emphasize the 
stopping points for some children. 

(1 ) "Five starts at the top line, drops straight down 
to the middle line, stops (like the four), and then 
makes a big tummy towards the tree side that ends 
up on the ground. (2) Five also has a hat. Go back to 
the top line where you started, walk along the top 
line toward the tree side, and stop." 

"Two starts below the top line (at the rim of the hat); 
now it makes an ear by traveling up to the top line 
toward the tree side, curving around all the way 
down to the bottom line, stopping underneath where 
it begins; and then it adds a tail by walking along the 
bottom line toward the tree side." 

"Three starts below the top line (atthe rim of the hat 
like the number two) and travels up to the top line 
toward the tree side, touches the top line, makes a 
tummy that rests on the middle line, makesa bigger 
tummy toward the tree side that touches the bottom 
line (ground), and curls up toward the flag side." 

"Six starts at the top line, curves down toward the 
flag side until reaching the middle line, continues to 
curve down but now toward the tree side until it 
reaches the bottom line, and then makes a ball at 
the bottom that touches the middle line before it 
closes." 
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Note that if a curve is too difficult, try a stick and 
baii. Specif icaiiy: "Six starts at the top iine, drops 
straight down to the ground (just iike the one), and 
then adds a baii that comes up toward the tree side, 
touches the middie iine, and cioses." 

Q " y^ " "Nine starts beiow the top iine (at the rim of the hat), 
makes a baii above the middie iine that first goes 
toward the fiag side and returns to the start, and 
then curves down toward the tree side untii it 
reaches the bottom iine (ground). Sosix hasa baii at 
the bottom that faces the tree side, and nine has a 
baii at the top that faces the fiag side." 

Note that if a curve is too difficult, use a baii and 
stick approach. Specifically: "Nine starts below the 
top line (at the rim of the hat), makesa ball above the 
middle line that first comes toward the flag side and 
then returns to the start. Now, from where you 
started, a lin» drops straight down to the bottom 
line (ground)." 

"Eight starts at the top line and it makes a small 
belly that goes down to the middle line and faces 
the flag side. Without lifting the pencil, make another 
belly that goes from the middle line to the bottom 
line and faces the tree side. Without lifting the 
pencil, make yet another belly that goes from the 
bottom line to the middle line and faces the flag 
side. Without lifting the pencil, make one final belly 
that goes from the middle line back to the start ar.a 
faces the tree side." 

Note that if making one continuous motion is 
too difficult, use a simpler motor plan that involves 
making two circles one on top of the other. Speci- 
fically: "Eight starts at the top line, and it makes a 
ball that touches the middle line and then closes. 
Then it makesasecond ball(circle)thattouchesthe 
first one at the middle line, travels all the way down 
totheground,and finishes byclosing. (It looks likea 
snowman). 

Note that some children make the bottom 
circle considerably smaller than the top. The snow- 
man image sometimes helps. 
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Listed below in order of relative difficulty are a number of tracing and 
copying activities. 

1. Trace finger over sandpaper or felt numerals. 

2. Trace numerals with magic markers. 

3. Connect the dots that are gradually faded out (see Figure 7-5 
below). 

4. Copy the numerals in sand or with finger paints using a 
finger. 

5. Make clay copies of numerals. 

6. Copy a numeral with a magic marker or colored chalk. 

Games such as Fishing for Numbers (Example 7-11) and the 
Target Game (Example 7-12) can also provide copying practice. 

Figure 7-S Exercise In Which the Numeral 9 Is Faded-Out 
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Ex«mpl» 7-1 1 Fishing for Numbers 



Grade Level: PKorK. 
Participants: One or several. 

Materials: Four fish cutouts each with a numeral and a hole by 
which the fish can be hooked, pole with string and paper-clio hook, 
barrier and "fishing card" (see figure). 

Procedure: Say, "Behind this barrier are number fish. Use this 
pole to see what number fish you can catch" (see Frame A). Either 
attach a number fish yourself or have a helperwho is sitting behind 
the barrier attach one. Give the line a yank and say, "There's 
something on your line. Reel it in, and let's see what you have 
caught." Unhook the number fish, place it next to a square or the 
"Fishing Card" (see Frame B) and say, "So that we can remember 
what number fish you caught, let's write the number fish's number 
here on your fishing card." After the child has finished copying the 
numeral of the number fish, put the number fish aside and out of 
sight. Repeat this procedure for the remaining number fish. 



A. 



Plastic-coated 
paper clip 



String 





Cardboard fish with hole 
and numeral 
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Alternative: Use magnetic plastic numerals and tie a magnet to 
the pole. 



B 




It is Important to remember that the practice provided by these tracing 
and copying exercises is not— in many cases— enough in itself to foster 
numeral-writing mastery. It is important that these activities be accompanied 
by descriptions of the defining characteristics and/or the motor plan. For 
example, if a child is having difficulty learning to copy numerals, one 
method that may be helpful is Follow Me Using tracing paper with fading 
dots, the teacher traces the numeral with a marker while describing the step- 
by-step motor plan. The child follows the teacher's marker with a pencil. To 
the extent possible, have the child keep his or her pencil point in contact with 
the guiding marker. 



Writing One-Digit Numerals 

it a child is deficient in recognizing and/or copying, then remedial efforts 
should first focus on these skills. Once a child begins to copy a numeral 
successfully, begin writing training. That is, have the child try to write the 
numeral without a model in view. Continue to practice copying as needed, 
but fade out copying practice in favor of writing training as quickly as the 
child cdn hdndle it. If a child can recognize and copy a numeral, training can 
begin directly with remedying the writing deficiency. Taking into account 
individual needs, numeral-writing instruction can proceed in the sequence 
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Exampl»7-12 Target Game 



Grade Level: K. 
Participants: One to six. 

Materials: A target (such as the one shown below) that Is either 
flat on the ground or hung against the wall, and a supply of 
projectiles (e.g., plastic checkers) or darts with suction cups. 



Yellow 
Red 
White 



Procedure: A player throws the projectiles at the target. Each 
color band on the target is assigned a value (e.g., white = 2, red - 3, 
and yellow - 5). The child then records the results of his or her turn 
on a score sheet (e.g.. In the figure, the child hit the yellow band 
twice, so two fives were recorded). After all th e scores are recorded, 
the total score can be tallied by the teacher. 




Yellow - 


5 


Red = 


3 
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Indicated In Figure 7-4. Writing training should focus on providing children 
an explicit motor plan for each numeral (see Rgure 7-4). Encourage the 
child to describe the essence of the motor plan before and durlnp practice. 
Have the child write numerals In the air with broad strokes as he or she 
describes the steps of the motor plan. By talking themselves through the 
steps required by the task, children should more readily Internalize the 
motor plan for each numeral. 

To make numeral-writing practice more Interesting, use any game that 
requires a child to keep score. For example. If a child needs to practice the 
numeral 3, play Soccer (see Example 4-4) and make every goal worth 3 
points. Likewise, with bowling games (the Strike Game described In 
Example 3-7 or the Strtke*and>Spare Game described In Example 
3-17), a strike can be defined arbitrarily as any number of points. For 
Instance, if a child needed to practice writing fives, a strike could be worth 5 
points. The Target Game, described In Example 7-12, can be easily 
adapted for this purpose. Simply remove the Point Chart and verbally 
define what each ring is worth. Games for general practice are llstec* here 
(Examples 7-13 and 7-14). 



Example 7-1 3 Pick-Up 



Grade Level: K. 
Participants: Two to six. 

Materials: Deck of pick-up cards (index cards with 1 to 9 dots), 
pencil, and paper for score sheet. 

Procedure: Say, "Thisgameiscalled Pick-Up. We'llpu:thisdeck 
of cards face down on the table. When it's your turn, you pick a card 
from the deck. The number of dots on the card is the number of 
points you get. We'll keep score and if you get the most points, you 
win the game." After drawing a card on their turn, some children, in 
the beginning, may need the prompt: "How many dots do you have 
on your card?" Make sure the child counts correctly. If necessary, 
say, "I see you have x dots on your card." Then continue with, "You 
get X points. Write x on your score sheet." Continue the game for 
two tofive rounds. After completing the task, say, "Let's add upyour 
scores. Use 9 hand-held calculator, abacus, tallies, or whatever to 
sum the score. 
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Example 7-14 Break-Out 



Grade Level: K. 

Participants: One to four players. 

Materials: Cards with dots 1 to 9, cowboy figure, block, pencil 
and paper. 

Procedure: Set up cards dot side down to form a "wall." Tell the 
player(s) that the cowboy is trapped on one side of the wall and has 
to "escape" to the other. A player tosses a block against the "wall" 
of cards. If the block lands on a card, turn the card over and 
announce, "You get n (number of dots on the card) points." Then 
have the child record the number on a score sheet. Continue until 
all the cards are turned over. Use a hand calculator to tally the final 
score. 



Symbol Recognition 

Recognition of the +, — , X, =, t^, >, and < Signs 

Brst ensure that a child has an informal understanding of the concept 
rep: esented: an incrementing view of addition (+); a take-away concept of 
subtraction (— ); a repeated-addition-of-like-terms notion (X); same num- 
ber and gross and fine comparisons of more (=, 3^, >), and gioss and fine 
comparisons of less (<). Mnemonics (memory aids) may help some 
children to associate r )rrectly symbols with informal concepts. The plus sign 
can be thought of as two sticks thcit have been joined. With the minus sign, 
one of the sticks has been removed. The times sign is the plus on its side 
(multiplication is related to addition). The equals sign is two lines that are the 
same. This analogy can foster the correct "relational" interpretation of 
equals (see Chapter 8). 

A memory aid for the greater*than and lesser*than signs is especially 
important because they are so similar !n appearance. One analogy that can 
be used is that the small number goes on the small side of the sign and the 
large number on the large side. For the small end faces the right, so a 
small number goes on the right. Because a large number goes on the left, the 
expression must be read: "(Big number) is more (greater) than (small 
number)." For <, the small end (number) is left, so the expression is read: 
"(Small number) is less than (big number)." Wynroth (1986) suggests 
another analogy: Cookie Monster*s mouth is always opened toward the 
larger number of cookies. 
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SUMMARY 



Learning to work with written representations of numbers (numerals) 
should build upon children's oral- and object-counting experience and 
entails acquiring whole new sets of skills. Recognizing numerals and naming 
(reading) numerals each requires learning the defining characteristics of 
each number symbol. Instruction, especially for easily confused numerals 
such as 6 and 9, should focus on how the symbols differ. Writing numerals 
involves learning a motor plan: a step-by-step gjide for translating the 
mental image of a numeral into motor actions. Even copying numerals from 
a model is difficult if a child lacks a motor plan. As with recognizing 
numerals, recognition of operation signs and relational signs depends upon 
learning the defining characteristics of these symbols. 
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Concepts and 
Their Fonnal 
Representations 



Recognizing, reading, and writing symbols (discussed in the last chapter) are 
necessary skills for the more important objective of using formal repre- 
sentations. For example, children must leam to complete number sentences, 
which are expressions that summarize baric mathematical relationships or 

characteristics of arithmetic operations, such as 3 3, 3?^ ,2 + 1= — , 

and 2 + = 3. Mathematical symbols are conventions for representing 

mathematical ideas. They are socially agreed-upon, shorthand devices for 
precisely storing and communicating information about mathematical 
properties and relationships. To use and apply mathematical symbols 
effectively, children must understand the ideas or processes that the 
symbols represent. 

Children's informal counting experiences (discussed in Chapters 3, 4, 
and 5) provide a basis for interpreting and usingprearithmetfc symhoh (e.g., 
the numeral 7 or the number sentences: 7 = 7, 7 8, 7 < 8, 7 > 6) in a 
meaningful manner. Children's informal arithmetic (discussed in Chapter 6) 

provides the basis for interpreting and using common arithmetic ex- 

7 

pressions, /am//far number sentences, such as 7 + 2 = ? or ^2'0^\\6xevLS 

informal arithmetic also serves as the groundwork for learning the basic 
arithmetic concepts taught in primary curricula. The formal representations 
of some concepts are relatively unfamiliar t children^ The (relatively) 
unf amiliar number sentences + 5 + 5 + 5=i X 4, for example, embodies 
a key relationship between addition and multiplication: Multiplication can 
be thought of as the repeated addition of like terms. This chapter will discuss 
the learning and teaching of a number oi key mathematical concepts and 
their formal representations. 
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nreartthmetic Symbols 

Most children just beginning school have some success representing or 
naming a single set (cardinal value), informally (e.g., with tallies) or even 
formally (with numerals) (Allardice, 1977; Sinclair and Sinclair, 1986). For 
example, if shown four buttons and asked to show on paper "how many 

things there are," kindergartners will typically make four tally marks (I ( 1 1) 
or write the numeral 4. 

The mathematical meaning of = is quite elusive for children. Because 
of the way it is commonly presented in such arithmetic expressions as 5 + 3 
= ?, children tend to Interpret = as an "operator" symbol— as meaning 
"adds up to" or "produces" (e.g., Baroody and Ginsburg, 1983; Behr, 
Eriwangcr, and Nichols, 1980). Because children Interpret = as an operator 
symbol, ttiey think that such expressions as 8 = 8 and 9 = 9 are Incorrect. 
After all, how can eight add up to or produce eigh '.! A common reaction to 
expressions like 8 = 8 is : "Something is missing. They forgot to tell you what 
was added to the 8. It should be eight plus zero equals eight." Actually, = 
denotes an equivalence relationship ("tfie same number as"). Thus, 8 == 8 is 
mathematically correct and means eight is the same number as eight. The 
symbol # represents an inequivalence relationship. For example, 8 3^ 9 
means eight Is "not the same number as" nine. 

Most children just beginning school have difficulty representing 
relations between sets (e.g., magnitude relationships) and specified orders 
{ordinal relations). For instance, when asked to represent how two sets such 
as five marbles and three maibles compared in number (relative magnitude), 
young children typically just represented tfie larger quantity. When asked to 
show the order in which a frog jumped from one rock to a second and then to 
a third, most young children simply drew three rocks in a row— failing to 
present information about the order in which the frog jumped from rock to 
rock (Allardice, 1977). 

Familiar Number Sentences 

Children assimilate formal arithmetic expressions in terms of their infomial 
arithmetic knowledge (e.g., Ginsburg, 1982; Hiebert, 1984). Children 
Interpret symbolic addition expressions such as 2 + 5 = ? in terms of their 
Informal Incrementing view of addition: "Two and five more" (Baroody and 
Gannon, 1984; Weaver, 1982). Thus when asked to solve such number 
sentences, they use an inaementing (counting) strategy (e.g., "one, two, 
three is one more, four is two more, five is three more"). Likewise, children 
tend to assimilate si;mbolic subtraction such as 6 — 2 = ? in terms of their 
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informal take-away concept and use a counting down strategy to solve the 
dii.'erence (e.g., Baroody, 19S4b; Carpenter and Mosev, 1982). 

If a child does not see the connection between the fonnal symbolism 
and their informal concepts and strategies, then he or she does not have a 
basis for understanding and solving their written arithmetic work. Such a 
child may not comprehend formal expressions like 2 + 5 = ? or 6 — 2 — ? 
and perform very poorly on written arithmetic assignments. (Given verbally 
presented word problems with the identical terms, the same child may well 
compute the correct answer to these problems.) 

Young children may have trouble representing addition and subtraction 
transformations. For example, asked to represent the story of a boy who had 
three marbles and then bought two more, young children have a tendency 
to simply record the sum. They make no effort to preserve information 
about the initial state (three marbles) or the transformation (the addition of 
two marbles). 

Children often assimilate symbolic multiptication expressions such as 
5 X 3 = ? to their informal notion of repeated addition of like sets. This 
enables a child to solve such expressions by means of an informal procedure 
(e.g., using known addition facts, skip counting, or counting-on) well before 
they have mastered the multiplication facts. 

Arithmetic Concepts 

Because children tend to interpret = as an operator symbol, they view 
(relatively) unfamiliar arithmetic expressions such as8 = 5 + 3,5 + 3=4 + 
4, or 5 + 3 = 9 — 1 as incorrect. How can eight add up or produce 5 + 3! 
Children who understand that — also means the "same number as'' are 
more comfortable with such expressions. Because a relational meaning of 
equals (equals is the same number as) is not emphasized in elementary 
school, many students hold on to an operator view of equals well into high 
school and even college (e.g., Byers and Herscovics, 1977; Kieran, 1980). 

Because they view them as very different problems, it is a surprise to 
many children that 5 + 3 has the same-sum-aSy say, 4 + 4 or 7 + 1 
(Baroody, 1987a). Indeed, because they informally view addition as an 
incrementing process, children initially do not realize that addition is 
commutative (Baroody and Gannon, 1984). For example, because they 
interpret 5 + 3 as five and three more and 3 + 5 as three and five more (as 
different problems) and do not know their sums, children naturally assume 
the combinations will have different answers. By the end of first grade, 
however, most children spontaneously discover that the order of the 
addends does not affect the sum (Baroody, Ginsburg, and Waxman, 1983). 
That is, from computational experience and reflection, they recognize the 
commutQtivitv of addition. 
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At a very young age, children learn that addition and subtraction are 
related (inverse) operations (e.g., Gelman, 1972). Even preschoolers know 
that the addition of one can be undone by taking one away and vice versa 
(e.g., three cookies and one more is four but if one is removed we are back 
where we started: three). Later, children learn that this inverse relationship 
also applies to the addition and subtraction of larger n umbers (e.g. , Gelman, 
1977). A general addition'Subtraciion inverse principle entails under- 
standing that the addition of any n can be undone by the subtraction of n and 
vice versa. This principle provides the underlying rationale for a checking 
procedure sometimes taught for subtraction (e.g., the difference of 17 ~ 9 
should, when 9 is added, produce the original amount 17). 

The discovery of same-sum-as and commutativity are steps toward a 
formal conception of addition. Formally, addition is defined as the union of 
sets. This conceptualization of addition is reflected in joining word problems 
like the one below: 

Miss Natalie's class had 12 boys and 14 girls. How many children did 
her class have altogether? 

The differences between this more abstract formal conceptualization 
of addition and children's more concrete (incrementing) view are subtle 
but not unimportant. Psychologically, 12 + 14 and 14 + 12 imply different 
situations— and are different problems (Kaput, 1979). It is one thing to start 
with, for example, 12 marbles and to buy 14 more as opposed to starting 
with 14 and buying 12 more. Mathematically, the distinction between 12 + 
14 and 14 + 12 is unimportant (Kaput, 1979). The terms 14 and 12 are 
subclasses that can be combined to form a class (26). The order in which 
they are combined is unimportant; 12 + 14 and 14 + 12 are equivalent. 

A real grasp of the union-of-sets concepts (fonmal addition), then, 
entails an understanding of part-part-whole relationships (Raget, 1965a). 
For example, with the expression 12 + 14 = 26, 12and 14are the parts that 
form the (larger) who:e 26. The elaboration of this part-part-whole concept 
is a key developmental aspect in the primary years (Resnick, 1983). This is 
discussed further below. 

In time, children extend their grasp of part-part-whole relaionships 
(and their understanding of fonmal addition). In particular, they learn that 
the order in which tenms like 1 , 2, 3 are grouped is irrelevant to the outcome. 
Associativity of addition implies that, for example, the sum of 1+2 + 3 = ? 
Is the same whether 3 is added to the sum of 1 and 2 or 1 is added to the sum 
of 2 and 3: (1 + 2) + 3 = 1 + (2 + 3). Like commutativity, the associativity is 
an important property of the operation of (fonmal) addition. 

A key application of the part-part-whole concept is reasoning about 
situations in which there is a missing part. Research (e.g., Riley, Greeno, and 
Heller, 1983) indicates that as early as the first grade, some children have 
sufficient command of part-part-whole relationships that they can reason 
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out problems in which the amount added is unknown (missing-addend 
problems) such as: 

Joey had f* ^ee marbles. He bought some more marbles at the store. 
Now he has five marbles. How many marbles did he buy at the store? 

More difficult for children are missing*augend problems in which the initial 
amount is missing (Briars and Larkln, 1984; Riley, Greeno, and Heller, 
1983): 

Joey had some marbles. He bought three marbles at the store. Now he 
has five marbles. How many did he begin with? 

Children often figure out both types of missing-part problems by counting 
up (e.g., in the problems above: **three, four is one more, five is two 
more"). 

Children's natural tendency to interpret expressions such as 5 — 3 = ? 
as five take away three is often reinforced in school by referring to such 
expressions as take*away problems. Actually, such subtraction expressions 
have several meanings. Another meaning is addltlve''Subtractlon: Sub- 
traction is missing-part addition. For instance, the expression 5 - 3 =* ? can 
be thought of as: What must be added to three to make five? (What is the 
missing part that must be added to the given part, three, to make the whole, 
five?) A word problem that illustrates this addition-subtraction meaning is: 

Margaret has five points and Fred has three. How many points does 
Fred need to score to catch up to Margaret? 

At first, children often concretely model such problems by adding on 
(e.g., Carpenter and Moser, 1983). For example, they produce three objects 
and then add objects and count the result until they get to five. The number 
of objects added is given as their answer. Later, they solve such problems by 
counting up. Even later, children reason out such problems by using known 
addition combinations (e.g., three plus . . . two is five). 

Subtraction can also have a comparative or difference meaning. A 
word problem that captures this meaning is: 

Margaret has five points and Fred has three. How many more points 
does Margaret have than Fred? 

At first, children concretely model and solve such problems by 
matching sets. For the problem above, a child would produce a set of five 
and then one of three in one to one correspondence. The (two) unmatched 
items indicate the answer. Later, children use a counting up strategy to 
compute differences. 

Though they realize that addition is commutative, children do not 
necessarily realize that two factors have the same product despite the order 
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In which they appear (e.g., both 6 X 3 and 3 X 6 produce 18). When It comes 
to multiplication, children by and large have to rediscover or releam that the 
order of the ; jrms does not affect the outcome. Once the operation is 
Introduced, though, children usually recognize the commutativify of 
multipUcation quickly. 

Unfamiliar Number Sentences 

Though children usually have little difficulty interpreting familiar arithmetic 
sentences, such as 5 + 3 = ? or 8 - 5 = ?, the same may not be true for 
relatively unfamiliar arithmetic sentences like 5 + ? = 8 (e.g., Weaver, 
1973). Unfamiliar number sentences express mathematical relationships 
such as: 

• Children typically identify a number (a concept of the quantity 
seven) with the numeral used to designate it (in this case the numeral 
7). Actually, the numeral 7 is but one name or label for the number 
seven. Seven could also be labeled 6 + 1 or 7 + 0. It also goes by the 
name of 5 + 2 and 8 — 1. In other words, there are many other 
names for a number. This idea is captured by expressions such as 7 
= 6+1, 4 + 3 = 5 + 2, and 1 + 6 = 8-1. 

• Commutativity of addition can be represented formally by the 
expression 5 + 3 = 3 + 5. The principle can be represented more 
generally (algebraically) by the expression a + b = b + a. 

• The addition-subtraction Inverse principle can be represented by 
th e examples 5 + 3- 3= 5 or 5— 3 + 3 = 5 and algebraically as a + 
b"^b=acra — b + b = a. 

• The associativity of addition can be illustrated symbolically by 
expressions like (1 + 2) + 3 = 1 + (2 + 3). The principle can be 
represented more generally by the algebraic expression (a + b) + c 
= a + (b + c). 

• Missing-addend word problems (like the first story about Joey 
described above in which the amount added is unknown) can be 
expressed in tenms of a missing-addend number sentence: a + ? = c 
(e.g., 3 + ? = 5). Note that an expression such as 3 + ? = 5 actually 
summarizes an infinite number of specific stories that have the same 
numerical relationships. For instance, it also represents: 

Tyrone has a bag of five blue and red marbles. Three are blue and 
the rest are red. How many red marbles does Tyrone have? 

• Missing-augend word problems (like the second story about Joey 
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described above in which the original amount is unknown) can be 
expressed in terms of a missing-augend number sentence: ? + b = c 
(e.g.,? + 3 = 5). 

^ The fact that multiplication can be thought of as the repeati^d 
addition of like terms is captured in such symbolic expressions as 5 
X3 = 5 + 5 + 5 (equivalent -f and X number sentences). More 
abstractly, any number times 3 can be expressed a + a+ a= aX3. 

Table 8-1 outlines a suggested sequence of basic concepts and their 
representation, which is based, in part, on developmental research and 
current practice. 

INSTRUCTION 



In general, instruction should cultivate an understanding of number and 
arithmetic concepts first and then introduce the formal representation of 
these ideas. Prcarithmetic symbols (e.g., 7 > 6) and familiar arithmetic 
sentences (e.g., 5 + 3 = ?) should be related or connected to children's 
informal mathematics. An understanding of newarithmetic concepts should 
be built up out of informal or counting*based experiences. By relating it to 
this more concrete experience (e.g., by connecting 5 + 3 = 3 + 5 to 
children's knowledge of commutativity), unfamiliar number sentences can 
be made sensible to children. Translating word problems into number 
sentences and vice versa are important devices for fostering meaningful use 
of mathematical symbols. 

P^earlthmetic Symbols 

Cardinal Value 

Rrst ensure that a child he. : mastered prerequisite concepts and skills (e.g., 
enumeration of sets, cardinality rule, and identity*conservation and order* 
irrelevance principles). Recognition of sets 1 to 3 and production of sets 1 to 
5 would make for a more solid base but are not essential. 

As a transition from informal to formal representations of numbers, a 
die or cards with both dots and numerals (see Bgure 8-1) can be used 
before introducing numeral die or cards. Combination dot-and^numeral die 
or cards can be used to play games such as Number-After Dominoes 
(Example 3-1 8), Soccer (Example 4-4), and Cards More Than (Example 
5-7). 

Helping children learn how to interpret and use numerals should go 
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Table 8-1 Suggested Sequence of Concepts and Their Representations by Grade Levei 



Praarlthmetic 
Level Symbols 



Familiar 
Number 
Sentences 



Arithmetic 
Concepts 



Unfamiliar 
Number 
Sentences 



K Cardinai value 
1 Equivalence and 
inequivalence 
relationships 
Magnitude 
relationships 
Ordinal 
relationships 



Symbolic 
addition 



Symbolic 
subtraction 



Symbolic 
multiplication 



Same-sum-as and 
Commutativity of 
addition 



Union of s&ts and 
Part-part-whole 



Addition- 
subtraction 
inverse 

Associativity 
of addition 
Missing part 



Additive- 
subtraction and 
Difference 



Commutativity 
of multiplication 



Addition- 
subtraction 
inverse 

Missing addend 



Other names for a 
number and 
Commutativity of 
addition 
Associativity of 
addition 
Missing augend 



Equivalent + 
andX 
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Die with Both Dots and Numerals 




hand in hand with their training on recognizing, reading, and writing 
numerals. The following games, described in Chapter 7, can help children 
connect numerals (fonmal cardinal representations) with concrete examples 
(informal understanding): Numeral-list Race, Clue Game, and Number 
Race (Examples 7-1, 7-3, and 7-5). 

In addition to recognizing and understanding the meaning of specific 
symbols, use of symbols entails understanding that mathematical ex- 
pressions are conventions for expressing mathematical ideas— a com- 
munication ^ool. Young children may need help learning the purposes of 
(fomial) symools. Specifically, they need to realize that mathematical 
symbols are convenient, if not necessary, shorthand devices for precisely 
storing and communicating information about mathematical properties and 
relationships. Childrer. just entering school need the social knowledge and 
experiencv' that will allow them to use written representations to com- 
municate to others effectively. They need to know when and how to use 
symbols to get mathematical ideas across to others. For example, children 
must learn that what they put down on paper does not automatically 
communicate what they mean. It is important to take the perspective of the 
symbol reader. 

Because most children can already use tellies and numerals to 
represent sets, exercises that involve the storing and communicating of 
cardinal information is a good starting point for teaching children the value 
of recording information (information is not lost because of, say, forgetting) 
and using formal symbols (numerals are easier to use than tally marks or 
drawings) (Hiebert, 1984). For example, in Grapevine, the teacher 
whispers a number to the first child in a chain, who records the number. The 
child then whispers the number to the next child, the second child whispers 
the number to the third child, and so forth. The last child reports the number 
that he or she heard, and the report is compared to the original number. 
Very often the oral communications will be distorted, and the wrong number 
will be reported. To dramatize this point, repeat the activity a number of 
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times and note the number of "miscommunicatlons " The process can then 
be repeated xi^^ng written representations. With children who can write the 
niiiierals, the teacher tells the first child in a chain a number. The child 
records the appropriate numeral and shows it to the next child. The second 
child records the' number and shows it to the third child, and so forth. The 
last child then compares the numeral he or she has recorded with that of the 
first child. The relative precision of written and oral communication can then 
be discussed. If desired, the activity involving numerals can be repeated a 
number of times so that the number of miscommunications using numerals 
can be compared to tfiat resulting from oral communication . To demonstrate 
the advantage of formal symbols over informal ones, repeat the process with 
tallies. 

Exercises that involve Egyptian hieroglyphics are an ideal vehicle for 
(1) brid^ng concrete and abstract representaMons of number and (2) 
helping children to see that formal symbols serve as a shortcut for 
communicating mathematical ideas. The exercise in Example 8-1 Illustrates 
how the ancient Egyptians represented sets 1 to 9 with tallies. This system is 
basically the same as children's own informal tally method for representing 
sets. By asldng children to translate Egyptian hieroglyphics into Arabic 
numerals (as Exrrcise A and Question 1 of Exercise B in Example 8-1 
require), children can see the connection between their informal tallying 
system and the formal representation of numerals. By translating Arabic 
numerals into E^tian hieroglyphics (as Question 2 in Exercise B of 
Example 8-1 requires), children again can relate formal symbols to their 
informal knowledge of numbers. 



Pxample 8-1 Representing One to Nine with Egyptian Hieroglyphics and 
Arabic Numerals 



Exercise A 

The ancient Egyptians used a number system that Is like our own 
(Arabic system) In some ways and In other ways Is very different. 
The Egyptians used p'^.tures (hieroglyphics) to represent numbers. 

Hieroglyphics of Ancient Egypt Our Arable Numerala 
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1. Tut took out his marbles to play and put them in a row: 

O 0 0 O O 

To help him keep track of his marbles, Tut decided to 
record how many he had. 

a. Using hieroglyphics, note below how many marbles Tut 
had. 



b. How would we write this number of marbles? 



2. Tut liked the idea of keeping a record so much, he decided 
to write down how many of each toy he had. For each toy, 
write down how Tut would have written in Egyptian hiero- 
glyphics and what we would write today. 

Toy Egyptian Hieroglyphics Our (Arabic) Numerals 



(blocks) 

b. AAAAAAAAA 
(toy pynmlds) 



e. 00000000 

(toy ditmonds) 

Exercise B 

1. Pretend that a pharaoh (ancient Egyptian king) has ap- 
pointed you as his tax collector and keeper of records. 
Translate the following tax record written in Egyptian 
hieroglyphics into our (Arabic) numbers. 

a. Ace Reed Products, Inc. 

b. Block Haulers, Inc. J H I I I 1 
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c. Cultured Cats, Inc. inn 

d. Durable Salves, Inc. U II I I 1 

2. The following merchants received tax bills. Translate how 
much they owe into Egyptian hieroglyphics. 

Egyptian 

Merchant Tax Owed Hieroglyphics 

a. Ace Reed Products, Inc. 9 

b. Block Haulers, Inc. 6 

c. Cultu-^ed Cats, Inc. 8 

d. Durable Salves, Inc. 7 



In follow-up discussions of the exercise, ask the children to compare 
the advantages and disadvantages of each symbol system. Some children 
may prefer the Egyptian hieroglyphics because the tally system more 
directly models the sets of objects it represents. It is semiconcrete (more 
concrete than our Arabic numeral system). Moreover, it is a simpler system 
in that only a single symbol is used to represent all the numbers 1 to 9. Thus 
learning to write numbers is easier with Egyptian hieroglyphics than it is w th 
Arabic numerals, in which nine different symbols must be learned. M 
advantage of Arabic numerals is their compactness. For example, wrUing a 9 
is considerably easier than making nine tallies. 

Equivalence and Inequivalence Relationships 

Rrst ensure that a child has mastered prerequisite competencies, particularly 
same number 1 to 5. Matching sets is not necessary. 

Introducing the symbols during prearithmetic instruction can help 
children master an accurate meaning of = as the same as and as not the 
same as. Use of these symbols can first be illustrated with sets. For example, 
a teacher can note that drawing in an equal sign between two groups of ob- 
jects (e.g., QQ r OOO) means one group has the same number as the 
other. To make the point, use small sets that children can readily rec ^nize 
or count. Illustrate in a similar way (e.g., ^ ^ 0000 )• Exercise A of 

Example 8-2 illustrates an ex' ^cise that provides practice in using = and 9^. 
Exercise B introduces the lesson without examples and thus requires 
children to remember that = denotes equals and # represents not equals. 
Exercises that involve numerals (such as Exercise C) can then be introduced 
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ExerclM A 

For each box below, put In an = or ^ sign. 



Example 1 


0 




oo 


Example 2 




i] 


° 


1 


c?o 


□ 


000 


2 


00 


□ 


% 


3 


00 
00 


□ 


000 


4 


000 


□ 


0 0 
0 


5 


00 

ooo 


□ 


oooo 


6 


00 


□ 


§ 


7 


ooooo 


□ 


O 0 
0 

o o 


8 


0 0 
0 0 


□ 


o 

v 


9 


0 

0 0 
0 0 


□ 


O 0 

0 
0 0 


10 


0 

ooo 

0 


□ 


0 0 
0 

' 0 0 
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Exercise B 

For each box below, put in an = or j« sign. 



1 


0 
OO 


□ 


ooo 


2 


oo 


□ 


% 


3 


oo 
oo 


□ 


o 
ooo 


4 


ooo 


□ 


0 0 
0 


5 


oo 

0 0 0 


□ 


oooo 


6 


oo 


□ 


0 
0 

u 


7 


ooooo 


□ 


0 0 

o 
o o 


8 


o o 
o o 


□ 


o 

0 0 

o 


9 


0 

O 0 

o o 


□ 


0 o 

o 
0 o 


10 


0 

ooo 

0 


□ 


o o 

o 
0 o 
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Exercise C 

For each box below, put In an = or ^ sign. 

1. 7 □ 7 

2. 8 I I 6 

3. 9 I I 9 

4. 5 I I 6 

5. 7 I I 9 



Magnitude Relationships 

Rrst ensure that a child has mastered prerequisite concepts and skills, 
particulariy gross comparisons of more and less 1 to 10, and fine 
comparisons of more and less 1 to 10. 

The > and < signs can introduced as a shorthand for "is more than" 
and "is less than." Children can be asked to complete sentences like those in 
Example 8-3 with more than or less than. After children have started the 
exercise, note that symbols were used in place of first son, second son, and 
so forth to make recording easier. Encourage children to discuss how they 
can make recording "is more than" or "is hss than" easier. Children may 
invent and agree upon their own symbols. Either during this or subsequent 
exercises, point out that the symbol for 'is more than" is > and the shortcut 
for "is less than" is <. 



Example 8-3 Indicating More Than and Less Than In Egyptian Hieroglyphics 



Read to the class: "The first son of an ancient Egyptian King was 
very jealous of his brothers and sisters. As the first son, he felt that 
he should be the King's favorite child. To see who the King favored 
the most the boy sneaked into the royal treasury. There he found 
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the royal record books, which recorded the treasures set aside for 
each of the King's children." 

Thesymbol(^meansfirstson;(^ 

means third son; means first daughter. For each item, show 
whether the first son's treasure: 

IS MORE THAN 
OR 

IS LESS THAN 
that of his brothers or sister. 



6 MW* 



Gold Coins 



6 WW 
UlttA 

O Mm 



6 Mm 



Silver Coins 



Jewels 



6 
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Scrolls 



0 W'wW 




.6 »UA 

fn Mm 



Such an exercise can then be repeated using numerals. For example, 
pupils can be instructed to complete the following by filling in "is more than" 
or "is less than": 



With any luck, children will quickly apply the lesson learned with the 
Egyptian hieroglyphics and shortcut the process by using > and < symbols. 

Ordinal Relations 

Brst ensure that a child has mastered the oral counting temis 1 to 10 in the 
proper sequence. A key concept for understanding relations is that items are 
ordered (ordinal designations are determined) in terms of a reference point. 
For example, in the row below, which item is first and which is last depends 
on whether the count begins on the right or left— whether the reference 
point is the right- or left-hand margin. The importance of reference point 
can be brought home to children by having them line up side-by-side. Pose 
the apparently innocent question : "Who's first?" The differences in opinion 
should help to make it clear that order— including first and last— is defined 
in terms of a reference point. 



7 
9 
8 
8 
6 
7 
7 
9 



6 
8 
6 
9 
5 
5 
8 
7 
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The Fkog-Hopping ActivHy requires children to represent ordinal 
relations Infonmalty. Ifelng a frog hand puppet or stuffed animal, demonstrate 
a frog hopping from one lliiy pad (clrde made of green construction paper) 
to another. Initially, begin with just three or fourlllly pads in a row and have 
the frog hop end to end. Ask the children to make a record of the frog'stravd 
and discuss their representations. One way to represent the order of 
hopping is with an arrow: 

O-*0-^0-^0 

Another way to represent cleariy the reference point and the sequential 
order of the hopping is with numbers: 

12 3 4 
0006 



Familiar Number Sentr*^ ces 

The key to introducing formal number sentences in a meaningful manner is 
to relate them to children's Infomial arithmetic knowledge. After children 
acquire an informal mastery of an operation, some children may benefit by 
seeing arithmetic expressions that Involve both objects and numbers. Then 
Introduce purely symbolic expressions. 



SymboUc Addition 

Brst ensure that children are adept at Informal arithmetic (e.g., can calculate 
sums efficiently by some Informal strategy). There are various ways of 
helping children to connect symbolic addition to their informal addition. 
With a simple modification, any of the games used to practice Informal 
addition can be used. Instead of dot dice, use dice with both dots and 
numerals (as shown in Rgure 8-1). Alternatively, a deck of cards can be 
drawn up with both concrete and numerical representations of addition 
combinations. Rgure 8-2 Illustrates a card that uses dice patterns. Beside 
helping them to see the link between their Informal addition and formal 
representations of addition , using both concrete and numerical representa> 
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Figure S-2 A Card Representing 2 + 5 Semiconcretely and Symbolically 




2 + 5 



tions also permits children to solve for sums using a concrete counting«all 
procedure. The child merely h^s to count the dots. (This may be especially 
important for children still prone to making errors in counting out sets or 
enumerating sets greater than five.) 

A next step is to have children play various games using dice or cards 
with Just numerals. (This is appropriate for children who have mastered 
production and enumeration skills.) If a child does not spontaneously use an 
informal strategy to compute the sum, demonstrate concrete counting«all 
and have him or her practice the strategy. As Frame A of Rgure 8-3 shows, 
have the child produce a number of blocks (or other countable objects) for 
each addend. Place the set directly below the addend. After both sets have 
been represented with objects, the child can proceed to count all of the items 
to determine the sum. Children can also be encouraged to represent the 
addends of symbolic problems on their fingers or on an abacus«like device 
(see Frame B of Rgure 8-3). 

Formal representations of addition can also be introduced to children 
as a means for recording the elements of a word problem. The teacher can 
note that written escpression can help us remember the starting amount and 
what was added as well as the result. For practice, a teacher can present 
word problems to children and have them record the problem (and solution) 
as a number sentence. 

Initially, semiformal representations, such as 5 + 3 8, should be 
accepted and even encouraged. After children have been introduced to a 
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unton-of-sets concept, they can be encouraged to use the conventional 
symbols 5 + 3 = 8. This progression is recommended to promote a 
relational view of equals and minimize reinforcing an operational 
interpretation. 

After children can represent word problems with semiformal or formal 
number sentences, try reversing the process. Present pupils with a number 
sentence and ask them to make up a word problem that fits It. For example, 
ask a group of students to make a word problem for the expression 7 + 3 = ? 
Have the students share their word problems. This should help them see 
that the same formal e}q)ression represents a wide variety (infinite number) 
of specific stories. Encourage childien to play the game with each other. 
Children often enjoy playing teacher and checking or outguessing another. 
Such an activity is useful in cultivating creativity and practicing writing skills. 

Egyptian hieroglyphics are an ideal semiconcrete or pictorial medium 
to practice writing and interpreting number sentences for addition. Several 
exercises are illustrated in Example 8-4. Note that Question 5 in Exercise A 
is 'Impossible" (cannot be answered). 



Figure 8-3 Linking Informal and Formal Addition: Using Counting-All to Solve 
Symbolic Addition Using 3 + 2 as an Example 



A. Using blocks. 





3 


+ 2 











o 
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B. Using an abacus-like device. 




Example 8-4 Using Egyptian l-lierogiyphiics to Practice Writing and interpretating 
Number Sentences for Addition 



Exercise A 

Follow along as your teacher reads a story about ancient Egyptians. 
Write a number sentence about the story using numbers, a plus 
sign, and an arrow (an equals sign). Then solve the problem. 

Kingiys Gold and SilverTrinl<ets had the following supplies on 
hand: 

Gold rings: f[ i H 
Silver rings: 

Gold bracelets: nun 
Silver bracelets: lUlllll 
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They received a shipment from the port of Alexandria of the 
following items: 

Qold rings: 

Silver rings: 

Gold bracelets: None. 

Silver bracelets: ( 

1. How many gold rings did they have altogether? 

2. How many silver rings did Kingi/s Gold & Silver have 
altogether after the shipment? 

3. How many gold bracelets did they have altogether when 
more were added? 

4. How many silver bracelets did they have when the new 
shipment was added to their supply on hand? 

5. How many necl<laces did they have altogether after the 
shipment? 

Exercise B 

1. Make up your own story about the Pyramid Rock Quarry 
that would fit the number sentence 4 + 3 = ? 
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2, Make up your own story about Kingl/s Gold & Silver 
Trinkets that would fit the number sentence 2 f 5 =^ ? 



Number sticks are another good semiabstract medium for introducing 
formal addition. Number sticlcs (see Frame A of Rgure 8-4) can be made of 
popsickle sticks, tongue depressors, oaktag, or construction paper. Their 
lengths should be proportional to magnitude (e.g., a one stick can be Vi-inch 
long; a two stick, 1 inch long; a three stick, IVt inches long, and so forth). 
They should be identified with a numeral and may be color coded (e.g., 
white for one, red for two, orange for three, yellow for four, green for five, 
blue for six, purple for seven, brown for eight, grey for nine, and black for 
ten). Number sticks are similar to Cuisinaire rods with two significant 
differences: They are numbered, and (like Dienes blocks) a notched line 
separates each unit. Frame B of Bgure 8-4 illustrates how they can be usad 
to represent an addition word problem or symbolic problem (number 
sentence) and to figure out the sum. 

Symbolic Subtraction 

Rrst ensure that children are adept at informal subtraction (e.g., can 

calculate differences efficiently by some means). As with addition, have 

children solve word problems concretely with fingers, blocks, or other 

objects (or semiconcretely with tallies o^" Egyptian hieroglyphics) and then 

represent the problems symbolically as number sentences. Note that 

Example 8-5 mixes addition and subtraction problems. Next, give number 

sentences and ask them to make up stories that fit the expression. Number 

5 

sticks can also be used to model take-away story problems such as .3 and 
to solve for the difference (see Frame C of Figure 8-4). — 
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FlQui» 8-4 Using Number-Sticks to Represent Arithmetic Problems and to 
Find Their Solutions 



A. Number Sticks 1 to 10 
1 (white) 



2 - (red) 











1 










-3— 



(orange) 



(yellow) 




svl (green) 









• • . 




* • • 


• . . • 




• • • 

• • • 

• 


• • • 

• • 

• • . • 


• 

• . • 

• • • 


• • 

••6 • 


• • • 


• • • • 

• • • • 


• • 

• • • 




• • 


• • • 
• • 
• • 



(blue) 




(purple) 











/ » / / . 

' / ' ' 






/'//'/ 








''/'' 


' '/ 


'/ /,/ 


» ' /' 

/ / / 


// 


/ # ' ' 












/' '// ' 



(brown) 



(grey) 



TTT 
10 

lii 



(black) 




tot 
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B. Addition 

Step 1 : A child represents each addend of a story problem or 

symbolic problem with the appropriate number sticlc. 

Illustrated below is the semiconcrete representation for 

3 

"three and two more items" or 




Step 2: The child pushes the number sticl^s together to represent 
the sum. 











1 




























3 




— 2- 































Step 3: The child determines the sum by finding the number stick 
that matches their combined lengths. 




C. Subtraction (Tal^e-Away) 

Step 1 : A c^lild puts out a number sticl^ to represent the starting 
amount in the word problem or the minuend in the 
symbolic problem. Place on it a number sticl^ to represent 
the subtrahend. Illustrated below is the ?9miconcrete 
representation of "five tal^e away two objects or 6 - 2: 
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Step 2: The child places the number of one-sticks equal to the 
length of the larger stick (the minuend). Then he or she 
takes away the number of one-sticks that equal the length 
of the smaller stick representing the subtrahend. 




Step 3: The child replaces the remaining two number-ones sticks 
with a number-two stick to represent the answer. 




D. Multiplication 

Step 1 : A child makes a (semlconcrete) representation of four 
groups of twos. 



2— 



Step 2: The child finds a number stICK to represent the total. 



2- 





//// / 
/ f 1 , 




/ ', Ki 'f ' 


"////' 

7/ / '/ 




/// «>/// 

;///// 
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Step 3: The child summarizes the semiconcrete representation 
with a formai addition sentence. 



2 - 



f/.ff/ 

/// // 

f ' 




'ft//'/, 




/,/''!/ 


' /// // ' 





step 4: The child devises an informal shortcut for representing 
four two's. 



:2- 







f ''// * 
1 f V// 

■ r/ti / 


'////// 






'fl'ri'l, 
''hi'', 


III in' 



@*H'*?(or4@— 8) 

S.ep 5: A teacher helps to connect the fomnal or conventional 
representation for multiplication with the informal models 
and representations. 



































— 2 — 




— 2 — 




— 2 — 






























f i /// 


V ^ * 
, f i * ' 




/ '// ', 

^///// 


' ll'/ll 
'l-'ll.l 

1 // / ', 


'l>> / 
( ll, //. 


111,1,1, 





<g)^-»V4®-^8) 
^x4 = *?(or4 X 2 = 8) 
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ExampI* 8-5 Addition and Subtraction Problems with Egyptian Hieroglyphics 



1. As the minister of business for an Egyptian pharaoh, you 
have the Job of keeping employment figures. Each year 
you must update the records on each business: This 
involves noting how many helpers a business hired or lost, 
and how many they now have. Below is part of the employ- 
ment record. For each business, indicate how many hel pers 
it now has. 



Number of Number of 

Number of Helpers Hired Helpers the 

Business Helpers Last Year or Lost Business Has 

oimw Control kkhhhK ^ ^^^ 

b. Izzie's Idols & Aklik Lt 
Graven Images nn/ini\ pn\ 

c Swamp/ 

Surveyors & Land i . « i « 

Markers <^AA _____ 
d. Pyramid Rock 



a KIngl/s Gold & iiiiiAil 1 

Silver Trinkets Mn 

f. Futures Foretold 

hhkKk MOT 



2. For each merchant above, use our Arabic numerals to write 
a number sentence to summarize or represent what hap- 
pened in the story. 



3. Make up your own story that would fit the number sen 
tence: 7-4 = 3. 
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Symbolic Mtihtpllcatf on 

Bist ensure that the child has mastered the prerequisite skill of adding like 2 
to 5 sets. Introduce symbolic multiplication by relating number sentences 
like 4 X 3 to word problems and to children's informal representations 
(concrete models) of the problems (see Example 2-5). Initledly, encourage 
informal strate^es for determining the product of formal expressions such 
as 4 X 3 — ?. For example, explain, ^In order to 'multiply' two numbers, you 
add one of the numbers to itself as many times as indicated by the 
other. . . . (This says four times three or *four, tfiree times/ so) *hold up 
[four] fingers and count those fingers [three] times' " (Wynroth, 1986, p. 
28). With the other (free) hand, the child can keep track of the number of 
times the first number is counted. Encourage skip counting and the use of 
mental addition as well. If the child has not mastered skip counting and 
single- and two-digit mental addition, remedial efforts with these related 
skills can proceed simultaneously with training in informal multiplication 
leamin(j key multiplication combinations like the double 6 X 6 » 36. If 
necessary, point out informal methods for figuring or reasoning out larger 
products. 

Example 8-6 illustrates how Egyptian hieroglyphics and word prob- 
lems can be used to relate symbolic repeated addition and symbolic 
multiplication in a semiconcrete manner. By helping them see that the same 
problem can be represented by each, children may understand better the 
connection between repeated addition of a like term and multiplication. 



Example 8-€ Multiplication with Hieroglyphics 



1. Ao the accountant for Ace Pyramid lnc.,your records show 
that you made 4 shipments of 5 granite blocks each: 

a. Ho\)/ many blocks were shipped altogether? 

b. Represent the problem above as an addition sentence 
(using Arabic numerals). 
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c. Represent the problem above as a multiplication sen- 
tence (using Arabic numerals). 

2. According to the records of Shaddy Shippers and Dis- 
reputable Deliveries, who picked the blocks up and broug ht 
them out to the Pyramid building site, they only made 3 
shipments of 5 granite blocks each! 



a. How many blocks do they claim they picked up al- 
together? 

b. Represent the problem above as an addition sentence. 

c. Represent it as a multiplication sentence. 



The same thing can be accomplished by huAnq children score target 
games. For example, bean bags can be tossed at a target with each "hit" 
assigned a value. Take a child who manages to toss five of six bean bags onto 
a target that Is presently valued at 3 points per hit. The child scores the taiget 
informally by, say, counting by threes. The player then records his or her 
score as an addition sentei.ce (3 + 3 + 3 + 3 + 3 = 15) and as a 
multiplication sentence (3 X 5). 

Number sticks provide another semiconcrete method for introducing 
multiplication, because they can be used to clearly point out the connection 
between a multiplication sentence (e.g., 4X3 = ?) and repeated addition (4 
+ 4 + 4 = ?). Begin by asking children to model a word problem with 
number sticks (e.g., see Step 1 in Frame D of Figure 8-4) and determine 
how may that is altogether (Step 2). The answer can be found by skip 
counting by twos or by matching the length of larger number sticks to the 
combined length of the two-sticks in a trial-and-error fashion. Then instruct 
the participants to write a number sentence to represent the situation above 
(e.g., see Step 3). After several such problems, encourage the child to use 
shortcuts for representing the problems (see Step 4). Then explain that our 
culture has a standard notation for such situations— a convention that is 
recognized world wide (see Step 5). 

Multiplication with number sticks can be extended to products beyond 
10 by making up additional number sticks to represent products greater 



Hi 
Hi 



I 

I 



1 
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than 10 (12: 6 inches long, pink; 14: 8 inches long, cream; 16: 10 inches 
long, aqua; etc.) or by encouraging informal solution s(e.g., skip counting, 
adding on, or repeated addition). 

Aritfcmetic Concepts 

Same Sum as and Commutativtty of Additton 

Brst ensure that children can infonmally calculate sums by some means. 
These concepts can be learned before written arithmetic is introduced. 
These concepts are embodied semiconcretely in the Tower of Same-As 
(Example 8-7) and Fill In (described later in Example 8-12). These 
regularities are ideally suited for guided discovery learning. For example, 
with no direct instruction, children of almost all ability levels, including those 
labelled mentally handicapped, will notice, exploit, and remember that 
addend order does not affect a sum (Baroody, 1987a). In-Out Machine 
exercises, such as those illustrated in Examples 8-8 and 8-9, are useful. 



Examples-? Tower of Same-As 



Objectives: Same-sum-as and commutativity-of-addltlon con- 
cepts; practice basic addition combinations. 

Grade Level: 1. 

Participants: This game can be played by two children, two (or 
more) small teams of children, or individual children competing 
against their own record. The activity can also be adapted for in- 
struction with an individual child, small group of children, oraclass. 

Materials: If used as a game, two sets of number sticks, like those 
in Frame A of Figure 8-4 are needed for each player or team. A set 
consists of two sticks representing each of the numbers 1 to 9 (1 8 
sticks total). Also needed is some device for picking a number such 
as a deck of cards, numeral die, or spinner. For beginners, the 
numbers picked (the number-picking device) can rangefrom 2 to 6. 
With more advanced players, the numbers can range from 2 to 1 0, 
or even 2 to 18. 

Procedure: To begin play, a number is drawn from the deck, and 
participants must compose combinations that sum to the number 
(see the figure). The player (or team) with the larger number of 
combinations (tallest tower) is the winner. 



o 

ERIC 



22 e 



Instructloii 



215 



There are several ways the rules can be Implemented. First of 
all, the amount of time allowed for composing combinations can be 
varied from a number of minutes to fifteen seconds. A long (or, In 
effect, unrestricted) playing time pennlts more exploration and Is 
useful when Introducing the concept to children. A brief playing 
time Is useful after children are familiar with the concept and need 
to practice basic combinations. 




The rules governing how players obtain number sticks for 
making the combination can also be varied. Players can begin the 
game by choosing their own set of number sticks or drawing them 
from a pile of overturned sticks. The first method Is always useful, 
but particularly so when Introducing the concept. The second 
method Introduces an element of chance and excitement and Is 
useful when the game Is used to practice the basic number 
combinations If this method Is. used, players should take turns 
drawing two number sticks. (Optional rule: Athird number stickcan 
be drawn on a turn If a previously drawn number stick Is traded In. 
Number sticks that are traded In are left up so that an opponent can 
see It— and take It If so desired.) Unlike the first method In which 
participants work simultaneously, this method does not have a time 
limit. Instead, play continues a prespeclfied number of turns. Note 
that some children will spontaneously begin using three (or more) 
sticks to make a tower level or floor. Unless It Interferes with an 
objective to practice larger combinations, this should be en- 
couraged by providing each player with a third set of number sticks. 



o 
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ExampI* 8-8 In-Out Machine Exercise for Facilitating the Discovery or Application of the 
Commutative Property of Addition 



Fill In the blanks for the In-Out Machine below. 



In 
til 


Out 

will 


(2,1) 


3 


(1.2) 


3 


11.8) 


9 


(8,1) 




(7,3) 


10 


(3,7) 




(5,4) 


9 


(4,5) 




(2,6) 




(6,2) 


8 


(3,9) 


12 


(9,3) 




(17,4) 


21 


(4,17) 





1. What does this machine do to the Input? 



2. Did you notice any rules this machine seems to follow? 
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Exampit 8-Q In-Out Machine Exercise for Facilitating the Discovery of Same Sums 
Fill In the blanks for the In-Out Machine below. 



In 


Out 


(8,1) 


9 


(1.8) 




(5,4) 


9 


(3,6) 




(7,2) 






9 


(6,2) 


7 


(2,6) 




(4,3) 


7 


(1,6) 






7 



Union of Sett and Ptot-Ptot-Whole 

First ensure that children can informany calculate sums by some means and 
can use the equals and unequals sign correctly in comparing two sets or 
numbers. The aim of instruction should be to supplement children's 
incrementing view of addition with a more formal conception. {Replacing 
the informal view with a mathematically correct conception is counter- 
productive—even if it were psychologically possible.) 

Solving combine word problems (e.g. , Jose has four pennies and three 
nickels. How many coins does he have altogether?) can serve as an 
introduction to the part-part-whole concept integral to the union-of*sets 
concept Because such problems are similar to change (incrementing) 
problems, they are easily assimilated and readily solvable by first-graders 
(Briars and Larkin, 1984; Riley, Greeno, and Heller, 1983). Asemiconcrete 
introductory exercise to combine problems is illustrated in Example 8-10. 



Exampla 8-10 A Combine Word Problem Involving Egyptian Hieroglyphics 

Follow along as your teacher reads a story about ancient Egyptians. 
If possiblGi write a number sentence about the story using numbers, 
a plus sign, and an equals sign. Then solve the problem. 

223 
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After the spring floods, one partner from Swampy Surveyors 
and Land Markers went north up the river to see which farms had 
been flooded and would have to be resurveyed. As he passed each 
flooded farm, he made a mark. When he returned he had found the 

following number of farms flooded: j ( ]| JlJl A 

Another partner went south down the river. He recorded the 

following number of flooded farms: j j| J j| 

How many farms did the partners find flooded along the Nile 
River altogether? 



The aim of the exercises in Example 8-11 is to introduce children to 
both familiar and unfamiliar number sentences in a semiconcrete manner. 
Such an approach is consistent with a formal (union-of-sets or part-part- 
whole) view of addition. It helps minimize an operator interpretation of 
equals and foster a relational interpretation. Note that Problems 1 and 3 in 
Exercise A parallel the format of familiar number sentences for addition. 
Children should be instructed to read Problem 1, for example, as "Four and 
three are the same number as what?" Problems 2 and 4 parallel an 
unfamiliar format. Problem 2, for instance, can be thought of as what 
number can be decomposed (split up into) parts of one and two? It can also 
be read "What is the same number as one and two?" (Exercises B, C, and D 
are described in more detail in the section on missing addends below.) 



Example 8-1 1 Semiconcrete Addition in Familiar and an Unfamiliar Format 



Exercise A: a + b = ? and ? = a + b Formats 
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Exercise B: a + ? = c Format 



1. 
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Exercise C: a+b-b + 7 and a + £> - c + ? Formats 



1. 





0 0 

0 
0 0 


+ 


0 

0 

0 


s 


0 

o 

0 


+ 




2. 
















0 
0 0 


+ 


0 

0 


= 


O 0 
0 0 


+ 




3. 
















O 0 

0 
0 0 


+ 


o 


= 


0 

o 

0 


+ 




4. 
















0 0 
0 0 


+ 


0 

o 


= 


0 0 

o 

0 0 


+ 




5. 
















0 0 

o 

O 0 


+ 


o 

0 




0 o 


+ 




6. 














O 0 
0 0 




0 

00 
000 


+ 


0 0 
0 0 
0 0 
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Exercise D:a+? = cand? + to = c Formats 
1. 





2. 









5. 




ooo 
ooo 
ooo 
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Though the exercises in Example 8-11 could be made up as 
worksheets and given as written seatwork, they can also be used to play a 
game such as Rll In (Example 8-12) or Supposed to Be (in Wynroth, 
1986). 



Example 8-1 2 Fill In 



Objectives: Same-as (relational) interpretation of the equals 
sign, practice computing addition, and same-sum-as. 

Grade Level: 1. 

Participants: Two to five players. 

Materials: A different worksheet of problems (see Example 8- 
1 1 ) for each player. The same format(s) should be used on each 
worksheet. These can be laminated for reuse. Large number of fill- 
in tiles can be made from square pieces of paper, oaktag, or light 
cardboard on which there are 0 to 1 0 dots. The fill-in tiles should be 
the same size as the empty box on the worksheet 

Procedure: Each player draws a worksheet and puts it down In 
front of his or her position for all to see. The fill-in tiles, which have 
been turned over, are put out. Players (blindly) draw five tiles. On 
their turn, a player may place a fill-in tile in a box that would 
appropriately complete the expression. For example, if a player 
had Worksheet (Exercise) A and had drawn ti les with no, one, three, 
eight and nine dots, he or she could not use the no-dot, three-dot, 
and nine-dot tiles. The one-dot tile could be used to complete 
Problem 2 and the eight-dot tile to complete Problem 3. Whether or 
not they place a tile on the worksheet to complete an expression, 
players may trade in any tile they have for another tile. The 
discarded tile, however, must be left face upend can be obtained by 
an opponent when he or she trades in. This means a piayer should 
consider what his or her opponents need to complete their work- 
sheets before discarding a tile. 



Addition-S'jbtractioii Inverse Prlndple 

Brst ensure that childre. have the prerequisite counting sldlls (oral counting 
to 10, number after 1 to 9, number before 2 to 10, and enumeration or 
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pattern recognition 1 to 10). Children should also be able to add an<* 
subtract one mentally and recognize that adding one is undone by taking 
one away and vice versa. If necessary, these two informal arithmetic 
competencies can be encouraged by playing the basic version of the 
Modified Blaglc Show (Example &-13). In this version, all changes in the 
hidden set should involve the special cases of adding or subtracting one. In 
the advanced version, changes of more than one are made. 



Example 8-1 3 Magic Show 



Objectives: General addition-subtraction inverse principle (I.e., 
the addition of more than one Is undone by the subtraction of that 
number and vice versa) and, If necessary, the specific rule that 
adding one is undone by subtracting one and vice versa. 

Grade Level: 1 (advanced version); PK or 1 (basic). 

Participants: One child, a small group of children, or a whole 
class. 

Materials: Magic S*^' ^ Curtain Card and a number of pennies or 
other countable objects. 

Procedure: Explain, "In the Magic Show, I will show you some 
pennies. Remember how many there are because I will hide the 
pen n les and do some thi ngs to them. You r job Is to tel I me how many 
pennies I am hiding after I am all through." Present the children with 
sets of one to nine, remove the set from view and add (or subtract) 
one to eight Items, and (still out of view) reverse the last step. An 
example is detailed here: 

Put out pennies and say, "Here are five pennies." Put the 
"Magic Show Curtain Card" In front of the pennies to conceal them 
from the child and say, "How many pennies am I hiding?" If the child 
is wrong: tal^e away the card, help the child to count the pennies, 
rehide the pennies, and say, "How many pennies am I hiding?" For 
all children, say, "Now i am adding four pennies to the five pennies. 
Now I'm taking away four pennies. How many pennies am I hiding 
now? Remember: I started with five, I added fo' r, then tool< away 
four." 

if a child has difficulty with the task described above, try using 
sets of one to four and adding or subtracting one to three. If the 
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hiding procedure with Just small numbers Is still too difficult, try the 
procedure in full view of the child. Show them trie initial set, add (or 
subtract) one or a few, and then reverse the second step. After eac/) 
step, have the child determine how many items are in the set. 



AMOdattvity of Addltloii 

By requiring that participants use three number sticks to mal<e a number, the 
ToiwarH>f*Same-At can be used to introduce Informally the associative 
prindple of addition. For example, a child can see that a two-stIcl<, a four- 
sticlt and a ftve-sticlt made the same sum as a four-stick, a five-stick, or a two- 
stick. 

Missing Part 

First ensure that children can solve ^mple change and combine word 
problems and can compute sums by some informal means. A missing-part 
concept can then be introduced with missing-addend word problems 
(stories in which tfie amount added is missing). Example 8-14 illustrates 
such an exercise. Note that the missing-addend problems are mixed with 
regular change problems. After children are comfortable with this type of 
missing-part problem, then introduce missing-augend word problems 
(stories in which the initial amount is not ^ven). 



Example 8-14 Addition and Missing-Addend Problems with Egyptian Hieroglyphics 



As an Egyptian King's tax collector and tax recorder, you must make 
sure the correct amount is paid by each merchant. Each merchant 
should have paid 7 coins in taxes. For each of the following 
merchants indicate whether they paid too little in taxesand owe the 
king more money in taxes or paid too much and should get money 
back. Show how much money they shcu!'.' pay or should get back. 



a Nile River 

Control pay mce/get back coins 

b. Izzio's Idols & 1 I M 1 I 

Graven Images H A H H pay more/get back coins 

c. Swampy 

Surveyors & » | i | 

Land Markers 11 A 11 II pay more/get back coins 
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d Pyramid Rock i i i i i i i i 

Quarry H II H II H pay more/get back coins 

e. Kingl/8Qold& 11111 

Sliver Trinkets H H n pay more/get back coins 

f. Futures i | . 

Foretold fl 1 11 pay more/get back coins 



The game HIl In, described in Example 8-12, can provide practice 
solving for a missing part in a semiconcrete context. Use a missing-part 
worksheet like those illustrated in Exercise B, C, or D of Example 8-1 1 for 
each player. Exercise B contains relatively easy missing-part problems: 
lisslng addend (a + ? = c) format. Note that all the terms in these problems 
are relatively small and that the missing part, in particular. Is one, two, or 
tfiree. Such an exercise is appropriate for introducing missing-parts. 
Exercise C (with a + b = b + ? and a + b= c+? f omiats) may be somewhat 
more difficult for children. Note that Exercise C semiconcretely embodies 
commutativity and same-sum-as cortcepts. 

Encourage children to solve the misdng-term expressions by counting 
up. For Plroblem 2 in Exf?n:ise B, for example, comment, "Four and what 
makes six?" K the child does not spontaneously count up, prompt with, "Try 
counting to see." U necessary, illustrate the counting-up procedure, "Four, 
five is one, six is two— four and two make six." For many children, it may be 
more meaningful to encourage a "systematic trial-c..id-error" approach. 
Have a child first try a fill-in tile of one, count all the dots to be added, and 
compare it with the sum. For Plroblem 2 in Exercise B, this would result in a 
mismatch (four dots and one dot are not the same number as six dots) . Have 
the child then try increasingly larger fill-in tiles until he or she finds one that 
produces the sum. For Exercise C, a child could count to determine the sum 
on the left-hand ar i then— if need be— add dots by trial and error to the box 
on the right-hand side until that side reaches the same total as the left-hand 
side. 

Number sticks can be used to represent and solve word problems with 
a missing part in a semiformal manner. For instance, for a story involving an 
initial amount of four toys, an unknown added amount, and a total of six 
toys, a child would put out a four stick and a six stick directly below it. The 
child should quickly discover that a two stick needs to be added to the four 
stick to match the length of the six stick. By using a similar procedure with 
missing-augend problems, the child may discover the similarity or connection 
between the two types of problems. 
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Addttf ve-Subtraction and Difference 

First ensure that children have a basic understanding of subtraction (e.g., 
can take away with objects). They should also have mastered the skills 
children commonly use to solve such problems conaetely (counting-on and 
matching). 

The objective of formal instruction should be to build upon and 
su plement children's informal view of subtraction as take away. One 
method for broadening children's view of subtraction is to help them see 
that familia'- subtraction sentences such as 7 — 4 = ? actually represent a 
variety of problem situations. Fuson (1988), who developed the method, 
uses a rltart like the one in Table 8-2 to make the point. Note that for 
difference problems, the chart illustrates the informal method of matching 
the sets and counting the remainder. For additive-subtraction, the informal 
strategy of adding on is not illustrated but can easily be imagined. For 
example, in Table 8-2, Allison has to add on three to have the same nuniber 
of stickers as Cyndi. Children should be given a v ariety of subtraction word 
problems and ''sked to summarize them as number sentences. To require 
thoughtful analysis, (change and combine) addition problems should be 
intermixed. Brst concrete strategies and then counting up should be 
encouraged for additive -subtract! ve and difference problems. 

Example 8-15 illustrates a method that uses the familiar take-away 
situation to highlight part-part-whole and introduce additive-subtraction. 



Table 8-2 Facilitating a Broader View of Subtraction* 
(All of these story situations can be solved by subtraction) 



Name 



Story Problem 



Picture 


Cyndi: 


0 0 0^ ^ 


Allison: 




Cyndi: 


OOOOOOO 


Allison: 


OOGO 


Cyndi: 


OOOOOOO 


Allisoii: 


OOOO 



Symbols 



Take away 



Difference 



Additive- 
subtraction 



Cyndi has 7 stickers. 
She gives 4 to Allison. 
How many does she 
have left? 

Cyndi has 7 stickers. 
Allison has 4. How 
many more stickers 
does Cyndi have? 
Cyndi has 7 stickers 
Allison has 4 stickers. 
How many more 
stickers does Allison 
have to get to have the 
same as Cyndi? 



7-4^ or 7 
-4 



7-4=^ or 7 
-4 



7-4=? or 7 
-4 



*Based on Fuson (1988). 
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Example 8-1 5 Combining Take-Away and Part-Part-Whole Instruction* 

Step 1 : Show the child a set of objects and ask how many Items 
there are. 

o°o° 



Step 2: Cover the set. (If necessary, askagain how mar.y items are 
in the covered set.) 



Step 3: Remove a number of items from beneath the cover, place 
the removed items beside the cover, and ask: "How many are left 
under the cover?" 



O O 
O 



Note that it may be easier to begin instruction (a) with even- 
numbered sets of objects (e.g., 2, 4, 6, 8, or 1 0) and (b) by removing 
half the items covered (1, 2, 3, 4, and 5 respectively). This exploits 
children's knowledge of the addition doubles (1 +1 =2,2+2=4,3 
+ 3 = 6, 4 +4 = 8, and 5 + 5 = 1 0). Next, try removing more than half 
the items from either evenly or oddly numbered sets (e.g., removing 
three from a covered set of five). This should reinforce children's 
tendency to count up (e.g., in the problem above: three, four is one 
five is two—two are left). As soon as pupils are ready, remove the 
concrete supportforcomputingtheanswer(i.e.,simplytell the pupil 
how many items have been removed and keep the items out of 
sight). After children are proficient with smaller sets, graduate to 
sets with 1 1 to 1 8 items. Again it may be helpful to start with evenly 
numbered sets and remove half (e.g., 12 - 6, 18 - 9). 



'Based on a suggestion provided by Ed Rathmell, Northern Iowa University. 
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Note that though the situation involves subtraction (taking away objects), 

the solution involves detennining the missing part, which when added to the 

given part yields a given whole. This training procedure is particularly useful 

with children who can counton« In Step 3 of Example 8-15, a child could 

count, ""Three; four is one more, five is two more, six is three more— three*" 

Number sticks are a useful semiformal device for developing familiarity 

with additive*subtraction and difference meanings of subtraction. They can 

be used to model additive-subtraction and difference word problems. For 

instance, for the problem listed in Table 8-2, a child would put out a seven - 

stick to represent the number of stickers Cyndl has and a four-stick to show 

how many Allison has. The child can solve the problem simply by finding the 

number-stick that added to the four-stick makes the same length as the 

seven-stick. This method can ako be substituted for the more cumbersome 

7 

(take-away) procedure/brso/ufngsymbo/fcprob/emssuchas outlined 
In Frame C of Figure 8-4. — 

Commutativlty of Multfpllcatlon 

The prerequisites for a meaningful grasp of the principle are the repeated 
addition of like sets (Chapter 7) and symbolic multiplication (this chapter). 
Learning that multiplication is commutative can be facilitated by woiking 
with small combinations like three twos (3 X 2) or two threes (2 X 3), 
because such combinations can easily be represented with manlpulatlves or 
calculated informally. (This leaves more attention free to notice the 
regularity.) 

The commutative property of multiplication can be illustrated In a 
semlconcrete manner by playing a multiplication ver^on of the Tower of 
Same-At. In this version, players can use two or more like number sticks to 
produce a drawn number (e.g., see Frame A of Figure 8-5). To draw 
attention to the commutative property, have the children record their results 
Informally (e.g., see Frame B of Figure 8-5). 

Though some children need such semlconcrete models of the concept. 
It may not be necessary for many children. Especially If given the opportunity 
to calculate pairs symbolic problems like 4 X 2 = ? and 2 X 4 = ?, a child will 
often discover and comprehend the regularity. Even so, concrete activities, 
such as the Tower of Same-As, may deepen children's understanding of 
multiplication and Its commutative property. 



Children should master the relevant concept first. Unfamiliar number 
sentences should be Introduced as a way of fomially representing the 



Unfamiliar Number Sentences 
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Flquro 8-6 The Commutative Principle of Multiplication; A Semlconcrete Model* 
A. Tower of Same-As Solution for 12 




B. Informal representation of the solutions 



@3 



1^ 



*Note that this example Is contrived to highlight this commutative property. 
Children, of course, may constmct theiranswer in adifferent order. Even so, there 
Is the opportunity to discover the commutative regularity. 



arithmetic concept. To further foster meaningful learning, relate unfamiliar 
number sentences to word problems (e.g., Bebout, 1986; Carpenter and 
Bebout, 1985). 

AddttIon>Subtractloii Inverse 

Rrst ensure that a child can solve semiconcrete addition-subtraction inverse 
problems, such as those described for the Modified Magic Show. Written 
assignments or the game Rll In involving worksheets like that in Exercise A 
of Example 8-16 can be used to highlight the principle. (To play the 
symbolic version of Fill In, substitute fill-in tiles with numerals for fill-in tiles 
with dots.) 



0/f -» 
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Example 8-1 6 Unfamiliar Number Sentences with Numerals 



Exercise A 

1. 5 + 3-3 = 

2. 7-4+4 = 

3. 6 - 5 + 5 = 

4. 8 + 2 - 2 = 

5. 9 + 6 - 6 = 

6. 9 - 5 + 5 = 



Exercise B 

1. 5+ = 8 

2. 6+ = 7 

3. 4+ = 9 

4. 3+ = 7 

5. 9+ =12 

6. 8+ =10 



Exercise C 

1. 5 + 3= 

2. = 2+4 

3. 5+1 =3+_ 

4. 4 + 2 = 2 +_ 

5. 5 + 2=7+_ 

6. 8 = 6+ 



Exercise D 

1. 5 + 3 + 2 

2. 4 + 1 + 3 

3. 6 + 2+3 

4. 5 + 1 + 6 

5. 8 + 4 + 6 

6. 5 + 3+7 



= +5 + 3 

= + 4 + 1 

=2+3+ 

=1 +6+ 

=4+6+ 

= 3 +7 + 
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Exercise E 

1 + 3 = 5 

2 + 6=7 

3. + 5=8 

4. +1 =6 

5 + 3 = 6 

6 + 2=9 

Exercise F 

1. 5 + 5 + 5 + 5 = 5 X 

2. 2 + 2 + 2 + 2 + 2 = 2 X 

3. 4 + 4 + 4 = 4X 

4. 8 + 8 = 8X 

5. 3 + 3 + 3 + 3 = X 4 

6. 5 + 5 + 5 + 5 + 5 + 5= X6 




MiMlns Addend 

Rrst ensure that a child can solve semlconcrete, mlsslng-addend problems. 
Word problems are a useful mechanism for helping children to understand 
notations such as 6 + ? = 9. Example 8-17 Illustrates how word problems 
can be used to bridge the gap between semlconcrete and formal represen- 
tations. Written assignments or the game Fill In Involving worksheets like 
those In Exercise B of Example 8-16 can provide practice for solving 
mlsslng-addend problems. 



Example 8-1 7 Missing-Addend Problems with Egyptian Hieroglyphics 

1. All of these merchants Should have paid 10 coins In taxes. 
How many more coins does each have to pay to the king? 

a. Ace Reed Products i U U 1 U 

b. Block Haulers iMllilih 

c. Cultured Cats t ( U 1 

d. Durable Slaves ill 1 i M | 
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2. For each merchantabove, use our arable numeralsto write 
a number sentence that shows what they paid, what they 
still owe, and the amount they owe in taxes altogether. Use 
a ? to indicate the unknown amount the merchant stiil 
owe& 

3. Make up your own story that would fit the number sen- 
tence:? + ? = 13 



4. Make up your own story that would fit the number sen- 
tence: 5 + ? = 8 



Other Names for a Number and 
Commutatlvtty of Addition 

Brst ensure that children have mastered the same-sum-as, commutativity- 
of-addition, unlon-of-sets, part-part-whole, and missing-part concepts in a 
semiconcrete context. Worksheets like that in Exercise C of Example 8-16 
can be used as written exercises or to play the game Rll In. Unfamiliar 
number sentences of the fonn ? = a + b (e.g.. Problem 2 in Exercise C of 
Example 8-16) can be related to word problems where a whole is 
decomposed into its parts: 
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Kenny had a bag of marbles. He poured them out onto the ground and 
sorted them. His collection of marbles consisted of two cat's eyes and 
four solids. 

Unfamiliar number sentences in the form of a + b = c + ? (same*sum-as 
expression such as Piroblem 3) or a + b — b+? (commutativity equations 
such as Plroblem 4) can also be related to word problems such as those 
below: 

1. Arlane claimed that she could play a bowling game as well as her 
brother Alexi. On his first turn Alexi knocked down 5 pins, and on 
his second turn he knocked down 1. On her first turn, Ariane 
knocked down 3 pins. How many pins does she have to knock 
down on her second turn to get the same number of points as her 
brother? 

2. h the first day of the School Olympics, Alison won 4 blue ribbons 
and 2 red ribbons. On the second day, she won the same number 
of ribbons again, but this time she won 2 blue ribbons. How many 
red ribbons did she win on the second day? 

AModativlty of Additton 

It may be helpful if the child understands the principle at a semiconcrete 
level— forexample, if he or she is familiar with the Tower-of-Same-As (three 
stick version). The exercise described in Chapter 2 (Example 2-10) can be 
used to introduce the idea with written expressions. Written exercises or the 
game Rll In involving worksheets like that in Exercise D of Example 8-16 
can be used to highlight the principle further. 

Missing Augend 

First ensure that a child can solve semiconcrete missing*augend and 
symbolic missing-addend problems. As with symbolic missing-addend 
expressions, relate missing-augend number sentences to missing-augend 
word problems. Worksheets like those in Exercise E in Example 8-16 can be 
used to practice solving symbolic missing-augend problems either as written 
assignments or as part of the game mi«Ia 

Eqoivalsnt + and X 

First ensure that a child understands synibolic multiplication— specifically, 
that multiplication is simply repeated addition of like terms. Written 
exercises or the game RU In involving worksheets like that in Exercise 
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E of Example 8-1 6 can be used to reinforce the fonnal representation of this 
equivalence relationship. 

SUMMARY 



Children should understand the underlying concept of a symbol before the 
mathematical symbol itself is introduced. This can be done by introducing a 
concept in terms familiar to children: counting or informal arithmetic. 
Formal representations should be introduced later as, say, shorthand 
devices for describing what children already know (Holt, 1964). Teachers 
should help make clear the link between the formal symbol and the 
children's existing (informal) ideas. 

Most school children will already have a solid informal basis for 
understanding prearithmetic symbols such as numerals and the greater- 
than signs. Care needs to be taken with introducing the equals sign as the 
"'same number as"— so as to avoid the tendency to interpret it as '"produces.^ 
Children should master informal arithmetic before familiar number sen- 
tences such as5 + 3 = ?, 5 — 3=?, and 5 X 3 = ? are Introduced. 

An important goal of primary instruction is to deepen children's 
understanding of the arithmetic operations by helping them see patterns, 
relationships, or new meanings. This broadening of mathematical concepts 
can be facilitated by building upon children's informal arithmetic and using 
manipulatives. Once children understand the arithmetic concept at a 
concrete level, then their formal representation in the form of unfamiliar 
number sentences can be introduced. For example, once children recognize 
from their computational experience that addend order does not affect the 
sum, then expressions like 5 + 3 = 3 + 5 cau u,' introduced to represent the 
commutative property of addition. 
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Even after arithmetic is formally introduced, children frequently rely on 
informal methods to figure out sums, differences, or products for a 
considerable period of time. During this phase of informal explorat -)n, 
children usually discover important relationships that unr^'^rlie the number 
combinations and that help them to remember this basic information. 
Children only gradua/Zy master the basic number facts (single-digit number 
combinations). 

The basic number combinations embody numerous relationships and 
patterns that children can exploit to master whole groups or families of 
combinations (e.g., Folsom, 1975; Jerman, 1970;Rathmell, 1978;Trivett, 
1980). For example, one rule (adding zero does not change a number) 
underlies the 19 single-digit combinations involving zero. This chapter will 
describe the various addition, subtaction, and multiplication families and 
the relationships that can serve as the basis for mastering them. 

Even in this day of computers and calculators, mastery of the single- 
digit number facts remains one of the most basic objectives of primary 
schooling. The quick and accurate production of sums, differences, and 
products is important for three (interrelated) reasons. First, it makes written 
and mental multidigit calculation easier, if not possible. Second, it permits 
the discovery of relationships, which can facilitate the mastery of other basic 
combinations. For example, if a child knows that 7 + 1 = 8, he or she is more 
likely to discover that 1 + 7 and 7 + 1 are equivalent— that addend orde^ 
does not affect the sum. By exploiting this (commutative) relationship, 
children can more readily master unknown commuted versions of already 
learned combinatior \ Third, mastery of basic combinations is a key to 
mastering multidigit combinations. By relating multidigit combinations. 
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such as 100 + 100 = ? or 300 + 200 = ?, to known single-digit 
combinations (1 + 1 = 2or3 + 2 = 5),childrencan more quickly master an 
array of multidigit combinations. This will be discussed furtherin Chapter 1 1. 



The basic number combinations are not merely a "basket of facts" that 
children simply and quickly absorb (memorize rote) (Anderson, 1984). 
Instead, they— quite sensibly— learn th^ single-digit combinations as a 
system of interrelated facts (Brownell, 1935; Carpenter, 1985; Olander, 
1931). To learn and use the relationships or patterns underling these 
combinations, children often need a period of informal calculation and 
reflection. 

Indeed, children commonly invent ''thinking strategies": devices for 
reasoning out (unknown) combinations. For example, if a child knows 5 + 5 
is 10, he or she can reason that 5+6 must be one more than 10 or 11. 
Likewise, the child can use other known "doubles" like 4 + 4 = 8 or 6 + 6 = 
12 to reason out other "doubles plus one," such as4 + 5 = ?or7 + 6 = ?. 
Thinking strategies are children's informal way of exploiting relationships or 
patterns. 

As the example above illustrates children use "easier facts" to figure 
out and then remember "harder facts." Mastering the number combinations 
is essentially a building process. Children master many new combinations 
by "seeing" how they are connected (related) to previously learned 
combinations (Baioody, 1987a). 

Like computing sums by counting, thinking strategies are meaningful 
to children and not quickly abandoned (Brownell, 1935). In fact, children 
frequently do not memorize all the basic addition facts until second or even 
third grade; the basic subtraction facts until third or even fourth grade; and 
multiplication facts by fourth grade or so (e.g., Ashcraft, 1982; Carpenter 
and Moscr, 1984; Lankford, 1974; Svenson, 1974; Woods, Resnick, and 
Groen, 1975). Indeed, even many adults stili use informal procedures to 
compute or reason out sums and do so rather quickly (e.g., Browne, 1906; 
Svenson, 1985). Delineated below are therelationshipsorpattems that can 
serve as thinldng strategies for reasoning out and learning various families of 
combinations. 



Commuted Pairs 

The discovery of comn>utativity may greatly facilitate mastery. By practicing 
and mastering a combination such as 5 + 3, a child can also respond to 3 + 



LEARNING 



Addition Families 



ERIC 




Lnrnliig 



237 



5 = ? efficiently. By exploiting cominutativity, the child cuts by nearly half 
the number of combinations that must be memorized. The discovery and 
use of this general principle may occur early but perhaps not until after 
children have mastered more specific relationships— combinations Involving 
one and zero (Baroody, 1987a; Resnick, 1983). 

n + 1 and 1 + n 

Informal knowledge permits children to master the family of combinations 
involving the addition of one relatively quickly. Many already have a basis 
for respondin g efficiently to a symbolic combination such as 4 + 1 = ?. They 
can mentally add one more because they have d!<icovered a "number-after" 
rule (e.g., the number after 4 is 5, so four and one more is five). Once they see 
a connection between formal addition and their existing informal knowl- 
edge, children can automatically recall any n + 1 combination for which 
they know the next number— even ;:'ngle-digit and multidigit combinations 
(such as 86 + 1) that they have not practiced previously (Baroody, 1983, 
1985). 

Children may then have to learn that 1 + n combinations are 
equivalent to n + 1 combinations (that the number-after rule applies to 
something-added-to-one problems also). Because this is usually accom- 
plished with a minimum of computational experience, children can also 
master the range of 1 + n combinaticms without practicing each individual 
fact (Baroody and Ginsburg, 1986). 

n+ OandO + n 

The family of combinations involving zero is among the earliest mastered 
because children quickly recognize the n + 0 or 0 + n = n rule. 

n + 2 and 2 + n 

The family of combination!: involving two is learned fairly early, in part 
perhaps because children can exploit the skip-the-next-number relationship 
(e.g., 6 + 2: 6, skip 7, 8). 

SmaUn +n 

The "doubles" with sums no larger than 10(1 + 1,2 + 2, 3 + 3, 4 + 4, andS 
+ 5) are among the earliest combinations memorized. This may be due 
partly to the fact that there are many naturally occurring pairs or "doubles" 
(e.g., five fingers on ?'ich hand, 10 digits altogether). 

O 
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Small Bftocellaneout 

Other combinations with sums no greater than 10 are learned only 
gradually. "Near doubles" such as 3 + 4 are often learned by exploiting 
known n + n facts (3 + 4 = [3 + 3] + 1 = 6 + 1 = 7). Some combinations 
such as 3 + 5 can be recomposed as a known double (3 + 5 = [3 + 1] + [5 — 
1] = 4 + 4 = 8). 

Larg^n + n 

Typically, the larger doubles (6 + 6, 7 + 7, 8 + 8, and 9 + 9) are learned 
somewhat later than small doubles. 

Equals Ten 

The sums-to-10 family (e.g., 6 + 4 or 7 + 3) may have special significance to 
some children because of our base-ten pl^'^ce-value system and their natural 
endowment of ten fingers. 

n + 8and8 + norn + 9 and 9 + n 

The family of combinations involving eight or nine are relatively difficult for 
children. However, many discover that tne sums can be reasoned out by 
exploiting problems involving lU. 

Large Miscellaneous 

Other combinations with sums larger than 10 are relatively difficult for 
children to learn. 

Subtraction Families 

Complements 

A direct implication of the additive-subtraction concept (discussed in the 
previous chapter) is that subtraction combinations have addition comple- 
ments. For instance, because the expression 5 — 3 = ? can be thought of as 
what must be added to three make five, 5 — 3 = 2 and 3 + 2 = 5 are 
complementary combination^.^ Research (Baroody, Gir ^burg, and Waxman, 

^At a deeper level, children might recognize that 5 - 3 = ? and 5 — 2 = ? are also related. 
With a well developed part-part-whole concept, a child would recognize that the parts 3 and 
2 can combine in any order to constitute the whole 5 (3 + 2 = 2 + 3 = 5). They would also 
recognize that removing one part from the whole leaves the other part: 5 — 3 = 2 and 5 — 2 
= 3. 
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1983; Buckingham, 1927; Carpenter and Moser, 1984; Knight and 
Behrens, 1928; Siegler, in press; Steinberg, 1985) in fact, indicates that 
mastery of addition facts and the learning of subtraction combinations are 
psychologically related. It seems that once children recognize the over- 
arching relationship between addition and subtraction and have mastered 
the addition counterparts, they can proceed to learn quickly the remaining 
unmastered subtraction combinations (Baroody and Ginsburg, 1936; 
Thornton and Smith, 1988). Apparently, though, children do not readily 
discover that subtraction combinations have addition complements. And, of 
course, it takes time before they master the larger addition combinations, 
which provide the basis for learning the larger subtraction counterparts. 



Most children may learn the minus-one family of facts by using their existing 
counting Oust-before) knowledge. As with addition involving one, once they 
see the connection between symbolic subtraction and their existing informal 
knowledge, children can respond efficiently to a range of single-digit (and 
multidigit) n - 1 combinations without practicing each fact separately. 
Children can exploit a number of other relationships that makes rotely 
memorizing individual facts unnecessary. 



With the minus-two family, children can also exploit the well-learned count 
sequence. 



The minus-zero family is learned early because children quicMy come to 
appreciate the principle that if nothing is taken away, a numbfjr remains 
unchanged. 



The easily recognized pattern underlying this family (e.g., 4 — 4 and 9^9) 
is: A number reduced by itself leaves nothing. 

m - n = n 

This family is composed of combinations in which the mini.end is twice the 
subtrahend (e.g., 6 — 3 = 3 or 12 — 6 = 6). These combinations are learned 
before many other combinations because their complementary addition 
doubles (e.g., 3 + 3 = 6 or 6 + 6 = 12) are learned relatively early. 



n-1 



n-2 



n«0 



n 
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DIffmiceof 1 

The subtraction of number neighbors (e.g., 3--2 = lor9 — 8 = 1) forms a 
special class of facts: *'The difference of neighboring numbers is always 
one." 

10-n 

Combinations with 10 as a minuend (e.g., 10 — 3, 10 — 6) may have a 
special status for some children because of our natural endowment of 10 
fingers. 

These combinations (e.g., 15 — 8) may not be mastered by most children 
until after third grade. The teen - 9 {teen - 8) family can be solved by 
converting the problem to a more familiar teen — 10 problem and then 
adding one (two) . The remainder (large miscellaneous combinations) can be 
reasoned out by using the complement principle. 

Multiplication Famlllet 

n X 1 and 1 X n 

Children readily grasp the times-one family of facts because of the obvious 
, rule: Any number times one is that number. 

nXOandOXn 

The times-zero family is often learned quickly because the principle 
underlying this group of facts is easily notic^^d and internalized: Anything 
multiplied by zero is zero. 

nX2aiid2Xn 

The times-two family often builds upon a child's knowledge of the addition 
doubles (e.g., ''3 X 2 is 6 because 3 and 3 is 6") or counting by twos. 

n X 5 and 5 X n 

The five-tinges family is often learned before other facts because children are 
familiar v^th the count-by-flves sequence. 
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Other Small Times 

Other combinations arc typically mastered later. For example, the n X 3 and 
3 X n orn X 4 and 4 X n families are relatlvety difficult because skip 
countli^ by three or four is not especially familiar to children. 



Oiler Laige Times 

Combinations with both factors greater than five are especially difficult for 
children to master. Children may not completely master families such as n X 
9 and 9 X n until fourth grade or even later. 

Though a number of factors can determine the rate and order in which 
children acquire mastery of basic-combination families, approximate tfie 
developmental sequences for the operations of addition, subtraction, and 
multiplication are delineated in Table 9-1. 



Table 9-1 A Suggested Sequence of Basic Number-Combination Skills by Grade Level 



Uvei Addition Families Subtraction Families 



Multiplication Families 



n + 1 and 1 + n, 
n+OandO + n 
n + 2and2 +n 
and Small n + n 



Small misc. 
I^rge n + n and 
Equals 10 
n + 9 and 9 + n 
larger misc. 



n — 1, n — Oand n — n 
n-2 

m - small n = n 
Difference of one 
Small misc. 
m — large n = n 
10-n 

Teen - 9 or 8 and 
l^rge misc. 



nxi, 1 Xn, 

n X 0 anc* 0 X n 

nX2and2 Xn 

n X 5 and 5 X n 

Other small and large times^ 



*ThS8e combinations can be introduced and practiced in third grade. It may not be realistic to expect 
thst all or even most children will recall these combinations by the end of third grade. Third graders can 
be encouraged to use informal methods and thinking strategies to find these products. 
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INSTRUCTION 



Because it involves more than rote memorization, mastery of the basic 
number combinations requires more than just practice. It requires meaning- 
ful instruction because— at heart— internalizing basic number combinations 
entails recognizing and exploiting relationsl ips. In fact, some research (e.g., 
Brownell and Chazal, 1935; Steinberg, 1985; Swenson, 1949; Thiele, 
1938; Thornton, 1978; Thornton and Smith, 1988) indicates that a 
meaningful approach is more effective in facilitating retention and transfer 
than a drill approach (Suydam and Weaver, 1975). This helps explain why 
so many teachers find a drill approach so unproductive. Besides being 
uninteresting and uninspiring, it fails to teach the key component needed 
for mastery: noting and using relationships. Meaningful learning of the basic 
combinations requires time. Children should be given ample opportunity to 
compute sums, differences, and products. During this initial and necessary 
stage, children should be encouraged to look for and exploit patterns or 
relationships. Moreover, teachers should foster children's natural inclination 
to invent and use thinking strategies. After all, thinking strategies are 
children's informal way of searching for and exploiting patterns and 
relh jonships. This crucial intermediate stage in the meaningful memorization 
of basic number combinations should not be rushed either. 

Practice plays an important role in helping children to recall specific 
facts or to use relationships automatically. However, it should play a 
secondary role to discovering relationships and inventing thinking strategies. 
Moreover, practice should come after such experiences. By using games, 
practice can actually be interestng and meaningful. 



Teaching Thinking Strategies 

Even i/it were no more effective in promoting mastery than drill, there are a 
number of advantages to encouraging and teaching thinking strategies. An 
approach that emphasizes thinking strategies is inherently more interesting 
and enjoyable. It validates children's informal mathematical thinking (your 
approach to mathematics is useful) and makes basic arithmetic and 
number-fact mastery less threatening and overwhelming for children. It 
illustrates in a personally meaningful way that arithmetic problems can be 
solved in various ways. Such an approach encourages children to look for 
relationships and reason about numbers. It more accurately reflects the 
nature of mathematics than does a rote memorization approach. A 
meaningful approach to number-fact mastery is more likely to foster 
analytic-thinking and problem-solving skill than will a drill approach. Such 
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an approach is useful even with children with mathematical learning 
difficulties (Thornton and Toohey, 1985). 

Table 9-2 outlines thinking strategies for the operations of addition, 
subtraction, and multiplication. How should teachers promote the learning 
of thinking strategies? Should they point them out directly, allow children to 
discover them in due course, structure practice to foster their discovery, or 
have children who have invented a strategy share it with others? There are 
no pat answers to these questions. A mix of each method may prove the 
most helpful. The exact mix will dep)end on such things as the level of ability, 
the personalities of the pupils, time constraints, and so forth. 

By sharing a few thinking strategies, a teacher endorses looking for and 
exploiting patterns. Do not be disappointed if all children do not pick up and 
use the examples. After all, not all will be ready to benefit from this direct 
instruction, and some may favor alternative methods that are more familiar. 
In any case, encouraging thinking strategies should not become another 
memorize-math-by-rote routine. Simply endorsing children's Informal ap- 
proach is important enough. 

The invention of thinking strategies should be applauded. After all, it is 
a sign that a child is really thinking about mathematics. Asking the child to 
share his or her ideas with others will serve as recognition and may help the 
other children learn that specific thinking strategy and encourage them to 
invent ones of their own. 



Encouraging the Discovery and Exploitation 
of Patterns 

Children should be encouraged to look for and exploit patterns. One way 
this might be done is to give them a table of basic facts, such as the times 
table in Example 9-1, and challenge them to find patterns. This type of 
unstructured-discovery-leaming exercise might work well as seatwork for 
some young, primary-level children (particularly those who are gifted) but 
might be more suitable for older elementary children. At the primary level, 
such an exercise might better be done as a small-group problem-solving 
exercise. 

Various devices can be used to structure practice in such a way that 
children are more apt to discover key patterns, relationships, or rules. For 
each of the arithmetic operations, Math-Detective and In-Out Machine 
Exercises can help highlight a variety of patterns (see Examples 9-2 and 
9-3). Moreover, such exercises can provide the basis for small-group or 
class discussions of number-combination patterns. 
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Tabl« 0-2 Thinking Strategies for Addition, Subtraction, and Multipiication 
Families of Facts 



Family 



Thinking Strategy 



n + 0 or 0 + n 
n + 1 or 1 + n 
n + 2 or 2 + n 



Small or Large 
Misc. 



*n + 0 = n rule: 
*n-after rule: 
*Skip-next-n rule: 
^Commutativity: 

^Doubles plus one: 



^Doubles minus 
one: 



^Doubles by 
recompositlon: 



n + 8 or 8 + n 
n + 9 or 9 + n 



"^Recomposition 
to 10: 
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Addition in which zero is a term 
that does not change the other 
number. 

The sum of n + 1 (or 1 + n) is 
the number after n in the count 
sequence. 

The sum of n + 2 (2 + n) is the 
number after the next number 
after n In the count sequence. 
Addend order does not affect 
the sum. For example, because 
the sum of 5 + 3 is 8, the sum of 
3 + 5 must also be 8. 
Combinations '* e3 + 4canbe 
recomposed as 3 + (3 + 1) or 
(3+3) + 1.Because3 + 3is 
six and 4 is one more than 3, 
then 3 + 4 must be six and one 
more, or 7. Likewise, a relatively 
difficult combination like 8 + 7 
can be thought of as (1 + 7) + 
7 or 1 + (7 + 7). Because the 
double 7 + 7 is 14, one more 
makes 8 + 7 equal to 15. 
A combination like 3+4 can be 
recomposed in tenns of the 
double 4 + 4. Because 3 is one 
less than 4, then 3 + 4 is one 
less than 8, or 7. 
Combinations like 5 + 3 can be 
converted into doubles by 
taking away one from the larger 
term and giving it to the smaller 
tenfn (5+3 = 15-11 + 13 + 11 = 
4+4 = 8). Likewise, larger, 
relatively diff icul^t combinations 
like 7 + 9 can be converted 
to 8 + 8. Because it is not 
readily apparent to many 
children, this is one thinking 
strategy that a teacher might 
want to point out to children. 
The relatively difficult 
combinations involving eight or 
nine can be recomposed as the 
relatively easy combinations 
involving 10. For 9 + 4, for 
example, nine can be made Into 
10 by adding one, which is 



Table 9-2 Continued 



Family 



Thinking Strategy 



n-0 
n- 1 

n -n 

Difference 
of One 



*n - 0 = n rule: 
*n-before rule: 

*n - n = 0: 

*The difference-of- 
one rule: 



n-2 
m-n = n 
Small Misc. 
10-n 
Large Misc. 



^Complements: 



Teen - 9 
Teen - 8 



^Recomposition 
to 10: 



nXO 

n X 1 or 1 X n 



*n XO ==0 rule: 
*n X 1 or 1 X n = 
n rule: 



taken from the 4 making it three 
(9+4=:I9 + 1l + I4-1l« 
10 + 3 = 13). Similarly, 
combinations involving eight 
can be recomposed into 
combinations involving 10 by 
transferring two (e.g., 8 + 4 = 
18+21+14-21=10+2 = 12). 
Zero subtracted from a number 
leaves it unchanged 
(subtractive-identity principle). 
To subtract one from the 
number, state the number in 
the count seq uence that comes 
before it. 

A number subtracted from itself 
leaves nothing. 
Whenever neighbors in the 
sequence (e.g., 6 and 7) are 
subtracted, the difference is 
one (7-6 = 1). (The rule also 
applies to cases where the 
smaller number is the min uend, 
e.g., 6 - 7. In this case, though, 
the difference is minus one.) 
Any subtraction combination 
can be figured out by recalling 
its related or complementary 
addition combination. For 
instance, 8-5 can be thought 
of as what do I need to add to 
five to make 8: three (because 
5 +3 =8). This might 
be introduced with the n - 2 
and m - small n = n 
combination because of 
children's relatively greater 
familiarity with n + 2 or 2 + n 
and small n + n combinations. 
The relatively difficult 
minus-nine (or eight) family can 
be recomposec'i as the relatively 
easy minus-10 family. For 
example, 17 - 9 = (17 - 1) - 
(9 + 1) = 16 -10 =6. 
Any number times zero is zero. 
The multiplicative-identity 
principle states that a number 
times one is the number itself. 
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Table 9*2 Continued 



Family Thinking Strategy 



n X 2 or 2 X n *Equivalent 

addition double: 



n X 5 or 5 X n *Skip count by five: 



Other Small 
and Large 
Times 



^Commutativity: 



^Doubles plus 
(or minus) one: 



^Doubles by 
recomposltlon: 



n X 9 or 9 X n *Times-nine rule: 



Recall the equivalent addition 
double (e.g., 7 X 2 or 2 X 7 is 
equivalent to 7 + 7 = 14). Note 
that the product of all such 
combinations are even 
numbers. 

Count by five n times (e.g., 
5X3 is 5,10, 15). Note that 
five times an even-number ends 
in 0; five times an odd number 
ends In 5. 

Except for the doubles, all 
multiplication combinations are 
related to another by the 
principle of commutatlvity (ag^ 
if 8 X 7 = 56, then 7 X 8 = 56). 
Near doubles can be reasoned 
out in terms of known doubles. 
For example 7 X 8 is 7 X 7 
plus another seven 49 + 7 = 56 
(seven sevens plus an eighth 
seven). It could also be thought 
of as 8 X 8 minus an eight: 
64-8=56. 

A combination such as 8 X 6, 
that can be converted to a 
double (7 X 7) by compensating 
addition and subtraction of one 
has a product that is one less 
than the product of the double 
(49-1 =48). Likewise 6X4 
can be reasoned out by 
subtracting one from the 
product of 5 X 5: 25 - 1 or 24.^ 
The product of nine and a 
number is composed of a 
number with a tens-place digit 
equal to n - 1 and a ones place 
digit that sums to 9 (e.g., for 
9X7, the tens place digit is 
7 - 1 or 6 and the ones place 
digit is six plus what makes 
nine: 3). 



^This can be clemo>istratecl by algebra: If n = the factor of a double, then the 
double like 7X7 can be represented as n X n. A problem like 8X6 can be 
represented as (n + 1 ) X(n - 1 ). The product of cross multiplication yield n^+n-n 
- 1 . which reduces to - 1 or (n X n) - 1 ). 
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Example 0-1 Product-Patterns Exercise 



PRODUCT PATTERNS 

Can you find five patterns in the products of the basic multiplication 
facts? 



0X0 

n 
U 


0X1 

n 
U 


0X2 

U 


0X3 

0 


0X4 

0 


0X5 
0 


0X6 
0 


0X7 
0 


0X8 
0 


0X9 
0 


1X0 

n 
u 


1X1 
1 


1X2 


1X3 

o 
O 


1X4 
4 


.X5 
5 


1X6 
6 


1X7 
7 


1X8 
8 


1X9 
9 


2X0 
u 


2X1 

o 
d 


2X2 

A 

4 


2X3 

O 


2X4 
8 


2X5 
10 


2X6 
12 


2X7 

A A 

14 


2X8 
16 


2X9 
18 


3X0 

n 
u 


3X1 

o 
o 


3X2 

O 


3X3 
9 


3X4 
12 


3X5 
15 


3X6 
18 


3X7 
21 


3X8 
24 


3X9 
27 


4X0 
0 


4X1 
4 


4X2 
8 


4X3 
12 


4X4 
16 


4^5 
20 


4yfi 
24 


28 


•♦AO 

32 


36 


5X0 
0 


6X1 
5 


5X2 
10 


5X3 
15 


5X4 
20 


5X5 
25 


5X6 
30 


5X7 
35 


5X8 
40 


5X9 
45 


6X0 
0 


6X1 
6 


6X2 
12 


6X3 
18 


6X4 
24 


6X5 
30 


6X6 
36 


6X7 
42 


6X8 
48 


6X9 
64 


7X0 
0 


7X1 
7 


7X2 
14 


7X3 
21 


7X4 
28 


7X5 
35 


7X6 
42 


7X7 
49 


7X8 
56 


7X9 
63 


8X0 
0 


8X1 
8 


8X2 
16 


8X3 
24 


8X4 
32 


8X5 
40 


8X6 
48 


8X7 
56 


8X8 
64 


8X9 
72 


9X0 
0 


9X1 
9 


9X2 
18 


9X3 
27 


9X4 
36 


9X5 
45 


9X6 
54 


9X7 
63 


9X8 
72 


9X9 
81 



Pattern 
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Example 9-2 Using Math-Detective Exercises to Discover 

Number-Combination Reiationships 

Math Datactlve Exarclsa A 

& What number comes after each of the following when we count? 

4 2 5 7 

b. Find the sums for each of the following problems In any way you 
wish. You may calculate sums by using blocks, fingers, an 
abacus or a calculator. 

What do you notice about these problems? 

4 12 16 17 1 

±l±f±l±?il±5±l il 

4+1= □ 2+1= □ 5+1= □ 7+1= □ 
1+4= □ 1+2= □ 1+5= □ 1+7= □ 
Math Datectlva Exercise B 

Find the sums for each o.' the following problems In anv way 
you wish. You may calculate sums by using blocks, fingers, an 
abacus or a calculator. 

What do you notice about these problems? 

6 3 0 9 0 
+0+0+4+0+2 

1 0 5 0 2 
+0+3+0+9+0 

Math Detective Exercise C 

Rnd the sums for each of the following problems in any way 
you wish. You may calculate sums by using blocks, fingers, an 
abacus or a calculator. 

What do you notice about these problems? 

2 3 4 5 3 4 
+2+2+4+4 +3 +3 
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2 2 4 4 3 3 
+2+3+4+5+3+4 

1 +1 = □ 4+4= □ 1 +1 = □ 
2+1= □ 5+4= □ 1+2= □ 

Math D«tective ExerciM D 

Find the sums for each of the following problems In any way 
you wish. You may calculate sums by using blocks, fingers, an 
abacus or a calculator. 

What do you notice about these problems? 



2 + 2 = 


□ 


4 + -^ = 


□ 


3 + 3 = 


□ 


1 +3 = 


□ 


3 + 5 = 


□ 


4 + 2 = 


□ 


4 


5 


2 


3 


3 


2 


+4 


+3 


+2 


+1 


+3 


+4 



Math Datoctlva Exercise E 

Find the sums for each of the following problems in any way 
you wish. You may calculate sums by using blocks, fingers, an 
abacus or a calculator. 

What do you notice about these problems? 



10 




9 10 


9 


10 


9 


5 5 




+2 


+2 +u 


+6 


+4 


+4 


+10 +9 




10 




9 7 


7 


8 


8 


10 9 




+6 


+6 +10 


+9 


+10 


+9 


+9 +9 




4 + 10 = 


□ 


3 + 10 = 


□ 


6 + 10 = 


- □ 


7 + 10 = 


□ 


4+9 = 


□ 


3+9 = 


□ 


6+9 = 


□ 


7+9 = 


□ 


10+4 = 


□ 


10+3 = 


□ 


10+6 = 


= □ 


10+7 = 


□ 


4 + 10 = 


□ 


9+3 = 


□ 


9+6 = 


□ 


9+7 = 


□ 
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BmIc Number Combinatfont 



Math Detective Exercise F 

Find the sums for each of the following problems in any way 
you wish. You may calculate sums by using blocks, fingers, an 
abacus or a calculator. 

What do you notice about these problems? 

9 8 7 6 5 

+1 +2 +3 +4 +5 



4 

+6 



3 

+7 



2 
+8 



1 

+9 



Math Detective Exercise G 

a. What number comes before the following numbers when we 
count? 

5 3 9 7 4 8 



b. What is the difference between the following? 

5 3 9 7 4 8 

-1 -1 -1 -1 -1 -1 



Math Detective Exercise H 

What pattern is shown below? 

7 5 8 6 

Z? zf zl z5 

4-3= □ 9-8= □ 
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Math Detective Exercise I 

What two patterns are shown below? 

3 6 y 7 7 4 

Z? Z? Z? zl zf 

8-0= □ 5-5= □ 6-0= □ 4-0= □ 

IMath Detective Exercise J 

What patterns are illustrated below? 

4 2 5 0 5 1 
X2 X4 XO X5 XI X5 

3 6 0 6 1 6 

X6 X3 X6 XO X6 XI 

8 4 8 0 8 1 

X4 X8 XO X8 XI X8 



IMath Datective Exercise K 

Do you notice anythi ng about the products of the nondoubles? 

34 67 45 89 

X3X2 2^f^ 

2X2= □ 7X7= □ 5X5= □ 9X9= □ 
1X3= □ 8X6= □ 6X4= □ 10X8= □ 
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Basic Number Combinations 



Example 9-3 Using In-Out Machine Exercises to Highlight Relationships 
Among Number Combinations 



Exercise A 



Exercise B 



Exercise C 



In 


Out 


In 


Out 


In 


Out 


1 


2 


3 


3 


(2,1) 


3 


4 


5 


6 


6 


(1,2) 


3 


9 


10 


9 


9 


(1,7) 


8 


7 


5 


(7,1) 




3 


1 


(3,1) 


6 


5 


8 


(1,5) 






9 


4 


(9,1) 


10 




3 


2 


(1,9) 




2 




7 


(8,1) 




0 


0 


(1,3) 





Exercise D 



Exercise E 



Exercise F 



In 


Out 


(3,3) 


6 


(4,3) 


7 


(2,2) 


4 


(2,3) 




(3,3) 


6 


(4,3) 




(8,8) 




(8,9) 




(7,7) 




(8,7) 




(5,5) 




(6,5) 





In 


Out 


(3,3) 


6 


(4,2) 


6 


(5,5) 


10 


(6,4) 




(6,6) 


12 


(7,5) 




(7,7) 




(8,6) 




(8,8) 




(9,7) 




(4,4) 




(5,3) 




(2,2) 




(3,1) 





In 


Out 


(3,3) 


6 


(2,4) 


6 


(5,5) 


10 


(4,6) 




(6,6) 


12 


(5,7) 




(7,7) 




(6,8) 




(8,8) 




(7,9) 




(4,4) 




(3,5) 




(2,2) 




(1,3) 
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Fxereise G 



In 


Out 


5 


4 


3 


2 


9 


8 


7 




4 




8 






4 




1 



5 



Exercise H 



In 


Out 


(5,4) 


1 


(3,2) 


1 


(9,8) 


1 


(7,6) 




(4,3) 




(6,?) 


1 


(8,?) 


1 


(2,?) 


1 



Exercise I 



In 


Out 


3 


3 


6 


6 


9 


9 


7 




4 




8 




18 






6 



5 



Exercise J 



In 


Out 


7 


0 


9 


0 


12 


0 


5 




8 




18 




42 






0 



Exercise K 



In 


Out 


4 


8 


5 


10 


1 




3 




25 




0 






8 




4 




20 



Exercise L 



In 


Out 


(4,2) 


8 


(5,3) 


15 


(6,2) 


12 


(2,4) 




(3,5) 




(2,6) 




(8,3) 


24 


(3,8) 




(7,2) 


14 


(2,7) 




(8,7) 


56 


(7,8) 




(6,9) 


54 


(9,6) 




(39) 




(9,3) 




(3,7) 





(7,3) 
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BmIc Number Combiaatlont 



In Example 9-2, the aim of Math Detective Exercise A is to help 
students discover that n + 1 and 1 + n combinations are equivalent (the sum 
of both is the number after n in the count sequences). Exercises B, I, and J 
underscore the rules for adding, subtracting, and multiplying with zero (n + 
OorO + n=n,n-0 = n, and nXOorOXn = 0, respectively). (In addition. 
Exercise I illustrates the n — n = 0 rule ; Exercise J, the n X 1 or 1 X n = n rule 
and the commutative principle of multiplication .) Exercise C is set up to help 
children discern the doubles-plus-or-minus one pattern; Exercise D is 
arranged to help students recognize that some combinations can easily be 
redistributed to form doubles; Exercise E illustrates that relatively easy 
combinations with 10 can be used to reason out those with 9. Exercise F 
highlights the sums to 10. Exercise G gives children practice in using the 
number-before rule for n — 1 combinations, and Exercise H highlights the 
differences-of-one relationship. Exercise K hints at the relatively difficult 
doubles-by-recomix>sition thinking strategy for multiplication. 

In Example 9-3, In-Out Machine Exercise A could provide the basis for 
discussing the relationship between the number sequence and addition 
involving one. After completing the exercise, ask students to discuss their 
answers and what they think the invisible process inside the machine is 
doing. Some children may note that the machine is just adding one. With 
any luck, some students will see a connection with the number-after items. 
Then discuss the relationship between addition involving one and the 
number-after pattern. Encourage the children to state the relationship 
explicitly: When we add with one, the sum is just the number after (the other 
addend). 

Exercise B highlights the effect of adding zero: the n + 0 = n rule. 
Exercise C underscores the equivalence of n + 1 and 1 + n combinations. 
The purpose of Exercise D is to help students discover the doubles-plus-one 
thinking strategy; Exercises E and F help students discover the doubles-by- 
compensation thinking strategy. 

Exercises G, H, I, and J can be used to highlight the subtraction 
thinking strategies of n — 1 = the number before n when we count, 
difference of 1, n — 0 = n, and n — n = 0, respectively. Note that for the last 
item in Exercise J, there are any number of acceptable answers. For Exercise 
I, the invisible process of the machine could be "adding with zero" or 
"multiplying by one" as well as "subtracting zero." Thus the exercise can 
serve as the basis for discussing the fact that each of the operations is 
governed by an identity principle. Exercise J can also be used to highlight 
the multiplication patterns nXOorOXn = 0. Therefore, with children 
familiar with multiplication. Exercises i and J can be used to reinforce the 
idea that there can be more than one correct solution to In-Out Machine 
exercises (some mathematical problems). 

Exercise K can be used to illustrate the relationship between the 
addition doubles (e.g., 4 + 4 = 8) and times-two combinations (4X2 = 8). 
Again, group discussions can be used to highlight the connection between 
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the operations (and the point that some problems may have more than one 
solution). Exercise L can be used to highlight the commutative principle of 
multiplication. It could also be used to highlight the equivalence of repeated 
addition (e.g., 5, 3 = 5 + 5 + 5 = 15) and multiplication (e.g., 5, 3 = 5 X 3 = 
15). 

One way to help children fonmalize their discovery is to encourage 
them to make up an "album of combination families." As a child discovers or 
learns about a new pattern, a page can be added to the album (see Example 
9-4). It may be appealing to note each entry in a distinctive color. Collecting 



Example 9-4 Sample Entry of an Album of Combination Families 



ADDITION PATTERNS 



0 + 0 


1+0 


2+0 


3 + 0 


4+0 


5 + 0 


6 + 0 


7 + 0 


8 + 0 


9 + 0 


0 + 1 


1 + 1 


.2 + 1- 


3+1 


4 + 1 


5 + 1 


6 + 1 


7 + 1 


8 + 1 


9+1 


0 + 2 


•1+2; 

• • • • 


2+2 


,3 + 2- 


4+2 


5 + 2 


6 + 2 


7 + 2 


8 + 2 


9 + 2 


0 + 3 


1+3 


■2 + 3 • 


3 + 3 


•4+3. 


5 + 3 


6 + 3 


7 + 3 


8 + 3 


9 + 3 


0+4 


1+4 


2+4 


3 + 4. 


4 + 4 


;5 + 4. 


6+4 


7 + 4 


8 + 4 


9 + 4 


0 + 5 


1+5 


2 + 5 


3 + 5 


■4 + 5-. 

• • • • 


5 + 5 


.6 + 5; 
.' '• " '• .' 


7 + 5 


8 + 5 


9 + 5 


0 + 6 


1+6 


2+6 


3 + 6 


4 + 6 


•5 + 6- 


6 + 6 


•7 + 6". 


8 + 6 


9 + 6 


0 + 7 


1+7 


2 + 7 


3 + 7 


4 1-7 


5-5-7 


6 + 7. 

* * • 


7 + 7 


.•8-f7; 

*• • • • • 
• • , • 


9 + 7 


0 + 8 


1+8 


2 + 8 


3 + 8 


4 + 8 


5 + 8 


6 + 8 


•7 + 8-. 

• • * 
*• • * • 


8 + 8 


•9+8; 

• • 


0 + 9 


1+9 


2 + 9 


3 + 9 


4 + 9 


5 + 9 


6 + 9 


7 + 9 


:8+9. 

* • • • * 


9 + 9 



CODE PATTERN 



Double plus or mm^ one 
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new entries might provide incentive for some children to discover new 
patterns. If necessary, challenge your pupils to find other patterns. Finding 
less obvious patterns may be especially interesting for gifted children. In the 
course of constructing their album of numbei-combination families, some 
children may notice that some combinations can belong to more than one 
family. 

Encourage children to compare the exercise sheets and their findings 
for the various operations. The exercise sheet for subtraction shown in 
Example 9-5 may even prompt some children to ask about the empty cells 
on the top right and bottom left. Questions about the first are a natural lead 
into negative numbers (e.g., the cell to the right of 8 — 8 represents 8 — 9). 
Exploring the combinations with negative differences can reinforce mastery 
of the basic subtraction combinations and minimize the use of small-from- 



Example 9-5 Families-of-Subtractlon-Combination Exercise 



SUBTRACTION PATTERNS 



0-0 



1-0 


1-1 


















2-0 


2-1 


2-2 
















3-0 


3-1 


3-2 


3-3 














4-0 


4-1 


4-2 


4-3 


4-4 












5-0 


5-1 


5-2 


5-3 


5-4 


5-5 










6-0 


6-1 


6-2 


6-3 


6-4 


6-5 


6-6 








7-0 


7-1 


7-2 


7-3 


7-4 


7-5 


7-6 


7-7 






8-0 


8-1 


8-2 


8-3 


8-4 


8-5 


8-6 


8-7 






J-0 


9-1 


9-2 


9-3 


9-4 


9-5 


9-8 


9-7 


9-8 


9-9 


10-0 


10-1 


10-2 


10-3 


10-4 


10-5 


10-6 


10-7 


10-8 


10-9 




11-1 


11-2 


11-3 


11-4 


11-5 


11-6 


11-7 


11-8 


11-9 






12-2 


12-3 


12-4 


12-5 


12-6 


12-7 


12-8 


12-9 








13-3 


13-4 


13-5 


13-6 


13-7 


13-8 


13-9 










14-4 


14-5 


14-6 


14-7 


14-8 


14-9 












15-5 


15-6 


15-7 


15-8 


15-9 














16-6 


16-7 


16-8 


16-9 



17-7 17-8 17-9 



18-8 18-9 
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large bug later when multidlgit subtraction is introduced. Questions about 
the empty cells in the lower left are a natural lead into new and recurring 
patterns among multidigit combinations. 

Basic Addition Combinations 

The AddUloii'Pktteni Activity helps children to visualize sums to 10 in 
terms of patterns based on five (Easley, 1983; Flexer, 1986; Hatano, 1 980). 
For example, as shown in Frame A of Figure 9-1, the combination 4 + 2 is 
transformed into the problem 5 + 1, which is easily identified as 6. This 
activity lends itst . to the task of mastering the sums of 1 in particular. The 



Figure 9-1 Addition-Pattern Activity 



A 4 + 2 

4 2 6 




B. 6 + 7 

6 (5 + 1) 7(5 + 2) 13 (10 + 3) 
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C. 9 + 7 

9 (5 + 4) 7 (5 + 2) 16 (10 + 6) 




» 



advanced version (illustrated in Frames B and C of Figure 9-1) helps 
children to visualize sums to 18 in terms of patterns based on five and ten 
(Thompson and Van de Walle, 1984; Wirtz, 1980). It is an especially useful 
means for helping children to discover the recomposition to 10 thinking 
strategy. Addition-Pattern Estimates (Example 9-6) combines practice 
in making estim? es of single-digit addition combinations and using visual 
patterns to facilitate the remembering of basic facts. 



Example 9-6 Addition-Pattern Estimates 



Objectives: Practice estimating and computing sums to 1 0 (basic 
version) or to 1 8 (advanced version). 

Grade Level: 1 (basic version) to 3 (advanced version). 

Participants: One to five children. 

Materials: Decl< of cards on which are printed the addition 
combinations with sums 1 to 1 0 (basic version) or to 1 8 (advanced 
version); 1 0 chips, pennies, or other small countable objects; and a 
2" X 1 0" card divided into ten one-inch squares (see Step 1 of 
Figure 9-2). Also needed are colored pattern-plates for the numbers 
1 to 1 0(basicv6r«lon)orto 1 8(advanced version).The pattern plate 
for 7 is illustrated in Step 2 of Figure 9-2. Lastly, materials to keep 
score are needed (chalkboard, paper, etc.). 

Er|c 27o 
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Procedure: On their turn, the players draw a card and immediately 
make a guess (estimate) of the sum. If the child to the player's left 
counts "one Mississippi, two Mississippi, three Mississippi" before 
an estimate is given, the player must give up his or her turn. If the 
player makes an estimate within the time limit, he or she continues 
his or her turn as detailed in Figure 9-2. 



Figure 9-2 Addition-Pattern Estimates 



Step 1 : Child draws card and (immediately) estimates the sum. 




Erin turns over the top card of the deck and responds, "Seven." 

Step 2: The pattern-plate for the estimate is placed on the player's 
card. 




Erin places the pattern-plate for 7 on her card. 

Step 3: The child then counts chips to represent the first addend 
and does likewise to represent the second addend. 
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Erin has counted out five chips and is completing the process for 
the 3. 

Step 4: The chips are transferred to the players card. 



Step 5: The estimate is compared to the computed sum for 
accuracy. 

Erin notes that there is ona chip beyond the template. Because the 
estimate is off by one, she records one point on the challcboard. 



Indeed, a wide variety of games can provide all the practice children 
need to master basic addition combinations and do so in an entertaining 
manner. A number of games already described can be used or adapted for 
this purpose. For example, the Tower of Same*A8, described in Example 
8-7, would be appropriate for first graders in practicing sums to 10 and for 
second graders in practicing sums to 18. With numeral dice and a spiral 
race track, the Racing-Car Game described in Example 6-2) and the 
Dinosaur Race (Wynroth, 1986) could be used in first-to-third-grade to 
practice sums to 10 (dice with numerals 0 to 5) or sums 8 to 18 (dice with 
numerals 4 to 9). For more specific practice, decks of cards can be drawn up 
that include the combinations of just one or a few combination families (e .g., 
an eight-nine deck can include n -I- 8, 8 -H n, n -I- 9, and 9 -I- n combinations). 




Alice £rin (?a/en Makta 
W i 
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Dicey Baseball and Dicey Football (Examples 9-7 and 9-8) also 
provide entertaining practice. Adds To (Example 9-9) is more abstract 
the The Tower of Same-As. 



Objective: Practice basic addition combinations with sums to 10 
(basic version) or 1 8 (advanced version). 

Grade Level: 1 (basic version) to 3 (advanced version). 

Participants: Two children or small teams of players. 

Materiais: Two dice with the numerals 0 to 5 (basic version), 1 to 
6 dots, or numerals 4 to 9 (advanced version); outcome chart (see 
below); and mariners (blocl<s) or other materials for l<eeping score 
(e.g., chall< for making tallies). 

Procedure: The number of runs a player (team) scores in the 
inning is determined by the roll of the dice. The player sums the 
numbers rolled and consults the outcome chart. The players then 
record the number of runs indicated by the outcome chart. The 
player's opponent does the same to complete the inning. After nine 
innings, the players count up their score (markers, tallies, etc.). 



Example 9-7 Dicey Baset)all 



Sum of Dice Roll 



Basic 
Version 



With Regular 
Dice 



Advanced 
Version 



Outcome: 
Points Scored 



0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 



2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 



8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 



6 
4 
2 
1 
0 
0 
0 
1 
2 
3 
5 
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Example 9-8 Dicey Football 



Objectives: Practice (a) basic addition combinations with sums 
to 1 0 (basic version) or 1 8 (advanced version) and (b) use of hand- 
held calculators. 

Grade Level: 1 (basic version) to 3 (advanced version). 

Participants: Two children or small teams of players. 

IMateriais: Two dice with the numerals 0 to 5 (basic version), 1 to 
6 dots, or numerals 4 to 9 (advanced version) outcome chart (see 
below); hand-held calculator; and materials for keeping score 
(paper and pencil, chalk and chalkboard, etc.) 

Procedu<'e: The number of points a player (team) scores in a 
quarter Is determined by the roll of the dice. The player sums the 
numbers rolled. The opponent checks the sum given on the hand- 
held calculator. If there is no disagreement, the player consults the 
outcome chart. If the player gives an incorrect sum, he or she 
scores 0 points that quarter. If the opponent incorrectly calculated 
the sum on the calculator, the player scores the number of points 
indicated on the outcome chart plus a bonus of three points. The 
opponent's turn completes the quarter. After the game is com- 
pleted, the calculator "^an be used to determine the final scores of 
the two players (teams). 



Sum of Dice Roll 



Basic 
Version 



With Regular 
Dice 



Advanced 



Version 



Outcome: 
Points Scored 



0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 



2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 



8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 



17 
14 
7 
6 
0 
0 
3 
7 
10 
14 
21 
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Example 9-9 Adds To 



Objectives: Practice basic addition combinations with sums to 
10 (basic version) or 18 (advanced version) and illustrate same- 
sum concept (with number sentences). 



Grade Level : 1 (basic version) to 3 (advanced version). 



Participants: Two to six p'- '=>rs. 



Materials: Deck of cards, each with a number 0 to 9, and a 
spinner, die or other device for selecting sums. 
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Procedure: Using a spinner or die, the dealer selects "the sum." 
Each player is dealt three cards face up. In turn, the players check 
their cards to see if two of their numbers ''sum to" the selected 
number. If so, the two cards are placed face down in a player's point 
pile. If not, the player may discard and draw a new card. After the 
round is completed, the dealer selects a new number (sum). Play 
continuesfora predetennined number of rounds oruntll a playeror 
players obtain a predetermined cards in their point pile. 



GueM-What-Adds4Jp-To is a relatively sophisticated game that is 
based on the Number-Guess Game, described in Chapter 5. Two to six 
children can play the game, but first-graders, especially, will probably need 
supervision and help. In the ba^c Gucss-What-Adds-Up-To version, one 
player ("the picker") picks a number card from a deck with cards 0 to 10. 
(With more advanced players, the numbers can range from 0 to 18.) The 
other player(s) ("the guessers") then try to figure out the number by posing 
addition combinations. After a guesser has posed a combination, the picker 
indicates whether it produces the chosen sum or not. And if not, he or she 
indicates whether the sum of the posed combination is more or less than the 
chosen number. 

Iftwo children are playing with number cards 0 to 10, then the guesser 
can be given four guesses. With two players and number cards 0 to 18, the 
guesser has six chances. The guesser scores a point for figuring out the 
chosen number. Otherwise, the picker gets the point. The roles are then 
reversed and the game continues for a prescribed number of turns. (A tie is 
possible.) A sample exchange is detailed below: 

Abjul: Shuffles deck and picks a card (8) without showing it to Bess. 

Bess: Is it 3 plus 2 equals 5? 

Abjul: No, it's more than 5. 

Bess: How about plus 3 is 7? 

Abjul: No, its more than 7? 

Bess: Is it 5 plus 4 is 9? 

Abjul: No, it's 8. (Shows the card.) I score a point. 

If more than two children play, ^he guessers take turns (e.g., going in a 
clockwise direction) registering their guesses until someone figures out the 
chosen number. That person is awarded a point and must make the first 
guess of the next round. Play continues for a prescribed number of rounds. 
(Ties are possible.) 

By simply modifying the rules. Guess What Adds Up To can be used to 
practice a particular combination family. For example, if the n + 2 or 2 + n 
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family needs to be practiced, the number cards (the number picked) should 
range from 2 to 1 1 , and the guesser must pose his or her guesses In terms of 
combinations Involving two (e.g., "Is the number 2 + 3 or 5"). 

Batlc Subtractloii Combinatloiis 

The games used to practice the basic addition combinations can easily be 
adapted to practice subtraction combinations. Addition -Pattern Estimates 
can easily be niodlfied to create the game Subtractloii^'btteni Ettimatea. 
Sums To can become Subtracts To by simply changing the rules and using 
a niimber selecting device that Includes numbers from 0 to 9. The deck of 
number cards for the basic version would range from 0 to 9; for the 
advanced version, from 0 to 18. Racing-Car, and the like, can be played 
with a deck of cards on which are printed the combinations that need to be 
practiced. Guess-What-Adds-Up-To can be converted to GueM-What- 
Subtracts-To to practice combinations with minuends from 1 to 10 (basic 
version) or 11 to 18 (advanced version). As with addition, a particular 
subtiraction family (e.g., minus fours) can be practiced by Including the 
appropriate number cards to define the range of the choice (0 to 6 or 0 to 
13) and requiring the guessers to state problems in terms of the family of 
interest (as a minus-four combination). 

Several other games for practicing subtiraction combinations are 
described below. What'a Related? (Example 9-10) calls attention to the 
relationship between addition and subtiraction. Two-Dice Difference 
(Example 9-11) is based on the Difference Game (see Example 9-1 in 
Baroody, 1987a). Though both games have the same objectives, the latter 
can be played by only two children or two small teams of pliyers. 



Example 9-10 What's Related? 



Objectives: Reinforce explicitly the addition-subtraction com- 
plement principle and provide practice of the basic subtraction 
combinations with single-digit minuends (basic version) or teen 
minuends (advanced version). 

Grade Level : 1 or 2 (basic version); 2 or 3 (advanced version). 
Participants: Two to six players. 

Materials: Deck of subtraction combinations with single-digit 
minuends (basic version) or teen minuends (advanced version) and 
a deck of related addition combinations. 
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Procedure: From the subtraction deck, the dealer deals out 
three cards face up to each player (see figure^. The dealer places 
the addition deck in the middle of the table and turns over the top 
card. The player to the dealer's left begins play. If the player has a 
card with a subtraction combination that is related to the com- 
bination on the addition card, he or she may take the cards and 
place them in adiscard pile. The dealerthen flips overthe next card 
in the addition deck and play continues. The first player(s) to match 
(discard) all three subtraction cards wins the game (short version) 
or a point (long version). (Unless the dealer is the first to go out, a 
round should be completed so that all players have an equal 
number of chances to make a match.) 




I 



I 
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Example 9-1 1 Two-Dice Difference 



Objectives: Practice basic subtraction combinations with single- 
digit minuends (basic version) or teen minuends (advanced version) 
and reinforce a "difference" meaning of subtraction. 

Grade Level: 1 or 2 (basic version); 2 or 3 (advanced version). 

Participants: Two to six piayers. 

Materials: Dice with numerals 0 to 5 and 4 to 9 (basic version) or 
dice with single-digit numerals (0 to 5 or 4 to 9) and teen numerals 
(1 0 to 1 5 or 1 3 to 1 8). Each player will need a mechanism to keep 
track of his score. Concretely, this can be done with Dienes blocks 
as illustrated in Figure 10-3. Symbolically, players could keep a 
running score using paper and pencil or on a hand-held calculator. 

Procedure: On their turn, players roll the dice. The difference 
between the two numbers is their score that round. The game ends 
when one or more players achieve a predetermined score on a 
round or after a predetermined number of rounds have been 
completed. 

Basic Multiplication Combinationa 

To practice the basic times combinations, Adds To can easily be converted 
to Factors Of. Radng Car can be played with a deck of cards on which are 
printed combinations with factors 0 to 5, 0 to 9, or specific multiplication 
families. In the multiplication version, the winner is the first player to 
complete a predesignated number of laps around the board. Some 
mechanism should be provided to keep track of each player's laps. 

SUMMARY 
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The basic number combinations are replete with relationships. Discovering 
patterns and reasoning out answers are key means by which children 
naturally and sensibly master the "bade facts." Instruction also should foster 
meaningful memorization, not memorization by rote. This can be ac- 
complished by permitting a prolonged period of informal calculation during 
which children are encouraged to discover relationships and use thinking 
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strategies. Because I'^aming the basic number combinations is a building 
process, it is particularly important for instruction to help children "see" the 
connection between new combinations and existing knowledge (e.g., 
between adding one and number-after knowledge, between subtraction 
combinations and related addition combinations, between times two 
combinations and addition doubles). Practice should follow meaningful 
instruction and, by using games, can be done in an entertaining fashion. In 
brief, instruction on the basic number combinations is an idea! occasion for 
encoura^ng discovery and invention and fostering thinking, excitement, 
and confidence. 



Chapter 




Basc'Ten 

Place^Value 

Skills and Concepts 



As the range of children's oral counting expands to 100 and beyond, the 
stage is set for learning multidigit numeration skills. This includes reading 
multidigit numerals (e.g., a child sees 13 and says 'thirteen") and writing 
multidigit numerals (e.g., a child hears "thirteen" and writes 13). 

Our written numbers rre a base-ten pie je-value system. It is a place- 
value systea dcaxxse tne position of a digit determines its value (e.g., the 
digit 4 in 4,038, 1,421, 2,947, and 3,654 represents different values by 
virtue of its position). Ours is a base-ten numeration system because, 
moving from right to left, each place increases in value by a factor of 10. For 
example, in 3,654, 4 represents 4 X 1 or 4 X 10^ (four units that cannot he 
grouped into a ten); 5 represents 5 X 10 or 5 X 10^ (five groups of ten); 6 
represents 6 X 100 or 6 X 10^ (six groups of ten tens); and 3 represents 3 X 
1000 or 6 X 10^ (three groups of ten hundreds). Base-ten place-value 
concepts are important because they provide the underlying rationale for 
multidigit numeration skills and written arithmetic procedures. (The latter 
are discussed in Chapter 12.) 

Place-value skills and concepts include recognizing the ones, tens, 
hundreds, and thousands place {place recognition) and judging the value of 
a digit within a multidigit term {place-value notation). For instance, place 
recognition entails understanding that the 4 in 4,038 is in the thousands 
place; place-value notation involves knowing that the 4 stands for four 
thousands or four thousand. 

Base-ten concepts and skills include base-ten equivalents: 10 ones 
(units) form a group of ten, 10 groups of ten fomi a group of one hundred, 
and so forth. Identifying the smallest and largest (one-, two-, three - or four* 
digit) term involves recognizing a key regularity that stems from the fact that 
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our numeration system groups by ones, tens, hundreds, thousands, and so 
forth. Flexible enumeration is the facility to switch among counting by ones, 
tens, hundreds, etc., to count a set consisting of different denominations. 

LEARNING 



Multldigit Numeration Skills 

Readin9 Multidislt Numerals 

Once they can read the single*digit numerals 0 to 9, children can proceed to 
learn how to interpret combinations of these digits. Young children, 
especially those not familiar with the number sequence beyond 10 or so, 
may not realize that multi digit nun^erals such as 63 represent a number. As a 
result, they simply read the digits of such terms separately (e.g., 63: "Six; 
three" or "Six and three"). As they learn and use larger count terms, younj 
children auickly grasp the notion that multidigit numerals correspond to 
these numbers and must be read as a whole. 

The next step in learning to read multidigit numerals involves dis- 
covering the rules for accurately translating our written system into the 
verbal number sequence. That is, children must learn how our base -ten 
place -numeration system uses position to encode information concerning 
magnitude. For example, to decode 63 correctly, a child must realize that 
the order of the digits must be considered (e.g., 36 and 63 represent 
different numbers) and that such terms are read from left to right (e.g., 63 
translates into sixty + three or sixty-three, not thirty + six or thirty-six). The 
teens, though, are treated somewhat differently (e.g., 1 6 translates Into six + 
teen or sixteen, not teen + six, ten + six, or sixty-one). In effect, the child 
must learn the rules (and exceptions) for howour \^tten positional notation 
system matches up with the rules for generating the count sequence. 

Reading teen numerals involves connecting the highly regular written 
forms (one + the one-digit numerals: 11, 12, 13, 14, 15, 16, 17, 18, 19) to 
the appropriate but not entirely regular verbal counterparts in the count 
sequence("e/eyen,tu;e/ue, thirteen, fourteen, /i/teen, sixteen . . .").Thus, 
for example, 1 7 translates in a straightforward manner into "seventeen," but 
15 translates into fifteen rather than "five-teen." 

Reading the remaining two-digit numerals likewise involves connecting 
the written forms with the corresponding verbal sequence terms (e.g., 50 
with "fifty" and 62 with "sixty-two"). Reading three-digit numerals requires 
learning a special hundreds rule: The left-hand term is read as a single-digit 
term with the term "hundred" tacked on (e.g., 132 translates into "one + 
hundred thirty-two" or 346 translates into "three + hundred forty-six"). It 
also involves learning special rules for handling zeros (e.g., 708 ^ "seven 
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hundred [no decade term] eight"). Reading /our-digit numerals requires 
realizing that four digits specifies using a thousand rule (e.g., 1 ,432 = "one 
+ thousand four hundred thirty-two" or 2,432 = ''two + thousand four 
hundred thirty-two"). The rules for using zero as a placeholder are even 
more complicated at this level. 

Writing Muhidlgit Numerals 

Once they can write slngle-dlglt numerals, children then must learn how to 
combine these digits to represent larger numbers. In particular, they have to 
learn that the arrangement In which digits are written is of the - cmost 
Importance. Because order is important, multidigit numerals cannot be 
written as they are heard (e.g., "seventeen" cannot be written 71— a 
common error among children just beginning school). Moreover, because 
place designates value, other numbers such as "forty-eight" cannot be 
written as they are heard: 408— a common error early In the first grade. By 
the end of first grade, most children have mastered writing teen and two* 
digit numerak. 

In time, children master the rules for writing three-digit numerals and, 
then four-digit numerals. One rule they must appreciate Is that hundred 
terms contain only three digits (e.g., five hundred three is written 503 not 
5,003). Moreover, they must learn. In ^^ffect, to use zero as a placeholder. 

Place-Value Skills and Concepts 

Usually, children begin acquiring multidigit numeration skills by rote (e.g., 
Ginsburg, 1982; Resnlck, 1983). Children are introduced and many learn 
to read and write two-, three-, and even four-digit numerals without really 
understanding their underiying base-ten place-value rationale. This helps to 
explain why primary-level children make as many numeral-reading and 
nuineral-writing errors as they do. It explains why— even among children 
who master the rules for reading and writing multidi^t numerals— many 
young pupils have such difficulty explaining what component digits mean 
(e.g., "The 2 in 3,248 is two one hundreds or two hundred"). 

Despite its central importance for understanding multidi^t numeration 
and computational skills, research suggests that children generally have a 
weak grasp of place-value ideas throughout the primary years (Ross, 1 986). 
What place-value knowledge is learned in the eariy grades is often limited 
and rote. An incomplete or inadequate understanding of place value is a key 
reason children have learning difficulties at higher grade levels. 

Children's counting-based view of numbers is a major obstacle to their 
understanding and use of multidigit numeration and other base -ten place- 
value skills. Because of their informal concept of number, children interpret 
the numeral 13, for example, as "13 things'* or "13 units,** not as a 
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composite of one ten and three ones. Indeed, they are so acci;stomed to 
thinking of multidigit numerals such as 13 as a single group, many children 
have great difficulty assimilating the qualitatively different base-ten place- 
value conception of numbering taught in school. 

Place Recognition 

Even atter children learn to read two-digit numerals, they may not be able to 
point out the ones and tens place. Because of their informal conception of 
number, they treat two-digit numerals as a whole and do not realize that 
multidigit numerals actually have components. For example, the digits in 27 
are treated as a unit not as an amalgam of ones and tens. 

With instruction, children begin to recognize that the digits in two- 
digit numerals can be considered separately and each occupy their own 
special place. Some children, though, may confuse the names of the ones 
and tens place and mcorrectly identify, say, the right-hand digit as the tens 
(Ross, 1986). This may help to account for the common reversal error (e.g., 
reading 72 as "twenty-seven"). Children, though, readily learn to reco^.nize 
the ones, tens, and hundreds place and later the thousands place. 

This is a necessaiy first step in mastering place value. However, 
children can learn to identify place names by rote. Therefore, this sWll does 
not necessarily imply an understanding of place value (e.g., Resnick, 1982). 
For example, even after they can recognize the ones and tens place, children 
may not be able to answer correctly a question like: How many tens are in 
27? 

Place-Value Notation 

With instruction, children do learn to "note place value" for two-digit 
numerals (e.g., the 2 in 27 means two tens) and to extend this skill to larger 
numbers (e.g., 243 represents 2 hundreds, 4 tens, and 3 ones). Notingplace 
value is another important step. However, because it can be done by rote, 
this skill does not guarantee a deep understanding of place-value. A child 
who has mechanically mastered tfiis skill can successfully answer place- 
value questions usually found in textbooks and standardized tests, such as: 

27 = tens and ones or 2 tens + 7 ones = However, 

they do not really recognize that, say, the 2 in 27 is a multiple of 10 and 
represents groups of ten rather than ones or units. As a result, such children 
do not realize that the component parts of 27 must sum to make the whole: 
20 + 7 = 27, and they make a variety of enrors (Ross, 1986). For example, 
some children interpret tfie 2 in 27 as two objects and the 7 as seven objects 
and indicate that the sum of the parts is nine. 

A deep understanding of place value requires that a child comprehend 
that digits in the tens place represent multiples of 1 0— are a different kind of 
unit than those in the ones place. A child at this level realizes that the sum of 
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the parts of a multldlglt must equal the whole represented by the numeral 
(Ross, 1986). A child who understands that the "digit values equal the 
whole " know, for example, that 27, can be decomposed into two different 
kinds of units (tens and ones) and that they (20 + 7) must sum to 27. A deep 
understanding of place value also entails realizing that "zero is a place- 
holder." In brief, real mastery of place^value notation of ones and tens and 
tiien hundreds implies understanding that digit values equal the whole and 
that zero serves as place holder— as well as the skill of noting place value. 

Place-value notation that involves renaming (e.g., 12 ones and 3 tens 
is 42 or vice versa) is a particularly difficult application of place value. It 
appears to require a deep understanding of place-value and develops 
relatively late (e.g., Resnick, 1982). 

Base-Ten Skills and Concepts 

To understand multldigit numerals and arithmetic algorithms, it Is important 
to grasp the idea that our number system regroups by ten: 10 ones can be 
regrouped to form a larger unit called ten, 10 tens can be regrouped to form 
an even larger unit called hundred, 10 hundreds can be regrouped to form 
an even larger unit called thousand, and so forth. Thinking in terms of ones, 
tens, hundreds, and so on, also gives children flexibility in coping witha wide 
range of tasks such as comparing and ordering numbers, mental figuring, 
estimating, and checking (e.g., Payne and Rathmell, 1975). 

Base-Ten Equivalents 

A basic base*ten notlonis an appreciation of the base-ten equivalents: 10 
ones constitute 1 ten (ones in 10), 10 tens constitute 1 hundred (tens in 
100), and 10 hundreds constitute 1 thousand (hundreds in 1000). 

Smallest and Laigest Terms 

A key characteristic of our base-ten place*value system is its repetitive 
nature. For the non-negative numbers, the smallest and largest one- and 
two-digit terms are 0, 9, 10 and 99. This pattern is echoed with three-digit 
terms (100 and 999) and four-digit terms (1 ,000 and 9,999). Recognizing 
these benchmarks suggests a relatively sophisticated understanding of the 
base-ten place-value system. 

Flexll>le Enumeration 

Rexible enumeration is relatively difficult because it requires a child to 
quantify (count) a set in terms of tens, hundreds, and so on, as well as ones. 
Though third graders can, for example, count 5 $100 bills by one hundreds 
or count 3 $10 bills by tens, many have difficulty combining such counts if 
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the 5 $100 bills and 3 $13 bills are put together (Resnick, 1983). Some 
children count: "100, 200, 300, 400, 500, 501, 502, 503"; some: "100, 
200, 300, 400, 500, 600, 700, 800." 

A suggested instructional sequence for base-ten place-value skills and 
concepts is summarized in Table 10-1. 



INSTRUCTION 



Primary-level children can be helped to extend their informal conception of 
number if base-ten place-value training is done concret(>ly with size 
embodiments such as Dienes blocks^ or interlocking blocks (e.g., Fuson, 
1988; Resnick and Omanson, 1987). This instruction shou'd begin by 
helping children understand the ideas of grouping by 10 and of using 
position to distinguish among different denominations. The grouping-by- 
10 idea can be introduced by the Wood-Trading Activity, described in 
Rgure 10-1. The position-defines-value concept can be Introduced with 
the Basic Veraion of tlie Larger-Number Game, the Basic Version of 
tlie Larg^'Number Draw Game, and Target Game 100, described 
later in this chapter. In Figure 10-2, note that multidigit numeration skills, 
such as reading and writing two- or three-digit numerals, are introduced in a 
meaningful manner— hand in hand with base-ten place-value instruction. 

After experiences representing multidigit numbers with concrete size 
embodiments, Egyptian hieroglyphics are an ideal pictorial device Tor 
practicing multidigit numeration and base-ten skills. This semiconcrete 
system is a straightforward base-ten system. Moreover, working with 
Egyptian hieroglyphics readily lends itself to children's informal methods, 
particularly counting by ones and tens. Though the Egyptian hieroglyphics 
are not a place-value system, translating these symbols into Arabic numerals 
and vice versa can help children understand the idea of positional notation 
underiying our written number system. For all these reasons, exercises with 
Egyptian hieroglyphics are an ideal vehicle for bridging children's informal 
knowledge and formal (base-ten place-value) representations of number.^ 



^Dicncs (1960) blocks include units (1 X 1 X 1-cm blocks), longs (1 X 10 X 1-cm bare 
obviously consisting of 1 0 units), flats (10X10X1 -cm squares consisting of 1 00 units), and 
cubes {10 XJ"^ X 10-cm blocks representing 1000 units). 

^In addition to ^eing a pictorial system, the Egyptian hieroglyphics are a more abstract 
representational system than size embodiments in another way. Unlike Dienes blocks, in 

which a long Is clearly made up 10 units, the Egyptian hieroglyphic for ten ( f\ ) dofds not 

depict units. Presented with the symbol for ten, a child must mentally equate 10 units and 1 
ten. Likewise, a deep underetanding of our positional notation entails recognizing that the 1 
in 10 represents a ten: a group of 10 units. (The 0 can be interpreted to mean that there are 
no units left after the grouping process.) 
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Table 10-1 A Suggested Sequence of Base-Ten Place-Value Skills and Concepts by Grade Level* 



Multidigit Place-Value Skills 
Numeration Skills and Concepts Base-Ten Skills and Concepts 





Reading 


Writing 








Smallest/ 




Level 


Multidigit 


Multidigit 


Place 


PIqcQ'VqIuq 


Co CO* Ton 






Numerals 


Numerals 


Recognition 


Notation 


Equivalents 


Term 


Enumeration 


1 


Teen 


Teen 


Ones, tens, 
and 

hundreds 


— 


Ones in 10 


— 


— 




Two-digit 


Two-digit 




Ones and 
tens 


Tens in 100 


— 


— 














One- and 






Three-digit 










two-digit 




2 


Three-digit 


Thousands 


Hundreds 


Hundreds in 
1000 






3 












Three-digit 


Ones and 
tens 




Four-digit 


Four-digit 








Four-digit 


Ones, tens, 
and 

hundreds 










With 

renaming 









*Thte suooested sequence is debatabia It approximates how these skills and concepts are currently taught. Some evidence (e.g, Resnick, 1 982, 1 983) suggests that 
even with manipulative-based instruction. »♦ *::kes time for children to develop a deep knowledge of base-ten place-value— knowledge that can be related to various 
embodiments, tasks* and problems. I n contrast to the protonged developmental scheme depicted above, Fuson (e.g ^ 1 986) argues that wit h an 1 ntegrated approach that 
usee size embodiments, even average-ablHtyflrstgradera can learn base-ten place-valuesklllsand concepts with up tofour-digittermaAdv^ 
Include making clearer the 1 0-for-1 trading-in pattern and the role of zero as a place holder. Fuson, then, recommends greatly compressing the time for instruction on 
baae-ten place-value skills and concepts. Indeed, she adduces some evidence that with effective instruction, children acquire an unusually deep understanding of such 
fc$eas (efl., many can explain related renaming procedures). Thus compressing such training may be educationally sound for some children, perhaps most. Given the 
uncertain evWence, It may be adWsalrfe to take a middle course between the proto nged and compressed approach^^^ 

jneamest In the first grade with two^igit tenns (with size embodiments). Teachers can then judge how quickly to proceed with three- and four-digit instruction. With 
integrated and meaningful Instruction, there may be little reason why many child ren can not begin work on most of the competencies including reading and writing f ou^ 
dKJlt.iumeii ^»bytheendofflrst■grade.ltisrecommendedthatdifferentembodiments(e.g.,Diene8block8,hleroglyphic8)an 
yMTB and that teachers help children to see the connections among them all. 
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FIgura 10-1 Wood-Trading Activity 



A. Player's existing score (nine longs and seven units or "ninety 
seven"). 



□ □ 



B. Player rolls a five and collects five more units. 




C. Trades In 1 0 units for a long (a ten). 




D □ 




2S3 



D. Trades In 10 iongs (tens) for a flat (a hundred). 




Figure 10-2 Size Embodiments to Teach Place Value Using the Target Game 
as an Example 





2 



3 5 



The concrete models of the target and Dienes blocks helps 
make clear that 235 ("two hundred thirty-five") Is a composite of 
two hundreds, three tens, and five ones. 
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Exercise A of Example 10-1 introduces students to the Egyptian 
hieroglyphic representations of 1 ( ^ ) and 10 (f\). In Question la, three is 
represented in a straightforward manner with three one-tallies: 

For lb, some children will record 10as:j[^^AlillAAAA - Help them to 
reflect on such an answer by asking, 'Is there an easier way to show 10 in 
Egyptian hieroglyphics?" A teacher can summarize the discussion by 
saying, "Instead of writing out 10 one-symbols, which is a lot of work, the 
early Egyptians used a special symbol to represent a group of ten." 
Questions Ic-lf are an effort to draw attention to the fact that teens are a 
composite of ten and ones. Question 2 of Exercise A does the same by 
asking a student to translate Egyptian hieroglyphics into Arabic numerals. 

After such introductory exercises with the teens, students are ready for 
more advanced exercises with larger two-digit terms. Question 1 of Exercise 
B asks students to translate two-digit numerals into hieroglyphics. For 
example, 12 translates into f \ ^jj ; 21, into H ^ • ^^^^ translations 
concretely highlight a very important point about our numeration system: 
position (place) defines value. A comparison of the four representations 
makes it clear that the 2 in 12 repres2nts 2 ones and the 2 in 21 stands for 
something different: 2 tens. Moreover, such exercises provide a concrete 
model for the idea of zero as a place holder. For example, in translating 20 
into f^f^.dL student can see that the 2 implies two tens and the 0, no ones. 
Exercise C extends the students' grasp of hieroglyphics by introducing the 
sym )ol for 100 and three-digit terms. Question 3 is an effort to make more 
explicit the idea of place-value notation. Note that Exercise D requires 
among other things, flexible enumeration. 



Example 10-1 Egyptian Hierogiyphics 

Exercise A 

The ancient Egyptians used a number system that is like our 
own (Arabic system) In some ways and In other ways Is very 
different. The Egyptians used pictures (hieroglyphics) to represent 
numbers. 

Egyptian Arabic 

i 1 

u 

n 10 
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1. Pretend that a pharaoh (ancient Egyptian king) has ap- 
pointed you as his tax collector and l^eoper of records 

& If a poor merchant paid 3 coins in taxes, how should this 
be recorded in Egyptian hieroglyphics? 



b. If the king raised his taxes and demanded that the poor 
merchant pay 10 coins In taxes, how should this be 
recorded? 



c. If another merchant had to pay 4 coins in taxes, how 
would this be noted? 



d. If this merchant's taxes were raised and he had to pay 
14 coins, how would this be recorded? 



e. A third merchant had to pay 8 coins in taxes, how would 
this be notod? 



f. If his taxes were raised and he had to pay 1 8 coins, how 
would this be recorded: 



2. Translate the following tax record written in Egyptian 
hieroglyphics into our (Arabic) numerals. 

a. Ace Reed Products, Inc. 

b. Block Haulers, Inc. D I I I /I U I 

c. Cultured Cats, Inc. 

d. Durable Slaves, Inc. C] 
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Ex«rclM B 



1 . As the Pharaoh's tax collector and keeper of records, you 
have to check the records to make sure all merchants have 
paid the right amount. 

a Nile River Damage Control, Inc. is supposed to pay 12 
coins in taxes this tax period. What would 1 2 look like in 
Egyptian hieroglyphics? 



b. Izzie's Idols & Graven Images, Inc. is supposed to pay 21 
coins. Show this in hioroglyphics. 



c. Swampy Surveyors & Land Markers, I nc. should have 48 
coins in taxes recorded. What should the tax record 



d. Pyramid Rock Quanv owed 84 coins. What should be 
noted? 



e. Kingly'sGold &SilverTrinkets, Inc. should have 20coins 
in taxes, and their record should reflect what? 



f. Futures Foretold, Inc. should have on the records 40 
coins. Show this. 



2. You check the tax records. For each of the following, 
translate the Egyptian hieroglyphics into our own Arabic 
numerals. 

a. Nile River /•\ ^ -m i 



show? 



Damage Control 

b. Izzie's Idols & 
Graven Images 
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c. Swampy Surveyors 
& Land Markers 






e. Kingl/s Gold & 
Silver Trinkets 




f. Futures Foretold 



Ex«relM C 

In addition to the pictures (hieroglyphics) for 1 ( K) and 1 0 {f\) 
that you already learned about, the ancient Egyptians also had a 



1 . The Pharaoh's (king's) army won a battle and brought back 
many things won in the battle. The king wants you to make 
a record of his winnings. Make up a symbol for each thing 
on the list and record the number of those things in 
hieroglyphics. 

a. 100 battle axes ^ 

b. 148 helmets 

c. 176 horses 

d. 250wagons^ 

e. 304 swords 

f. 400 prisoners 

2. The following record was made of the battle. Translate the 
Egyptian hieroglyphics into our (Arabic) numerals. 



symbol for 100:^1). 



spears lost 



helmets lost 
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horses lost 

wagons lost 

e. Q Q swords lost 

3. a. How many hundred symbols are In 

Ten symbols? One symbols? . How 

would this number be written in our (arable) •system? 
■ Do the same for each of the following: 

'^PJiAlA = hundred(s), ten(s), & one(s) = 

°- P P n n n = hundred(s), ten(s), & one(s) = 

d. P P P i < = hundred(s), ten(s), & one(s) = 

e. P P P P P = hundred(s), ten(s), & one(s) = 



Exerciite D 

Below is a record of the size of forms along a portion of the Nile 
River. Translate the recorded area into arable numerals. 

A. ppeennw 

B. ppennnnnM 

D. eennrnnn 



Base-ten place-value concepts and skills can be further reinforced by 
playing games that involve using objects to keep track of <^ores that exceed 
10 (see Figure 10-3). In High Card 100, Shuffleboard 100, and Draw 
100 (Examples 10-2 through 10-4), the first child or team lo accumulate 
100 points win. Note that the scoring procedure illustrated in Rgure 10-3 
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achieves a number of important objectives: (1) recognition of ones, tens, 
and hundreds place; (2) place-value notation, with ones, tens, and hundred, 
including zero as a placeholder; (3) digit values equal the whole; (4) reading 
and writing teen and two-digit numerals; and (5) base-ten equivalents (ones 
in 10 and tens in 100). In addition to providing a concrete model for these 
base-ten place-value concepts and multidigit numeration skills, such a 
scoring procedure provides a concrete embodiment for the multidigit 
addition (renaming) procedure. Other activities that provide interesting, 
concrete, and integrated training include Space Wan (described in 
Chapter 12) and the Wynroth (1986) Program's Forward BowUng and 
Backward Bowling^ (described in Chapter 12 of Baroody, 1987a). 



Example 10-2 High Card 100 



Grade Level: 1. 

Participants: Two to six players. 

Materials: Deck of cards with a numeral 0 to 10 on each (a 
standard deck can be used). 

Procedure: Each player draws a card from the deck and places It 
face up In front of him or her. The player(s) with the highest card 
wins the round. The face value of the winning card would be the 
winner's score for that round. It Is possible for the game to end in a 
tie. 



*rhe trading-!n process used In these Wynroth game is more abstract than the scoring 
procedure with Dienes blocks described here. With the latter, 1 0 units is traded in for a long 
that clearly shows it is made upof lOunits, and so forth.In the Wynroth games, 10 unitblocks 
are traded in for a single block that is put on the tens post; 10 tens are traded in for a singfe 
block that is put on the hundreds post. Thus 182 is represented as one block on the hundreds 
post, eight blocks on the tens post, and two blocks on the ones post. This is a more abstract 
model for multidigit numbers than that provided by size embodiments. 

A variety of materials can be used to illustrate this more abstract regrouping process. 
For example, with High Card, Shufflcboard, or Draw 100, players could win play money 
instead of points and trade 10 $1 bills fora$10bill.Thefir8tplayer(s)to trade in 10 $10bills 
fora $100 wodd be the winner. This ''scoring procedure** exploitsmany children's familiarly 
with money (e.g., Lampert, 1 ^86; Lawler, 1981 ). Pictorially, tallies could be used to illustrate 
the relatively abstract process of trading in 10 ones for 1 ten. A player's chalkboard (or 
scoresheet) would have three columns labeled hundreds, tens, and ones. After collecting 10 
tallies in the ones column a player could erase (cross out) these marks and enter a tally in the 
tens column. 
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A Scoring System for Teaching Base-Ten Place-Value Skills and Concepts 



Materials: ^''1lature chaUboard, chalk, and DIenes blocks for 
each player or team. Each chalkboard needs ones, tens, and 
hundreds labels printed In chalk or written on masking tape, mailing 
labels, and so on. An oaktag scoreboard could be used instead of a 
chalkboard. This would require a supply of "number squares": two 
of each numeral 0 to 9 printed on a separate card for each player or 
team. 

A. Player's existing score. 



hundreds 1 


+ens 








r 1 1 1 M 1 1 1 1 1 C V 







B. Player scores 7 points; counts out 7 unit blocks, and adds them 
to the ones column. 
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C. Bdcause of "overcrowding," the player trades in 1 0 ones for a 
long that is put in the tens column. 




D. The nuTieral designation is now corrected to reflect the new 
(concrete model) of the score. 





hundreds 




ones 














□ 














□ 
















□ 








< 


3 






3 
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Shuffleboard 100 



Grade Level: 1. 

Partic ipants: Two players or two small teams of players. 

Material*: Shuffleboard equipment or table-top substitute (e.g., 
checkers and an unsharpened pencil). Using masking tape, a board 
can be laid out on the floor or a table-top (see figure). 

Procedure: To keep the scoring procedure simple, each pfayer 
gets just one shot per round. At the end of the round, each player 
with a checker on or touching a box "records" their score. For the 
sake of fairness, the order in which players shoot should be 
alternated. 



Unsharpened pencil 



Checker 



.Masking tape 



10 



9 



8 
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Exampla 10-4 Draw 100 



Grade Level: 1. 

Participants: Two to five players or two small teams. 

Materials: Cards that siate how many ones and tens can be 
added to a player's score (e.g., ADD 1 ten and 3 ones, ADD 0 tens 
and 9 ones, and ADD 3 tens and 0 ones). 

Procedure: On their turn, players draw a card and add the values 
stated on the Draw Card to the score on their scoreboard. Play 
continues until the round when one or more players obtain a score 
of 1 00. By allowing everyone to complete the last round, the game 
Is fair to all players and allows for lies. 



With minor adjustments, the scoring procedures and games described 
above can be used to work on three- and four-digit skills and concepts, 
including: (1) recognition of the thousands place; (2) place-value notation 
with hundreds and thousands, including zero as a placeholder; (3) digit 
values equal the whole; (4) reading and writing three- and four-digit 
numerals; wd (5) base-ten equivalents (hundreds in 1000). A teacher will 
need to include higher values in the card decks for High Card and Draw, and 
the boxes for Shuf.ieboard. For example, for Draw 500 or Draw 1000, 
add cards like ADD 1 hundred, 3 tens, and 6 ones or ADD 0 hundreds, 9 
tens. Simply add a thousands column to the scoreboard and provide a size 
embodiment for 1,000 (Dienes block cube). The winning score can be reset 
to 500 or 1 ,000 for three-digit work and 5,000 or 9,999 for four-digit work. 

Multidigit Numeration Skills: 
Reading Multidigit Numerals 

Instructional jsoints specific to reading multidigit numerals and ceveral 
games for practicing these skills are discussed below. The following may be 
unnecessary if instruction in reading multidigit numerals is done in a 
meaningful manner. The following techniques— used in conjunction with 
size embodiments—may be useful in remedial instruction. 

Reading Teen Numerals 

Ensure that prerequisite skills (oral counting to 19, recognition of numerals 
1 to 9, and reading one-digit numerals) have been mastered first. If 
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necessary, point out that teen numerals stand for o number and that, for 
example, 15 stands for and is read as the count term ''fifteen." If need be, 
point out that the second term provides the clue for deciding which teen 
term the numeral represents (e.g., 14: the second term is four, so this teen 
term is "fourteen"). Practice for reading the teen numerals speciflcedly can 
be done with the Zip Race, described in Example 10-5. 

If a child has difficulty learning to read teen numerals, work on the 
somewhat easier sldll of numeral recognition . That is, use games or activities 
in which a teen number is stated and the child has to pick out the correct 
numeral from a number of choices (e.g.. Which of these is fourteen; 12, 17, 
71, 14, 70,41?). 



Examplt 10-5 Zip Race: 11-19 



Objective: Reading the teen numerals. 
Grade Level: Kor 1. 
Participante: Two to six players. 

Materials: . ::p-Race Board (see figure), race cars (or markers) for 
each player, and numera' cards 11 to 19. 



18 


17 


16 


15 


19 




14 


START 


11 


12 


13 



Procedure: Give the children their choice of marlcer color and 
explain, "In the Zip Race we put our race cars on 'Start.' Then we 
picl<acard with a number on it. The number tells us how far we can 
move our race car. The player who goes the furthest wins." Shuffle 
the deci< of numeral cards. On their turn, have the players draw and 
read a card. If necessary, say, "Read this number for me." If the child 
simply reads the individual digits (e.g., "one, three" for 13 or "one, 
five" for 15), say, "IHow else can we say this number?" 

The Zip-Race board can consist of a Start and nine squares 
labeled eleven, twelve, thirteen, and so forth. (This would provide 
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practice reading the number neimes for toens.) Alternatively, each 
square could contain a aet of dots one greater than that In the 
preceding square. (This would provide practice for enumeration of 
sets 1 1 to 1 9 an J matching the set to Its cardinal designation.) The 
simplest solution is to label the squares with numerals (1 1 , 1 2, 1 3, 
and so forth). If labeled with numerals, make sure players read the 
card (and do not simply match the numeral on the card with the 
numeral on the board). To make the game somewhat mors difficult 
for advanced players, the numerals on the Zip-Race board can be In 
a random order. Play can continue until every player has had g 
specified number of turns. Note that because the cards are In 
random order, a player may have to move backwards on a turn (e.g., 
a child might be on the eighteenth square and then draw 12). 



Reading TwoOlgtt Numerals 

Ensure that the prerequisite skills (oral counting to 100 and reading 
one-digit numerals) have been mastered first. If necessary, point out 
tfiat two-digit numerals stand for a number and that a zero can act as a 
place holder. For example, with 40, the first term 4 stands/or four tens 
or "forty" and zero stands for no ones (forty and no more). With 41, 
the first term stands for four tens or "f ortv," and one stands for one one 
(forty and one more). 

The Zip-Race described above can be adapted to practice 
reading two-digit numerals specifically. Make up a deck of cards with 
the numerals 20 to 99. Use a board in which the squares spiral inward 
and are labeled with numerals. 

Reading Three-Dkgik Numerals 

Ensure that the prerequisite skills (rules for counting larger numbers 
and reading one- and two-digit numerals) are mastered first. If 
necessary, point out th« \ the first term on the left of a three-digit 
numeral is read a** a one-digit term + hundred (e.g., 137 as "one + 
hundred" and 637 as "six + hundred"). As needed, point out the role 
of zero as a placeholder (e.g., 607: the first tenii to the left is still read 
as six hundred not sixty as it Ioo:;s). Moreover, it is important to help 
children discover that zero in the context of multidigit numerals 
cannot be disregarded but that it means none of a particular unit— 
skip the place designation for that positiun. In the case of 408, zero 
means no tens— skip from the hundreds designation ("four hundred") 
to the ones designation ("eight"). 
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Reading Four-Dl^ Numerals 

Ensure "hat the prerequisite skills (rule» for counting larger numbers and 
reading one*, two*, and three-digit numerals) are mastered first. If necessaiy, 
poiiit out tfiat the first term on the left of a four-digit numeral is read as a one- 
digit temi + thousand (e.g., 4,705 is read "four + thousand . . ."). As 
needed, point out the role of zero as a placeholder (e.g., 1 ,034: the first term 
on left Is still read as one + thousand and not "one hundred" or "ten"). 
Moreover, it is imix)rtant to help children discover that zero in the context of 
four-digit numerals means skip that place designation. With 1,034, for 
instane zero means there are no hundreds; therefore skip the hundreds 
word: "one + thousand (no hundreds) thirty-four." 

Nuhldislt Numeration Skills: 
Writing Multidigit Numerals 

Even with teen terms, writing instruction should focus on helping children 
appreciate positional notation. It is critical that positional notation be taught 
in terms of the children's informal knowledge using concrete models. 

WMtfng Teen and Two-Diglt Numerals 

Rrst remedy any deficiencies in prerequisite skills (writing single-digit 
numerals, counting by ones to 99, and recognition of two-digit numerals). 
Help the children discover how our highly regular written symbol system 
"maps" onto their familiar but not entirely regular verbal number sequence. 
One rule for translating sequence terms from ten to ninety-nine into written 
numbers is that only two numerals are used (e.g., forty-two is written 42 not 
402 because the 4 stands for four tens or forty). Encourage chOdren to 
discover the regularities of :he written system— the repetition of patterns: 
firstdecadeandthesingle-digitsequence (10,11, 12 . . .), second decade 
+ the single-digit sequence (20, 21, 22 . . .), and so forth. Note that not 
only do the terms within a decade go up in sequence but that subsequent 
decades also follow the single-digit sequence (10, 20, 30, 40, 50, 60, 70, 
80, 90). 

Wrtttng Three-Dlsit Numerals 

First remedy any deficiencies in prerequisite skills (writing one -digit, teen, 
and two-digit numerals and rules for counting numbers in the hundreds). It 
may help to work next on recognition of three-digit numerals. Writing 
instruction should focus on helping children appreciate the positional 
notation system used to write terms between 100 and 999. If necessary. 
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point out that hundred terms consist of three, and only three digits (e.g., 
three hundred sixty mo is written 3f2 not 30062). Encourage children to 
explore the repetitive patterns of th,-ee-digit numerals and now the written 
system corresponds to the verbal number sequence. 

Writing Four*Diglt Numerals 

Brst remedy any deficiencies in prerequisite skills (writing one-digit, teens, 
two-digit, and three-digit numerals and rules for writing numbers in the 
thousands). It may help to work next on recognition of four-digit numerals. 
Writing instruction should focus on helping children appreciate the posi- 
tional notation system used to write terms between 1,000 and 9,999. If 
necessary, point out that terms "one thousand . . ." to "nine thou- 
sand . . consist of four and only four digits. Encourage children to 
explore the repetitive pattern of four-digit numerals and how the written 
system corresponds to the verbal number sequence. 

Place-Value Skills and Concepts 

Place-Value Notation: Ones and Tens 

The idea that position is crucial to defining value can be reinforced by 
playing the games Larger-Number and Largest-Number Draw, de- 
scribed in Examples 10-6 and 10-7). Target Game 100 (Example 10-8) 
and Target Game: 1 and 10 (described later in the chapter) can reinforce 
place-value notation skills and concepts. 



Example 10-6 Larger-Number Game (Basic Version) 

Objective: Make explicit that the position of a digit in a two-digit 
numeral defines Its value. 

Q-ade Level: 1. 

Participants: For 2 to 30 players or two teams of players. 

Materials: Nine cards, each with a digit 1 to 9, for each player or 
team. A spinner or other mechanism for picking numbers. 

Procedure: Using a spinner, call out two different numbers In 
random order and ask which is larger. If needed, use a prompt such 
as, "When we count, which takes longer to count up to— sixty-eight 
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[point to the arrangement 68] or eighty-six [point to the ar- 
rangement 86]?" 

With a large group, ask the children to record the combinations 
they make. This will permit you to check later those responses that 
you do not have time to check during the activity. The playere 
(teams) select these two numt)er cards and arrange them any way 
they wish. If the arrangement Is the larger of the two possible 
combinations, the player (tf)am) Is awarded a point. For example. If 
the numbera six and eight were called out, all who form the 
arrangement 86 would get a point. For children who made 68, point 
OUT the arrangement 86 and relate each to the pupils' verbal, 
number-sequence knowledge. 



Examp!« 1 0-7 Largest-Number Draw (Basic Version) 

Objective: Position defines value. 
Grade Level: 1. 

Participants: One or more groups of two to four players. 

Materials: A deck of 9 cards, each with a digit 1 to 9 (for each 
group of two or four players). The complexity of the game (size 
comparisons) can be Increased by playing with a larger deck of, say, 
18 or 27 cards. 

Procedure: After shuffling the deck, each player draws two 
cards. T;'f> piayere may arrange their cards in any way they wish. 
The piay ii who has the largest number wins the round and a point. 
Play continues until a preset number of points is obtained. 



Example 1 0-8 Target Game 1 00 

Grade Laval: 1. 

Participants: Two to five playera or two small teams. 

Materials: From six to ten bean bags, chips, checkers, pennies, or 
the like; target with rings worth 1 and 1 0. Concentric circles can be 



ERIC 

W^liffiliffiiffTIILU 



304 



Instnictlofi 



293 



drawn on the floor or on a cardboard with chalk, or constructed of 
masking tape. Actually, the target can take any shape desired as 
long as there Is a onos and a tens area. 

Procedure: On their turn, players toss the bean bags onto the 
target and record their score (see Figure 10-2). The game ends 
with the round In which one or more players obtain a score of 1 00. 



Place-Value Notation: Ones, Tene, and 
Hnndreda and Zero as a Placeholder 

The role of zero as a placeholder can be explored in the games Larger- 
Number and Largiett-Nuniber Draw (Achwiced Venlon) by simply 
adding a zero card (for the two-digit version) or zero cards (two and three for 
tfie three- and four-digit versions, respectively). In the three-digi £ version of 
Larger Number, the combination 630 would beat 603, 360, 306, 063 or 
036. Target Game 500 (or 100<9, which can be created from Target 
Game 100 by adding a hundreds ring, or Target Game: 1, 10, and 100, 
which is described in Example 10-10, can reinforce place-value notation 
skills and concepts. 

Place-Value Notation wldi Renaming: 
Ones, Tena, and Hundreds 

Place-value notation with renaming can be practiced by playing Advanced 
Draw. This game is played exactly like draw. However, the Draw Deck 
includes special cards such as: Add 1 hundred, 3 tens, 13 ones or Add 0 
hundreds, 14 tens, 2 ones. 

Base-Ten Skills and Concepts 

Baae-Ten Equivalents: Ones In 10, 
Tens In 100, and Hundreds In 1,000 

That we regroup units by ten in our number system is an outcome of a 
natural endowment— our ten fingers. Our fingers provide a ready-made 
tallying system. Early in human history, herdsmen or merchants counted on 
their fingers to keep track of items. When they ran out of fingers but needed 
to continue their tally, something had to be done to represent the first ten 
items. So they put down a pebble or other marker to mark this group of ten . 
When tallying very large quantities, the number of "ten pebbles" ("ten 
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markers") could be reduced by using a rock (or special marker) to represent 
10 tens. 

Wood-trading activities (see Figure 10-1) are an enjoyable way of 
introducing this trading-in process (e.g., Dienes, 1960). In the base-ten 
rendition of the Wood*Tnidlng game, children learn \o trade in 10 unit 
blocks for a long (a ten), 10 longs for a flat (100), and 10 flats for a cube 
(1,000). In the basic version of the game, the winning score can be defined 
as one (or several) longs. In the intermediate version, it can be defined as 
one (or several) flats. In the advanced version, the goal can be defined as 
one (or several) cubes. The advanced version, in particular, should help 
children see that the trading-in process (in base ten) always involves 
collecting 10 of a particular wood or number (Fuson, 1986). This should 
help children master the base-ten equivalents. 

The Egyptian hieroglyphics are an excellent pictorial or semiconcrete 
model for the trading-in process and teaching base-ten equivalents.^ When 

written tally systems were invented (e.g., the Egyptian hieroglyphics: f( = 

1), people continued to substitute a symbol for 10 tallies (units or 

ones) because it was more efficient. The Egyptians substituted f\ for 

A^AAHiAllil^ - I^l^^wise^ as larger and larger quantities had to be 

tallied, it was important to have a large denomination symbol that could 

be substituted for many 10 symbols. The Egyptians used Q instead of 

nnr\rir\nr)r\f)r\ Likewise, £ was used instead of writinfj 

out 10 ^ s. The E^tian Hieroglyphics Exerdses described in Chapter 12 

for practicing m ultidigit calculation involve trading in and would be useful in 
teaching base-ten equivalents. 



relatively abstract process of trading 1 0 units for a ten that bears no resemblance to 1 0 
units can also be practiced with Ch^^-Tindlng. For example, white, red, blue, and purple 
chips can represent ones, tens, hundreds, and thousands, respectively. Ten white chips are 
traded in a one red chip, and so forth. This can be done as an optional activity after Wood- 
Trading and before the Egyptian Hieroglyphics if a teacher wishes. It Is probably important 
for a teacher to ask the children while they play what the red chip represents. 

Chip Trading can involve exchange rates other than 10, and tliese can be used to 
introduce other base syst€.ns. To introduce base five, for example, a white could be equated 
with ones, five whites could be traded for a ved (a five), five reds could be traded for a blue (a 
twenty-five), and so on. The New Math and some cunicula today introduce other base 
systems (bases for regrouping) before intiodudng base ten. Fuson (1988) argues that if the 
objective is to help children understand regrouping by ten, it is probably best to teach base- 
ten skills and concepts directly. Unfortunately, research does not clearly indicate which is the 
more effective approach. 
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Largett/SmaUett One-, Two% Three-, and 
Four-Digit Tenne 

Children need opportunities to reflect on the structure of our written 
number system. Modified Largest-Number (or Smallest-Number Draw 

(Example 10-9) can provide a context for discussing the smallest and 
largest two-, three- and four-digit terms. A teacher could casually ask, for 
example, "What do you think the best draw (for the three-digit version of 
Largest-Number Draw) would be?" 



Example 10-g Modified Largest-Numt)er (Smaliest-N umber) Draw 

Objective: Number patterns among three-digit (or two- or four- 
digit) numbers. 

Grade Level: 1 to 3. 

Participants: For two to twelve players. 

Materials: A deck of thirteen cards: eight with a digit 1 to 8 and 
five with the digit 9 (for two or four players). An additional deck is 
needed for each additional group of two to four children. 

Procedure: After shuffling the deck(s), each player draws three 
cards and arranges them In any order he or she wishes. In Largest- 
Number Draw, the child who has the largest number winsthe round. 
(In Smallest-Number Draw, the reverse holds.) Play continues until 
a preset goal Is obtained by a player (or possibly by more than one 
player). The game can be Introduced with the two-digit version. 
Each player draws and arranges two number cards. After children 
are familiar with three-digit patterns, the game can be used to 
explore four-digit pattems. 



Flexible Enumeration: Ones and Tens, or 
Ones, Tens, and Hundreds 

Flexible enumeration with ones and tens (ones, tens, and hundreds) can be 
introduced relatively concretely by playing Target Game: 1 and 10 (or 
Target Game: 1, 10, and 100), described In Example 10-10. 
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BMeTMi Plac«>Vala« SlcOla and Conc^rta 

Target Game: 1 and 10 (or 1, 10, and 100) 



Objectives: (1) Reinforce place-value notation skills and con- 
cepts and (2) practice flexibly switching bf'tween counting by tens 
and Gii9s (or hundreds, tens, and ones). 

Grade Uevei: 3 (or perhaps lower). 

Participants: Two to five players or two small teams. 

Materiait and Procedure: The materials and rules are the same 
as Target Game 100. However, a relatively abstract scoring pro- 
cedure is used. Instead of recording their scores with manipulatlves 
(e.gn Dienes blocks) and numerals, players note their score on a 
chalkboard or paper with just numerals (e.g., three bean bags on the 
hundreds ring,f ive on the tens ring, and none in the ones ring would 
be recorded 350). The player (or team) with the higher score wins 
the round and gets a point. The winning player (team) is the first to 
register a preset number of points (e.g., 5 points for a short game; 
1 5 points for "period-length" game). 



SUBIMARY 



Infonnally, children view multldl^t terms such as 12 or 193 as representing 
a specific number of units. The underlying base-ten place-value rationale for 
such numerals is foreign to their thinldng. As a result, children often learn to 
read and write multldlgtt numerals by rote, and, not surprisingly, many have 
difficulty with these skills. Place-value skills (e.g., recognition of the ones, 
tens, and hundreds place) and concepts (position defines the value of a 
digit) are central objectives of primary schooling. Also central are base-ten 
concepts (e.g., our numeration system is based on grouping by tens and so 
each position in a multldiglt numeral increases by a factor 10). Abstract 
base-ten place-value lessons are difficult for children to grasp. 

It is crucial that such instruction build upon children's informal 
mathematical knowledge. Work can begin with concrete models (size 
embodiments such as Dienes blocks) in which a ten is clearly a group of 10 
ones. Numerals can then be introduced in terms of size embodiments and 
games tfiat require regrouping objects in order to keep score or calculate 
sums or differences. Egyptian hieroglyphics are a powerful semiconcrcte 
model for base-ten ideas and even place-value concepts. Such instruction 
enables children to master base-ten, place-value, multldigit-numeratlon, 
and multidlglt arithmetic concepts or skills in an integrated and meaningful 
manner. 
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Multidigit Mental 
Arithmetic 



Mental arithmetic includes both mental computation, which entails finding 
exact answers, and estimatior , which entails finding reasonable approsdma- 
tions of answers. These skills build on children's knowledge of the number 
sequence (discussed in Chapter 3), concepts of addition and subtraction 
(Chapter % single-digit combinations (Chapter 9), and place value and 
base ten (Chapter 10) (e.g., Resnick, 1983). Though mental arithmetic skills 
are not always adequately emphasized in school, they have as much if not 
more practical value as any aspect of the mathematics curriculum (Bell, 
1974). Countless situations require the ''addition'' or ''subtraction" of 
multidigit terms without the aid of paper and pencil or calculator. Adults 
routinely engage in multidigit mental computation. 

Estimation of multidigit arithmetic is a particularly important skill in 
everyday life (Reys, 1984; Trafton, 1978). It is often used to do things such 
as figuring out tips in restaurants or at the hairdressers, or quickly checking 
the cost of items at the grocery or hardware store. With the widespread use 
of calculators and computers, estimation is more important than ever as a 
means of checldng Jie reasonableness of answers (Hope, 1986). 

In addition to their utility in adult life, there are other good reasons for 
cultivating mental computation and estimation skills. Children with good 
mental arithmetic skills may be more prone to check and correct their 
written work. The development of multidigit mental computation— like that 
of the basic number combinations— basically entails discovering and ex- 
ploiting relationships and patterns. It can also be an important vehicle for 
encouraging mathematical thinking and problem solving Priscoll, 1981). 
Indeed, estimation is at heart a problem-solving exercise and requires the 
thoughtful analysis and flexibility of such an endeavor. 
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LEARNING 



Muhidisit Mental Computation 



Addition 

To perform multidigit mental computation effectively, children must be able 
to generate basic (single-digit) and large-number (multidigit) combinations 
automatically. For example, to avoid becoming confused In adding 316 + 
253, a child needs to recall effortlessly the basic fact that 6 + 3 = 9 and the 
large-number combinations 10 + 50 = 60 and 300 + 200 = 500. As with 
basic combinations, a key to mastering large-numberaddltlon combinations 
is discovering relationships and patterns. A key class of large-number 
combinations that children seem to leam In this way involves adding 10. 
Children leam quickly the pattern underlying the addition of 10 and a 
single-digit number (n ) or a slnyle-diglt number and 10 [10 + norn + 10): 
the sum is a teen that Incorporates the slngle-dlglt term (e.g., 10 + 7 or 7 + 
10 seven + teen or 17). 

Children can leam to add decades and 10 (decade + 10 or 10 + 
decade) automatically by exploiting the counting (count-by-ten) knowledge 
they already have (Resnlck, 1983). Though children ma;' know the decade 
sequence (10, 20, 30, 40 . . .) well and may be able to dte automatically 
the decade after another (e.g., the 1 0 after 70 Is 80), they may not realize this 
knowledge can be used to solve, say, 20 + 10 = ? or 10 + 70 == ? Children 
have to see there Is a connection between their existing knowledge of the 
decade sequence and such addition (e.g., the decade after 70 is 80, so the 
sum of 10 + 70 Is 80). Once a child makes the connection, he or she can 
readily generate the sums to any problem Involving a decade and 10. The 
memorization of combinations Involving 1 0 and a decade may be facilitated 
by seeing how they parallel their single-digit counterparts (e.g., by comparing 
10 + 70 = 80 with 1 + 7 = 8). After children discover the pattern above, 
they can exploit It to add automatically other two-digit n umbers and 1 0 such 
as 32 + 10. In this case, the two-digit n + 10 rule specifies: The sum Is the 
decade after 30 with same ones place digit. 

Children can exploit patterns or relationships to master other large- 
number combinations as well. For Instance, they soon see that the 10 + n = 
n + teen pattern also applies to the addition of slngle-dlglt numbers and 
other decades {decade + n or n + decade) such as 20 + 7 = 27 or 7 + 20 = 
27. Children can automatically add decade and decade (e.g., 40 + 30 = 70) 
by using their existing knowledge of the basic combinations (e.g., 4 + 3 = 7, 
so jouT-ty plus thir-ty Is seuen-ty). This connection can be used to respond 
efficiently to somewhat more complex combinations: two-digit n and 
decade (e.g., 30 + 42 = 72). Other paraM addition facts include 




310 



Uarnlng 



299 



combinations that Involve a two-digit addend and a next-decade sum (e.g., 
24 + 6=30 parallels 4 + 6 = 10). 

Though children may not automatically see their application, the 
patterns for ^A;o•digit addition recur in the same or similar form with three- 
digit addition. In time, children either discover or learn that adding 100 and 
a single- or two-digit number (100 + nor n + 100) is a straightforward 
process (e g., 100 + 7 is "one hundred seven" and 76 + 100 is "one 
hundred seventy-six"). Adding 10 to three-digit numbers {three-digit n + 
10) requires knowing 10 + n or n + 10, decade + 10 and two-digit n + 10 
rules, and the rules for generating the number sequence to at least 1,000. 
For example, 103 + 10 is an extension of the 1 0 + n or n + 1 0 rule : The sum 
is a teen that incorporates the single-tenm (13), prefaced by "one hundred" 
(one hundred thirteen). For a combination like 290 + 10, the child must 
recognize that the decade + 10 pattern applies (i.e., the sum is the nextterm 
in the count-by-10 sequence). Moreover, the child must know that the 
decade after 290 in that sequence is 300. Similarly, three-digit n + decade 
(e.g., 120 + 40 or 123 + 40) entails recognizing the application of decade + 
decade and two-digit n + decade patterns to three-digit addition. In cases, 
such as 160 + 40 or 163 + 40, the child must also have facility with the 
hundreds sequence (i.e., realize that the decade after 190 is the next 
hundreds tenm: 200). With hundreds + 100 (e.g., 400 + 100 or 100 + 
400), the child need only see a connection with the familiar n + 1 or 1 + n 
family (e.g., 4+1 is 5so/our-hundred plus one-hundred is /iue-hundred). 
With 900 + 100, the child would also have to appreciate that "ten- 
hundred" is called one thousand (the next hundreds term after 900 is one 
thousand). Likewise, adding hundreds, such as 400 + 300, (hundreds + 
hundreds) entails seeing a connection with related basic combinations (e.g., 
4 + 3 = 7, therefore, /our-hundred plus three-hundred isseuen-hundred). 

Subtraction 

As with addition, efficient multidiglt mental subtraction entails mastery of 
single -digit and large-number combinations. Uke addition, mastering large - 
number subtraction combinations involves discovering new patterns or 
relationships with existing knowledge of the number sequence or basic 
combinations. 

Mastering large-number subtraction facts begins with those com- 
binations involving 10. Once children recognize that the sum of 10 and a 
number (n) is the teen counterpart of the number (n + teen), they should 
have no difficulty also recognizing the teen - 1 0 = n pattern (e.g., 17 — 10 
= 7). Moreover, children's knowledge of the decade sequence (10, 20, 
30 . . .) can serve as the basis for subtracting 10 from a decade (decade — 
10). For example, to compute the difference of 30 - 10, a child has only to 
think of the decade just before 30: 20. Remembering decade - 10 
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combinations may be facilitated by noticing the parallel between such 
combin?\tions and single-digit minus-one combinations. In time, children 
also learn two-digit n - 10 combinations (e.g., 42 - 10 = 32). 

Children frequently use a variety of recurring patterns to master large- 
number combinations tiiat do not involve 10 as well. Automatic recall of a 
basic fact like 7 — 4 can be extended to tfie subtraction of decades decade 
decade: seven(+ty) minus four(+ty) is thir(+ty). This knowledge is then 
used to master two^iglt n - decade combinations (e.g., 42 - 20 « 22). 
Other paraWe/ minus facts include decade - n combinations (e.g., 30 — 6 is 
analo^us to 10 — 6) and those governed by the number-before rule (e.g., 
47 - 1 « 46), difference-of-one rule (e.g., 47 - 46 - 1), and identity 
principle (e.g., 47 - 47 = 0). 

Estimation of Multidisit Arithmetic 

Skillful estimating requires mental computation facility, sound conceptual 
knowledge of arithmetic and place value, flexibility, and knowledge of 
specific estimation strategies. Though children need not be good at 
estimation to be good at mental computation, they need to be good at 
mental computation to be good at estimation (Reys, 1984). Qeariy, a child 
cannot make estimates quickly and accurately if he or she has inefficient 
mental computational skills. 

Estimation skill grows as children's conceptual (particularly place- 
value) knowledge expands. As diey understand more ab<3Ut arithmetic and 
place value, children can make more and more exact estimates (Trafton, 
1978). Indeed, without fomial instruction, first and second graders recognize 
that 50 is an absurd estimate for 52 + 26 (''because it is less than you started 
with"). Many would reject 60 as a good estimate because fifty something 
and twenty something ought to be at least seventy-something. That is, they 
have sufficient mental computation skill and arithmetic or place-value 
knowledge to recognize informally unreasonable and reasonable ap- 
proximations. 

Computational estimating requires the mental flexibility to risk ex- 
ploration and giving inexact answers. Unfortunately, as early as first grade, 
children become so concerned with producing the conrect answer that they 
refuse to make estimates. Even when asked to estimate quickly, children 
may insist on laboriously calculating the correct answer. Rigidity then is one 
of the primaiy barriers to good estimation skill. 

Though children will informally acquire some estimation skill, in- 
struction or specific strategies can extend their estimation facility. A simple 
estimation strategy, which does not require a deep understanding of place 
value, involves focusing only on the digits that will have the biggest impact 
on the sum (Reys, 1984). With the problem 56 + 43, the tens-place digits 5 
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and 4 will have the biggest Impact on the sum and so they are added 
producing the estimate of 90-plus. Such a front-end strategy with two-di^t 
terms Is a naturel bridge with children's Informal estimation skill and Is so 
straightforward that It can be taught readily to first graders. As children learn 
to add hundred terms, they can easily make /ront-cnd estimates with three- 
digit terms. For example, focusing on the most Influential (the hundreds- 
place) digits for the problem below quickly leads to the estimate of 700 plus. 

432 
87 
296 
8 

+156 



Rounding strategies are typically what are taught as estimation 
(Trafton, 1978). It Is Important to note that there is no one correct way to 
estimate (sums and differences) by rounding. How rounding Is done 
depends upon the objective of the exercise (Reys, 1984). Consider the 
following problem. 

To remodel a kitchen, five Items were needed. Their costs are listed 
below: 



$137 
$ 42 
$592 
$ 56 
$ 89 



If a rather precise estimate was needed (to, say, check whether or not the 
Items were rung up accurately by the checkout clerk). It would be helpful to 
round to tens: 

140 

40 
590 

60 

90 

920 

If a gross estimate (for, say, estimating the total cost) was needed, then 
rounding off to hundreds might suffice. 
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100 
0 

600 
100 
100 

900 

If a veiy gross estimate was all that was needed (to ensure that, say, the cost 
did not exceed an upper limit of $1,200), rounding up to the nearest 
hundred would be usefi 1. 

200 
100 
600 
100 
100 

1.100 

Rounding, then, is very much a problem-solving activity that requires 
mental computation skill with tens and hundreds, place-value knowledge, 
and fleidbility. Rounding with two- and three-digits, therefore, requires 
more sophistication than a front-end strategy. 

Unfortunately, mental arithmetic skills in general and estimation in 
particular often are hot given adequate attention in school (e.g.. Carpenter, 
Cobum, Reys, and Wilson, 1976). Estimation training too often focuses 
exclusively on rounding (Trafton, 1978), and it is taught mechanically. 
Children are not helped to appreciate the value of estimating; they do not 
understand that the aim of estimation is to make difficult computations 
manageable. Because they learn estimation skills by rote and out of context, 
they do not realize that an estimation strategy is determined by a thoughtful 
analysis of task goals. 

A suggested sequence of mental-arithmetic competencies by grade 
level is outlined in Table 11-1. 



INSTRUCTION 



Mtthidlglt Mental Computation 

The key ingredient in fostering mastery of large-number combinations is 
helping children to discover the underlying patterns of these combinations 
and how these patterns are related to existing knowledge. Egyptian 
Hieroglyphics, In-Out Maclilne, and Matli Detective Exercises are 
well suited for this purpose. For instance. In Example 11-1, the first question 
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Tabto 1 Suggested Sequence of Mental-Arithmetic Competencies by Grade Level 
and Developmental Order 



Multldlgit Mental Computation 



Uvel 



Addition 



Subtraction 



10 + norn+ 10 
Decade + n or n decade 
Decade + 10 or 10 + 
decade 



Decade + decade 
Two-digit n+ 10 
Two-digit n + decade 
Parallel aulitlon facts 
100 + norn + IOO 
Hundreds + 100 
Hundreds + hundreds 
Three-digit n + 10 
Three-digit n + decade 



Teen - 10 
Decade - 10 



Decade - decade 
Two-digit n- 10 
Two-digit n — decade 
Parallel minus foots 



Estimation of 
Multidlgit Arithmetic 



Front-end with 
two-digit terms 



Front-end with 
three-digit terms 



Rounding with two and 
three digits 



in Hieroglyphics Exercise A helps focus attention on the effects of adding a 

single-digit number to 10. Such problems as ^ j| i| J[ and «f 

A A A A M a/e a concrete embodiment of the 10 + n n + teen pattern. 

A group discussion may help some children to consciously recognize that 
the sum contains the same number of ones as the term addea. Writing the 
number sentences (e.g., 10 +4 = 14) further reinforces this point and helps 
connect the idea to its formal representation. 

The aim of Question 2. which entails adding a single-digit number to 
10, is similar. Implicitly, it illustrates that 10 n and n + 10 are equivalent. 
Question 3 more directly makes this point. Exv^rcise B focuses on the leen — 
10 pattern. Exercise C illustrates that the number-after pattern is repeated 
at the decade level (p.g., the sum of 6 + 1 is the n. imber after six— seven— 
i;lmilarly, the sum of 60 + 10 is tiie decade after 60—70). Note that these 
exercises complement the base-ten place-value training discussed in the 
previous chapter (e.g., a teen is actually a composite of a ten and ones and a 
two-digit tenm is an amalgam of tens and ones). In fact, instruction of large- 
number combinations ought to go hand in hand with base-ten place-value 
training. 
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Example 1 1-1 Egyptian Hieroglyphic Exercises that Highlight Patterns Underlying 
Large-Number Combinations 

Exercise A 

1. The Pharaoh asked the members of his court for a tribute 
of 1 0 gold pieces to help victims of the flood. This was not 
enough, so he asked court members to contribute again 
whatever they could afford. The record of the tributes Is 
shown below. Figure out the number of gold coins each 
court member contributed altogether and record the result 
In hieroglyphics. Then write a number sentence in our 
Arabic numbers that shows the same thing. 

Tribute Number 
Altogether Sentence 



Court 
Member 


First 
Tribute 




Second 
Tribute 




Reb 


n 




an 




Stef 


n 




mm 




Jer 


n 








Shan 


n 




muiiii 




Obin 


n 


+ 


m 




Kare 


A 


+ 







□ 




-D 


□ 




-D 


□ 




=□ 


□ 




-□ 


□ 




=□ 


n 




=□ 



2. Because it was his birthday, the Pharaoh wanted to make 
everyone happy. He decided to give court me-^bers silver 
pieces according to their rank. The highest ranking court 
member received nine pieces; the lowest ranking just one. 
After passing out the silver, he saw that everyone was so 
happy that he decided to give everyone ten more pieces of 
silver. Of course, as King's treasurer, you had to record all 
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the expenses and note how many silver pieces each 
person got altogether. Write a number sentence for each 
also. 



Court 
Member 


nrtt 
Gift 


Second 
Gift 


Total Number 
Altogether Sentence 


Reb 


mum * 






Stef 


mum * 




1 1 f 1 1 1 

□ *□=□ 


Jer 




n -* 




Shan 




n - 




Obin 




n -* 




Kare 










3. The Pharaoh enjoyed playing games with his brothers. The 
scores for each game are shown below. As the official 
scorekeeper note the players' score altogether In hiero- 
glyphics. Write a number sentence that shows what each 
player scored in the games and their total score. 


Player 


Game 1 


Qam»2 


Number 
Total Sentence 


Pharaoh 


n * 






Brother 1 


iiiJiilyl * 


n — 




Pharaoh 


n * 






Brother 2 


iiiiji * 


n 





o 
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Exercise B 

The Pharaoh organized a fair for all of the children in the 
kingdom to go to. It cost 10 gold pieces to get in to the fair. The 
children would have to tal^e the 1 0 gold pieces from the allowance 
they have saved up. The number of gold pieces each child has 
saved is shown below in hieroglyphics. Figure out how many gold 
pieces each child will have after he or she pays the entrance fee to 
go to the fair. Then write a number sentence to represent the same 
thing. 



Child 


Allowance 
Saved 


Entrance 
Fee 


Gold 

Pieces Number 
Leftover Sentence 


Bet 


nun 


- n - 




Joh 


niijuiu 


- n - 




Mar 


nm 






Cin 


niiiu 


- n-* 




Cha 




- n — 




Bri 


nrnun 


- n-. 





Exercise C 

It was Market Day in the Pharaoh's kingdom. There were two 
farmers present to distribute the corn to all of the families. To make 
sure they all receive some corn before the farmers ran out, the 
Pharaoh ordered each farmer to distribute a certain amount of corn 
to each family. Shown below is the amount of corn each farmer was 
to give to each family. Detennine how much corn each family 
received altogether, and record your answer in hieroglyphics. Then 
write a number sentence that shows the same thmg. 
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Family 
Name 


Ccrn from 
Farmer #1 


Corn from 
Farmer #2 


Corn Number 
Altogether Sentence 


Waks 




+ ii - 




Bro 








Jons 


n 






Dur 


nn 






Maon 








Haon 




*n-* 




Fak 




* A -* 




Thorn 


nnnn 






Rail 


iililU 






Wils 


nnnrmn 







In Example 11-2 In-Out Machine Exercise A can help focus attention 
on the effects of adding 10 to one- and two-digit numbers. (The invisible 
internal mechanism or function that children must uncover is + 10.) If 
desired, such exercises can be tailored to focus on one specific objective 
(e.g., n + 10, two-digit n + 10, or decade + 10). The aim of Exercise B is to 
help children see that the patterns of adding 10 with one- and two-digit 
numbers are repeated at the three-digit level. Note that to highlight these 
connections, unknown combinations are placed next to related known 
combinations. For instance, in Exercise B, 130 + 10 = 140 (a three-digit 
example) is introduced immediately after 30 + 10 = 40 (its two-digit 
counterpart). 

Math Detective Exercises also can help students see that their 
knowledge of basic number combinations can be used to figure out large- 
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Example 11-2 Using In-Out Machine Exercises that Highlight Patterns Among 
Multidigit Combinations 



ExerciM A 


Ex«rclM B 


In 


Out 


In 


Out 


3 


13 


30 


40 


33 


43 


130 


140 


6 


16 


3 


13 


46 


56 


103 




7 


46 


56 


27 


146 




0 


7 




70 


107 




80 


207 




84 


80 




2 


180 




12 


280 




22 


380 




32 




15 


42 




115 


52 




215 




14 


615 




24 








50 








52 







number combinations. For example, Exercise A in Example 11-3 highlights 
that the decade-before pattern for decade - 1 0 combinations, like 70-10, 
parallels the number-before pattern for n - 1 combinations, like 7 - 1. It 
also underscores the fact that the n — 0 rules apply to two-digit combinations 
as well as one-digit coml^natlons, that decade — decade combinations echo 
the basic single-digit combinations, and that the difference-of-consecutlve- 
decades-is-10 pattern parallels the diffprence-of-one pattem (e.g., 9 - 8). 

Exercise B highlights the reappearance of the sums-to-10 combinations 
at the two-digit level as sums to the next decade (e.g., 8-^2 produces the 
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Exatnpte 11-S Using Math Detective Exercises to Extend Known Patterns 

ExerclM A 

Find the sums for each of the following problems In any way 
you wish. You may calculate sums by using yourflngers, an abacus, 
or a calculator. You may think out the sums If you wish. 

What do you notice about these problems? 

7 70 2 20 4 40 9 90 
-1 -10 -1 -10 -1 -10 -1 -10 



4 
-0 




9 

-0 



49 

- 0 



8 
-0 



80 
- 0 



6 
-0 



60 
- 0 



7 
-5 



70 
-50 



6 
-2 



60 
-20 



5 
-3 



50 
-30 



8 
-4 



80 
^0 




4 40 7 70 8 80 9 

-3 -30 -6 -60 -7 -70 -8 



ExarclM B 

Find the sums for each of ine following problems In any way 
you wish. You may calculate sums byusing yourflngers, an abacus, 
or a calculator. You may think out the sums If you wish. 

What do you notice about these problems? 

2 8 18 2 2 28 68 2 2 78 88 2 
+8 +2 +_2 jH8 +28 +_£ +_2 +68 +78 +_2 +_2 +88 

3 7 17 3 3 27 67 3 3 77 87 3 
+7 +3 + 3 +17 +27 + 3 + 3 +67 +77 + 3 + 3 +87 



4 e 16 4 4 26 46 4 4 76 84 6 
+6 +4 + 4 +16 +26 + 4 + 4 +46 +76 + 4 + 6 +84 



5 15 5 5 25 45 5 5 75 85 5 
+5 + 5 +15 +25 + 5 + 5 +45 +75 + 5 + 5 +85 
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decade 10 and similarly 68 + 2 produces the next decade after 60: 70). 
Once children recognize this pattern they can quickly generate add- to*next- 
decade sums. That is, they no longer laboriously have to calculate the sum 
mentally using the standard (carrying) algorithm. 

In brief, Egyptian Hieroglyphics, In-CXit Machines, and Math-Detective 
exercises can be crafted to encourage the discovery of a specific pattern or to 
practice a range of objectives. The next section details games that can be 
used to practice a range of large*number combinations. 

10 + n orn + 10, Decade+ n or n + Decade* 
Decade + 10 or 10 + Decade, Two-EMgit n + 10, 
Teen- 10, Decade - 10, and Two-Dlgtt 9i - 10 

Brst ensure that prerequisite skills are mastered. For 10 + n or n + 10, 
children should have mastered a means to figure out such sums either by 
calculating, counting-on, through pattern recognition (see the Addition 
Pattern Activity in Chapter 9). For decade + n, the child should first be 
familiar with n + 0 or 0 + n combinations. The psychological prerequisites 
for decade + 1 0 or 1 0 + decade is knowledge of the count*by*ten sequence 
and the decade after 10 to 90. It helps children master two-digit n + 10 if 
they were already proficient at decade + 10 or 10 + decade. If not, both 
skills can be worked on simultaneously, but efforts should focus on the 
decade + 10 or 10 + decade skill first and how two-digit n + lOissimplyan 
extension of it. For 34 + 10, for example, the next decade after 30 is 40 and 
ones digit comes along for the ride (40 + 4) = 44. 

To master teen — 10 it would be helpful to know 10 + n or n + 10 
combinations. If not, both can be worked on simultaneously but emphasis 
should be on the addition combinations, which can be more easily figured 
out informally. Decade - 10 requires a child to automatically cite decade 
before terms up to 100. It may be helpful but not entirely necessary for 
children to master decade + 10 first. For two-digit n - 10, it would be 
hfJpful to know decade - 10 and two-digit n + 10 c .mbinations. 

Grid Race (Example 11-4), Card Game 99 (Example 11-5), and 
Backward Gild Race (Example 11-6) are entertaining ways to help 
children notice two-digit arithmetic patterns and practice these rules. 



Example 1 1-4 Grid Race 



Objectives: Mental two-digit addition, particularly with o (basic 
version) and subtracting by 10 (advanced version). 



Grade Level: 1 or 2. 
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Participants: Two to six players. 

Materials: The basic version of the game requires tolcens (place 
markers) for each player; decic of cards indicating +1 to +9 and 
large proportion of +10 cards (a standard 6eck of cards could be 
substituted with aces worth 1 , 2 to 9 worth their face value and the 
rest worth 1 0); and 1 to 1 00 grid as shown below. For the advanced 
version, simply include a supply of -10 cards In the deck. 

Finish 100 
90 
80 
70 
60 
50 
40 
30 
20 
10 

Start 0 
S 
t 
a 
r 
t 



Procedure: On their turn, players draw a card and add the 
number indicated tothe numbertheirtol<en is resting on. All players 
start on CThe first to get 1 GO wins. A player does not have to obtain 
the exact sum of 1 00 to win (e.g., if a player's tol<en is on 96 and he 
draws a 7, the player would simply advance to the 1 00 grid and win). 

Note that players will— initially— often count out their move. 
For example, a player with a tol<en on grid 47 wlio draws a +1 0 will 
count ten spaces up to grid 57. After playing the game for a while, 
players should notice that when adding +1 0, they can avoid this 
laborious counting process and skip to the grid In the next column 
immediately above the one the tol<en occupies. For instance, they 
can move directly from grid 47 to 57. 

To help students connect an existing l<nowledge of the count 
by-tens sequence with addition, have the players try a warm-up 
exercise before thd grid race. Starting with 0, have a pupil count by 
tens as he or she points to the appropriate grid. Have another pupil 
count by tens starting with 4, 6, 7, 8, or 9 (a single-digit number in 
which the next term is a regular ten). 



91 


92 


93 


94 


95 


96 


97 


98 


99 


81 


82 


83 


84 


85 


86 


87 


88 


89 


71 


72 


73 


74 


75 


76 


77 


78 


79 


61 


62 


63 


64 


65 


66 


67 


68 


69 


51 


52 


53 


54 


55 


56 


57 


58 


59 


41 


42 


43 


44 


45 


46 


47 


48 


49 


31 


32 


33 


34 


35 


36 


37 


38 


39 


21 


22 


23 


24 


25 


26 


27 


28 


29 


11 


12 


13 


14 


15 


16 


17 


18 


19 


1 


2 


3 


4 


5 


6 


7 


8 


9 
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Exampto11-8 Card Game 99 



Objectives: Two-digit mental addition and subtraction, parti- 
cularly with 10 and Including two-digit n + n. 

Oracle Level: 1or2. 

Participants: Two to six players. 

Materials: A deck of carets can be made with 3" X 5" cards. A 
beginner's deck would consist of about four of the following: +0, 
+^,+2, +3, +5, 99, and REVERSE The deck should also Include 
about 1 2 of the following: +^ 0 and -1 0. An advanced-player's deck 
would consist of about four cards of each of thefollowing: -H), +1 or 
+^ 1 , +2, -1-3, +4, +S, +6, +7, +8, +9, +^ 0, -1 0, 99, and REVERSE. 
Blocks or any countable objects can be used for markers. There 
should be three markers for each player. 

Procedure: The object of the game Is to avoid being the player 
who discards a card that puts the discard-pile total over 99. Each 
player Is dealt three cards and a card Is turned over to start the 
discard pile. The player to the left of the dealer starts play by adding 
to the discard pile. The player announces the value of the discard 
pile, the value of his or her discarded card, and the sum of the two 
cards (or difference In the case of -1 0). Discarding a 99 card does 
not add 99 to the discard pile. It simply makes Its value 99 
automatically (regardless of Its previous value). Discarding a RE- 
VERSE simply changes the direction of play (e.g., from clockwise to 
counterclockwise). After a player has discarded and announced 
the outcome of the discard, he or she may pick another card from 
the pile. A player loses this draw If the next player puts a card on the 
discard pile before the draw Is made (If the player forgets to draw). 
Play continues until a player puts the discard pile total over 99. That 
player gets a point (marker). The cards are reshuffled and a new 
round Is then begun. The game ends when a player has lost three 
rounds (collected three markers). The player or players with the 
fewest markers wins the game. 

By starting with a beginner's deck. It will give children con- 
siderable practice adding and subtracting 1 0. Aftenvard, Introduce 
the advanced-players deck that Includes the more difficult mental 
addition of 4, 6, 7, 8, and 9. 



o 

ERIC 



324 



inttnicilM 



Exampl»11-e Backward Grid Race 



Objective: Mental multldlglt subtraction, particularly with 1 0. 
Qraide Level: 2 or 3. 
Participants: Two to six players. 

Materials: Tokens for each player, deck of cards indicating - 1 to 
-9 and large proportion of -1 0 cards, and a 1 to 1 00 grid similar to 
that shown for Grid Race. 

Procedure: This game is played like Grid Race except that 
players begin at the top of the grid and work down. A player's move 
is determined by taking the difference between the number of the 
space he or she is on and the card drawn. 

To introduce multidigit subtraction gradually, first play the 
advanced version of Grid Race and/or Card Game 99. In this way, 
decade - HO and two-digit n - 10 are practiced before more 
difficult multidigit subtraction combinations. The next step in the 
transition is to play Backward Grid Race with -1 , -2, -3, and -1 0 
cards only. Then introduce -4 to -9 cards when the children are 
ready. 



Three-IM^ n + 10, Tliree*Di8it n + Decade, 
Hundreds + 100, and Hundreds + Hundreds 

First ensure that prerequisite skills are mastered. This includes the two*digit 
combinations already discussed because they are component parts of three* 
digit n + 10 and three-digit n + decade. For instance, 140 + 10 entails 
automatic knowledge of decade + 10, and 253 + 40 involves efficiently 
generating a two-digit n + decade sum. Hundreds + 100 involves knowing 
the count by hundreds sequence and hundred-after terms. Perhaps more 
critical is mastery of n + 1 combinations and how these related to the 
hundreds + hundreds addition (e.g.,400 + 100 can be thought of as [4 + 1] 
+ hundred or five + hundred). Likewise, hundreds + hundreds is 
dependent upon automatic recall of single-digit counterparts. Card Game 
999 (Example 11-7) provides an entertaining vehicle for noticing and 
practicing these rules. 
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Exampl«11-7 Card Game 999 



Objective: Mental three-digit addition, particularly with +100 
and +10. Optional: The game could also provide practice for -10 
and/or -100. 

Grade Level: 3. 

Participants: Two to six players. 

Materials: A deck wou Id consist of about four cards of each of the 
following: 40, +10, +20, +30, +40, +50, +60, +70, +80, +90, 
+100, (-10, -100), 999, and REVERSE Three markers for each 
player are also needed. 

Procedure: Follow the procedures described for the Card Game 
99, except that the critical total in this game is 999. 



Esdmatlon 

Estimation training should be taught in a meaningful manner (Trafton, 
1986). It is not enough to teach estimation skills like rounding in a vacuum. 
Children need to see the value of estimating. Thus it is essential to make 
clear the reasons for making estimates. One device for helping children to 
appreciate the uses of estimation is a stoiy problem. In Example 11-8, the 
first story {p^^xt I) illustrates that an exact answer is not always needed to 
answer a problem. The second story (Part II) highlights the value of 
estimation as a means of checking computed answers. The third story (Part 
III) underscores the fact that it is not always practical to determine an exact 
answer. Estimation makes manageable computations that are otherwise 
difficult if not impossible. 

Example 11-8 Count Disorderly Stories That Illustrate the Value of Estimation 



Part I of the Raisin King: Safe Cut Sorry 

Count Orderly decided to visit hIsbrotherCountDisorderly. I^e 
arrived at Count Disorderly's castle to find his brother very, very 
sad. Count Orderly asked, "Dear brother why are you so upset?" 

Count Disorderly explained that he wanted to be the new 
Raisin King at the Spring Fair. To become the new Raisin King, a 
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person had to eat more raisins than anyone else in the kingdom. 
Count Glutton, who was crowned Raisin King the year before, had 
eaten 500 raisins. This meant that Count Disorderly would have to 
bring to the fair and eat at least how many? (Five hundred and one.] 

Count Disorderly went on to explain that he had gone to the 
store and bought every box of raisins he could find. Sure enough, 
everywhere in the castle Count Orderly looked, there was a box of 
raisins. Just then a pile of boxes tumbled down. A box of raisins fell 
in Count Orderly's lap. He looked at the box and exclaimed, "Oh 
brother, It says right here on the box that each box contains at least 
300 raisins. If you needed 501 raisins, why did you buy all of these 
boxes of raisins?" 

Count Disorderiy was a little embarrassed. He explained, "I 
saw that on the box but I wanted to make sure that I had 501 raisins. 
So I bought all of these boxes to make sure that I had enough 
raisins." 

[What do you think of Count Disorderly's explanation? Did he 
need to buy so many boxes of raisins to become Raisin King? How 
many boxes did he really need and how could he have figured this 
out?l 

Part II of the Raisin King: The Crazy Calculator 

Count Orderiy asked Count Disorderly, "Brother, is one box of 
raisins enough?" 

Count Disorderiy reasoned, "I don't thinkpo. I need 501 raisins 
and a box has at least 300. If it had more than 400 or 500, it would 
probably say so." 

Count Orderiy agreed. Yes, so one box probably has between 
300 and 400 raisins. To make things simple, let's say 300 or 400." [If 
Count Orderiy and Disorderiy wanted to be safe and make sure 
they were not estimating too much, should they use 300 or 400?] 
"Let's use 300 to be on the safe side," he continued. "If one box has 
300 raisins, it is not enough to become Raisin King. Will two boxes 
give you at least 500 raisins?" 

Count Disorderiy replied, "I don't know. I don't know how much 
300 and 300 is altogether. I can't add that high yet. That's why I 
bought so many boxes." 

"Let's use a calculator to find out how much 300 and 300 is," 
Count Orderiy suggested. I have mine here in my shirt pocket." 
Count Disorderiy eageriy took the calculator and tried to add 300 
and 300. "Three hundred and thirty." he explained. "I knew two 
boxes wasn't, neariy enough, I knew I needed all these boxes." 
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"Let me see the calculator," said a puzzled Count Orderiy. 
"Maybe you're reading the calculator wrong." Count Orderiy looked 
at the calculator. Sure enough the answer was 330. 

[Why was Count Orderly puzzled by Count Disorderly's cal- 
culation on the calculator? Don't you always get the right answer 
when you use a calculator? For more advanced children follow up 
with: What la wrong with the answer of 330? About what should It 
be? What do you thlnl< Count Disorderly did wrong when he 
calculated the answer?] 

Count Orderly thought a minute and then said, "I Mnk two 
boxes should have more than 330 raisins altogether. If one box has 
300,anotherhundred would make It 400. Two boxes should have at 
least 400. 

Count Disorderly Jumped up and down and shouted, "But I 
used the calculator, and It says 330. A calculator can't be wrong!" 

Count Orderly replied, "That's not true. The calculator Just 
does whatever you tell It to. If you make a mistake, tl9 calculator 
may Just make the same mistake." [What kinds of mistakes do you 
think people commonly make when using a calculator?] "For 
example, a common mistake Is to forget a zero. Brother! I bet that's 
what you did. You added 300 and 30, not 300 and 300." 

Count Disorderly said, "I didn't know you could make a mistake 
with calculators. Let me try adding 300 and 300 again. Now It says 
600. Two boxes Is enough to become Raisin King. What am I going 
to do with all these raisins?" 

"You can give them away to people at the fair," Count Orderly 
suggested. "That would make a lot of people very happy." 



Patt III of the Raisin King: The Raltin Baron 

The next day. Count Orderiy stopped by to visit Count Dis- 
orderly. Again, he found his brother deep In despair. Count Dis- 
orderly was also knee-deep In raisins. 

Before Count Orderly could ask what was happening. Count 
Disorderly explained, "Well, as long as I had all these boxes of 
raisins, I wanted to know how many raisins I did have. So I have 
been emptying the boxes and trying to count the raisins." 

Count Disorderly was so upset that he began to cry. "It's been 
horrible!" he weeped. I count and count and count and then I forget 
what I've counted. Or a pile of raisins I've counted falls down and 
gets mixed up with the raisins I'm counting. I've been counting all 
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day and finished only 10 boxes of raisins, i still have 990 more 
boxes of raisins to count." 

[Do you think It wise for Count Disorderly to try to find out 
exactly how many raisins he has?] 

"Brother, why bother?" asked Count Orderly. 

"There will be a thousand people at the Spring Fa!^ If I pass out 
raisins to everyone as you suggested will I have enough? I don't 
want to run out and have some people mad at me." 

"Brother, you have 1 000 boxes of raisins with 300 raisins In 
each box. If there are a thousand people at the fair, you will have 
plenty of raisins for everyone— even If ycu eat two boxes yourself to 
become the Raisin King. 



Estimation should be approached as a problem -solving task. Children 
should first be encouraged to consider thoughtfully the goal oralm of a task. 
The level of accuracy needed will determine whethier an exact computation 
or estimated answer Is needed and, If the latter, the precision of the estimate. 
(For example. If Count Disorderly had considered this In Part III, he would 
have saved hinnself considerable effort. A precise answer was not needed 
and was impractical to obtain. With 300 raisins per box and 998 boxes of 
raisins, Count Or Jerly knew there were '^plenty " or raisins— more than 1 00 
a person. A mc , oredse estimate was no*, required.) 

Estimation practice should be done on a regular basis and in an 
interesting and concrete manner. For example, virtually all children at some 
time or another have accompanied one or both of their parents on a trip to 
the grocery store. Nervous Shopper (Example 11-9) is based on such 
informal and concrete experiences. This ganie also highlights p:ractlcal uses 
of estimation and V elationship to everyday life. The use of the calculator 
as a "cash register" is a fast, simple way for students to check their mental 
arithmetic. 

In making estimates, children Suould be encouraged to make use of the 
arithmetic (and place-value) knowledge they have. (In discussing the 
reasoning processes of Count Orderly in Example 1 1-8> note that he did not 
simply make wild guesses or blindly accept what the calculator indicated. He 
used what he knew to make educated guesses and critical judgments.) 

One of the most difficult objectives a prim^^ty teacher faces is helping 
children become flexible and secure enough to engage in estimation. It will 
help if children are given estimation experience all along: estimating the 
number of items in a set, measurements of quantity, and single-digit sums or 
dl*ierenc^.. It helps if the teacher does not overemphasize getting the 
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Nervous Shopper* 



Objective : Practice estimating cost that entails muitidigit addition 
for two to five children. The difficulty of the task can be adjusted by 
modifying the budget that a player is given and the prices of the 
items. 

Grade Level: 2 or 3. 

Materials : Calculator, one basket for each "shopper " play money, 
and various food items that one would have for dinner clearly 
marked with price tags (use either empty, clean containers collected 
from home or construct your own items). 

Procedure: The object of this game is to put together a complete 
dinner without going over a predetermined budget. To play, one 
child must be designated as the cashier and the other children as 
shoppers. Each shopper will be given $1 0.00 with which he or she is 
to buy all the necessary ingredients for one evening's dinner. The 
cashier should be stationed at a desk or table with the calculator. 
When the shopper has made his or her selections, the child should 
go over to the check-ou:^ line where the cashier will add up the 
purchases on the calculator to see if the child has gone over his or 
her budget, initially, the food items should be priced using whole 
numbers from one to five in order to develop mental calculation 
skills. When the children have become proficient at this level, price 
tags can be changed to numbers like $1 .1 0, $4.99, and so on, and 
the budget can be increased. 



*Sarah Scoville of Urbana-Champaign, Illinois, suggested this idea. 



correct answer. Perhaps one of the most important things a tea<,i i£r can do is 
model estimation skills for the class by "thinking out loud" (e.g., Our class 
will have about 20 at the picnic, and Mrs. Braun's will have about 25, so we 
need about 45 cups."). This provides concrete evidence that the teacher is 
comfortable with the process. Thoughtful efforts at estimation need to be 
praised and even discussed. 

Furthermore, it is especially important at first to avoid the common 
practice of asking childre. . ..o make an estimate, then determining the exact 
answer, and finally compare the estimating to the exact answer (Carlow, 
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1986). Children may sense that It is the exact answer that is really irr. 
portant. Initially, then, feedback can indicate whether or not an estimate 
would have accomplished an intended purpose. For example, the goal can 
be to gauge whether or not a set (or jar) of objects is enough for a group of 
ten children . After children make their estimate (yes, there is enough, or no, 
there's not enough), they can count to see if there are at least ten objects. 
Thus— at least in cases where there were more then ten objects— the 
children could evaluate the accuracy of their estimates without d>Mennining 
the exact number of objects present. In time, children do need to learn that 
some estimates are better than others. Here it is more important to measure 
estimates against an exact answer. 

The games Ready-Set-Addand Ready'Set'Subtract (Example 1 1- 
10) can be adapted to practice estimation skills such as a front -end or a 
rounding strategy with problems of any size. The addition version with two- 
digit combinations is described below. 



Examp'e 11-10 Ready-Set-Add or Ready-Set-Subtract 

Objective: Comput^-Nonal estimation with two-digit com- 
binations. 

Grade Level: 1 or 2. 

Participants: The game can be played by Individual pupils who 
would compete against their own records or an existing c'ass 
record, it can be played competitively with two to six players or two 
small teams of players. A teacher era child should serve as a judge. 

Materiais: Record sheets and answer keys (see next page). A 
calculator could be substituted for the answer keys. 

Procedure: The judge preser.ts a combination to the player(s) by 
saying , for example, "Combination A. Ready, set, add: 32 -I- 41 ." The 
Judge gives players, say, two seconds to indicate their estimate. A 
player indicates an estimate by putting an X on Num oer List A on 
their record sheet. The judge then scores the players' estimates by 
comparing the answer key to their marked numtv. r list. If there is a 
match (e.g., for 32 -I- 41, if a player marked 70), then the player 
(team) isawarded a point. The player orteam with the most pointsat 
the end of the game, wins. 
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A. Record Sheet 













_F 


10- 


10- 


10- 


10- 


10- 


10- 


20- 


20- 


20- 


20- 


20- 


20- 


30- 


30- 


30- 


30- 


30— 

WW 


30— 

WW 


40- 


40- 


40- 


40- 


40- 


40- 


50- 


50- 


50- 


50- 


50- 


50- 


60- 


60- 


60- 


60- 


60- 


60- 


70- 


70- 


70- 


70- 


70- 


70- 


80- 


80- 


80- 


80- 


80- 


80- 


90- 


90- 


90- 


90- 


90- 


90- 


100- 


100- 


100- 


100- 


100- 


100- 


100+- 


100+- 


100+- 


100+- 


100+- 


100+- 




H 


_l_ 


J 






10- 


10- 


10- 


10- 


10- 


10- 


20- 


20- 


20- 


20- 


20- 


20- 


30- 


30- 


30- 


30- 


30- 


30- 


40- 


40- 


40- 


40- 


40- 


40- 


50- 


50- 


50- 


50- 


50- 


50- 


60- 


60- 


60- 


60- 


60- 


eo- 


70- 


70- 


70- 


70- 


70- 


70- 


80- 


80- 


80- 


80- 


80- 


80- 


90- 


90- 


90- 


90- 


90- 


90- 


100- 


100- 


100- 


100- 


100- 


100- 


100+- 


100+- 


100+- 


100+- 


100+- 


100+- 



B. Sample Answer Key Card 

32+41 

10- 

20- 

30- 

40- 

50- 

60- 

70-X 

80- 

90- 
100- 
100+- 
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An excellent source of teaching ideas for estimation is the 1986 
National Council of Teachers of Mathematics Yearbook (Schoen and 
Zweng, 1986). In addition to the front*end and rounding strategies 
described here, this reference describes other computational estimation 
strate^es that are appropriate for elementary-level children (e.g., see 
Leutzinger, Ratfimell, and Urbatsch, 1986; Reys, 1986). 

Rront-End with Two-Digit and 
Three-DisttTennt 

First ensure that children have a basis for understanding two-digit (three- 
digit) addition and subtraction, including recognition of the ones, tens (and 
hundreds) place and place-value notation for two-digit (three-digit) terms. 
To leam the skill tiiey do not have to produce basic facts automatically. 
However, to use the strategy with any efficiency, children should be able to 
generate single-digits sums rather quickly by recall, reasoning, or counting* 
on or counting-down. 

//they have the prerequisites, children could be introduced to a fipont- 
end strategy urith two-digit terms and three-digit terms simultaneously. For 
most, though, it may be helpful to introduce it with only two-digit arithmetic, 
which is less complicated and more familiar. The methods described below 
are illustrated with examples involving two-di^t addition. They could Just as 
easily be used with subtraction or three-di^t arithmetic. 

Specific estimation strate^es can be pointed out as part of an 
estimation activity such as Good or Bad Estimator. Show the number 
sentence like 98 + 75 = 12 and say, "Cookie Monster thinks 98 cookies and 
75 cookies adds up to about 12 cookies. Is 1 2 a good guess or a bad guess? 
Is he about right or way off Have the participants discuss the reasons for 
their answer. Present a mix of number sentences that aie good examples of 
estimation (e.g., 63 + 24 = 81, 74 + 3 76) and those that are bad (e.g., 55 
+ 26 = 107, 73 + 22 = 23). Be sure to include two-plus one-di^t examples 
(e.g., 76 + 5 = 120). 

Duringthe disc 'ssions of their answers, the key elements of a front-end 
approach may come up: The answer to two-digit problems must be at least 
as large as the sum of the tens di^ts. Some children will quickly pick up the 
front-end strategy withonly a brief explanation ana ..linimal encouragement. 

For other children, it may be necessary to highlight the relative 
importance of the tens-piace outcome by using a conaete model. In such 

56 

cases, ask children to represent a problem such as ^.^3 on a conaete- 

computation board like that shown in Rgure 12-1. Then ask, "If you could 
add just one of these columns, which would come the closest to 0ving us the 
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conect answer?" Check the responses by first figuring out the conect 
answer concretely as shown in Figure 1 2-1 . Then add just the ones digits (6 
+ 3=9). Next add just the tens digits (50 + 40 = 90). Compare the two with 
the exact answer. 

Though a front-end strategy is relatively simple, it should not be 
Icamed and used mechanically. Like any problem -solving activity, estimation 
requires a thoughtful analyses of the problem. Consider the problems 
below: 

C_ 

128 168 125 

10 399 99 

f 7 +576 + 86 



A front-end strategy yields reasonably accurate estimates for FVoblems A 
(900+) and B (100+) but significantly underestimates Problems C (900+) 
and D (100+). 

Have children discuss the merits of a front-end strategy with such 
problems. Solicit suggestions for how to improve estimates with Problems 
like C and D. One improvement is using a refined front-end strategy, where 
un estimator takes into account the first two most influential digits— in this 
case, the hundreds and tens place. A refined front-end strategy is illustrated 
below with Problems C and D. 





D_ 


160 


120 


390 


90 


+ 570 


+ 80 


1120 


290 



Exercises that entail analyzing the usefulness of a front-end strategy 
are a natural introduction to rounding. In this way, rounding can be 
introduced as a means for making even more precise estimates than a front- 
end strategy. 

Rounding with Two and Three Digits 

Brst ensure that children have a sound basis for understanding two- and 
three-digit arithmetic, including an ability to compute the answers of such 
problems by using manipulatives. Children also need a fairly sound 
u.iderstanding of place value— including recognition of the ones, tens, and 
hundreds place; place-value notation for t.vo- and three-digit terms; zero as 
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a place holder; and the sum of digit values equals the whole. Efficient 
application of rounding skills also requires accurate and quick mental 
computation skills with single- and multidiglt combinations. 

Rounding should be taught in a problem-solving context. Help 
children to see that rounding is another means f^r making difficult 
calculations more manageable. They also need to understand that how 
rounding is implemented depends on the aim of the task. Group discussions 
can be helpful in making decisions about the aims and thus the approach of 
an estimation effort. 

A discussion can be facilitated by playing Good or Bad Estimator. 
Ask children to evaluate the rounding efforts of a fictitious character in terms 
of the aims of a task. Consider the story problem below: 

Joslin got $10 for her birthday. She went to a department store and 
bought items she liked. To make sure she did not overspend the $10 
she had, Joslin estimated the cost of each item she picked out. Below is 
a list of the prices of the items and Joslin's estimates for them. 



After picking out the fourth item, Joslin thought to herself: $1 + $2 + 
$1 + $5 is $9. Good, my $10 is enough. 

After reading the word problem above, ask the children what they think will 
happen at the check out counter and whether her estimation strategy was 
effective or not. (The items actually cost $1 0.07— more than Joslin has. Her 
rounding-off-to-the-nearest dollar approach underestimated the total cost. 
Her strategy put Joslin in an embarrassing situation.) Ask what other 
estimation strategies might be more effective— given Joslin's goal of not 
spending more than $1 0. (She could have rounded up— overestimating the 
cost of each item: $2 + $3 + $2 + $6. This would have alerted her to the 
possibility that she didn't have enough money to buy all t^e items. 
Alternatively, she could have used a more sophisticated rounding strategy: 
$1.40 + $2.10 + $1.20 + $5.30. This would have signalled that she was 
critically close to the cut off point of $10 and possibly over the limit.) 

Ready-Set-Add and ReadySet-Subtract are interesting ways to 
practice rounding skills. The two-digit version of the game described above 
is useful in practicing rounding to the nearest decade. With the three-digit 
version, the record sheet can require players to round to the nearest 
hundreds (Frame A of Rgure 11-1) or tens (Frame B). An alternative 



Item Price 



Joslin's Estimate 



$1.42 
$2.09 
$1.23 
$5 33 



$1 
$2 

$1 
$5 
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Sample Answer-Key Cards for Ready-Set-Add (Subtract): Three-digit Version 



A. 347-1-482 


B. 347 -1- 482 






100- 


100- 


400- 


700- 


200- 


110- 


410- 


710- 


300- 


120- 


420- 


720- 


400- 


130- 


430- 


730- 


500- 


140- 


440- 


740- 


600- 


150- 


450- 


750- 


700- , 


160- 


460- 


760- 


800- X 


170- 


470- 


770- 


900- 


180- 


480- 


780- 


1000- 


190- 


490- 


790- 


1000+- 


200- 


500- 


800- 




210- 


510- 


810- 




220- 


520- 


820- - 




230- 


530- 


830- \ 




240- 


540- 


840- 




250- 


550- 


850- 




260- 


560- 


860- 




270- 


57 


870- 




280- 


580- 


880- 




290- 


590- 


890- 




300- 


600- 


900- 




310- 


610- 


910- 




320- 


620- 


920- 




330- 


630- 


930- 




340- 


640- 


940- 




350- 


650- 


950- 




360- 


660- 


960- 




370- 


670- 


970- 




380- 


680- 


980- 




390- 


690- 


990- 



1000- 
1000+- 



scoring procedure also gives the judge practice rounding off. Instead of 
using a rea^y-made answer-key cards, the judge computes answers on a 
calculator and makes up an answer-key card by rounding off the calculated 
answer. 



SUMMARY 



Mental arithmetic, which includes the exact process of mental computation 
and inexact process of estimation, is widely used by adults but often is not 
adequately emphasized in school. Efficient multldigit mental calculation of 
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sums and differences depends upon mastery of single-digit and multidigit 
combinations, particularly those involving 10 and factors of 10. A key 
element in mastering multidigit combinations is discovering how they are 
connected or related to existing knowledge. For example, adding 10 to 
another decade can become automatic by esqploiting knowledge of the 
count-by-tens sequence. Subtracting combinations like 70 — 40 = ? and 90 
— 80 can be mastered quickly by building upon knowledge of the single- 
digit combinations such as 7 — 4 = 3 and 9 — 8 = 1, 

Efficient multidigit estimates of sums and differences depends upon 
good mental computational skill, conceptual knowledge of arithemtic and 
place value, and fle}dbility (risk-taking ability). A front-end strategy, which 
focuses on the digits with the greatest impact, is sufficiently simple that it can 
be taught to first graders who do not have a deep understanding of place 
value. Rounding strategies can be introduced after children comprehend 
place value. It should be taught in a problem-solving context, because a 
thoughtful analyses of the task goal determines how the rounding is 
performed. 
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Multidigit Written 
Calculation 



Even in this age of hand-held calculators and personal home computers, it is 
important for children to learn about written calculational routines. Oc- 
casions arise when calculations must be performed without the aid of 
machines. In such cases, informal counting strategies are impractical. (They 
beconie increasingly difficult to use as the numbers involved in calculations 
become larger.) Written algorithms (step-by-step procedures), which make 
use of base-ten place-value ideas, provide an efficient means forperfoniiing 
arithmetic calculations with multidi^t terms. 

Moreover, knowledge about unritten algorithms can be useful in 
multidigit mental arithmetic— both estimation and mental calculation. For 
example, to check a cashier's total of 324 for 149 + 185, a shopper could 
mentally carry out the standard right-to-left addition algorithm. Finding that 
the ones-place digit should be 4 (9 + 5 = 14), the shopper sums the tens* 
place terms (1 + 4 + 8 = 1 3) to find that the tens-place digit should be 3, not 
2. 

Perhaps most importantly, children still need to understand how and 
why the multidigit algorithms work. Without a conceptual basis, their written 
or mental use of algorithms will probably be hampered or less efficient. 

To master written multidigit addition and written multidigit sub- 
traction, children must learn all the steps of the formal procedure in their 
correct order. One component is how to line up the terms correctly (correct 
aligmnent). For multidigit addition algorithms, children must also learn 
where to start, where to write the sums, and how to carry. When they 
comprehend the underlying base-ten place-value rationale for the al- 
gorithms, children are much more likely to learn the procedures efficiently, 
apply them to more complicated problems, and use them effectively in 
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problem-solving contexts. However, learning and even understanding the 
step-by-step procedures of the algorithm does not Itself guarantee accuraq;. 
Children must be able to calculate or recall arithmetic combinations, and 
they must care enough to carry out all aspects of the procedure carefully. 



LEARNING 



Written Multldiglt Addition 

Correct Alisnment 

To execute the (vertical) multidiglt addition and subtraction algorithm, 
terms should be lined up from the right side so that the ones-place digits 
form a single column, the tens-place digits line up vertically, and so forth. 
Children who do not understand the underiying place-value rationale for 
the procedure may make one of several errors. Some may make no effort to 
align terms correctly. Some may be confused and align on the left at times 
and on the right at other times. Perhaps because they are influenced by left- 
to-right reading procedures, some may consistently align on the left (Bug 1 
in Table 12-1). Alignment difficulties may appear when children have to 
copy problems from a text, record verbally presented problems, or set up 
word problems. Alignment-related errors are especially likely to occur when 
a child is required to write or copy problems horizontally or do worksheet 
exercises in which the problems are printed horizontally (Bug 2 in Table 
12-1). Children who have mastered correct alignment with 2'digit terms 
and who understand its underlying rationale of vertical addition should 
have no difficulty transfening the alignment procedures to horizontal 
problems, addition with three-digit terms, or subtraction. 

Procedure and Accuracy 

Children usually have little difficulty mastering a two-, three-, or even four- 
digit written addition procedure that does not involve carrying (2-, 3- and 4- 
digit with no renaming). The step-by-step procedure is rather straight- 
forward and entails minimal knowledge of place value. The child simply 
starts w?th the ones digits, obtains their sum, and records it below the ones 
column. The same process applies to the tens-place digits, hundreds-pl^ce 
digits, and so forth. However, with or without canying, written addition can 
be confusing for some children when it is not connected in a meaningful way 
to their informal mathematical experience. The result can be bugs like 3, 4, 
and 5 in Table 12-1. 



Tabto 1 2-1 Some Common Addition Bugs 



(1) 


102 193 


(5) 


42 


91 


+19 + 88 




+13 


+32 










9 1 


(2) 


34 + 5 + 84 


(6) 


25 


21 


18 + 3 = 48 


+17 


18 




25 + 6=85 




32 


+24 












(3) 


123 25 


(7) 


19 


22 




52 17 




+13 


+18 




+ 4 +4 






31 




17 19 








(4) 


25 54 


(8) 


77 


726 




+ 3 +23 




+16 


+ 267 




73 95 




813 


9813 






(9) 


91 


72 








+32 


+41 








24 


14 



Explanations: 

(1) Vertical ml8allgnment--e.g^on 102 + 19,thechlldcopledtheproblem 
such that 1 9 Is undc.. the '1 0' of 1 02. Then, beginning at the right, 2+0 
= 2, 0 + 9 = 9, and 1 + 1 = 2 for an answer of 292. 

(2) Mental misalignment— e.g., on 1 8 + 3, the child added the first digit of 
each tenn (1+3 = 4) and then added 8 + 0 = 8 for an answer of 48. 

(3) Addsa// d/flr/fs^.g.,on123 + 52+4,thechlldadded 1 +2+3 + 5 + 2 
+ 4 to get 17. 

(4) Adds across horizontally— e.g., on 25 + 3, the child added 2 + 5 = 7, 
wrote this In the tens place, then added 0 + 3 = 3 and wrote 3 In the 
ones place for an answer of 73. 

(5) Adds digits criss-cross— e.g., on 42 + 1 3, the child began by adding 4 + 
3 = 7, wrote the 7 down, then added 2 + 1 = 3 for an answer of 73. 

(6) Ignores carried digit— e.g., on 25 + 1 7, the child began by adding the 
digits In the ones column (5 + 7 = 12), put down the ones digit of the 
sum (2) but not the tens digit (1 ), and then added the digits In the tens 
column (2 + 1 = 3) to arrive at a final answer of 32. 

(7) Carr/eswron0d/sf/f^.g.,on 19 + 13,thechlldbeganbyaddlng9+3= 
1 2, wrote down the wrong digit (1 ), candled the 2, and added the 2 to the 
tens column digits (2 + 1 + 1 = 4) to get 41. 

(8) Doesn't carry; writes all sums on bottom— e.g., on 77 + 1 6, the child 
added 7 + 6 = 13, wrote both digits of the sum below, added 7 + 1=8 
to get 813. 

(9) Adds from left to right— e.g., on 91 + 32, the child began by adding 9 + 
3 = 12, wrote 2 In the tens place, candled the 1 to the ones place and 
added 1 +1 +2 = 4toget 24. 
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Though memy children rotely master the two-digit addition algorithm 
tfiat involves carrying {2-digit with renaming), often such learning does not 
transfer to tiiat involving three or four digits (3- or 4-d/g/t with renaming) 
or more (Ginsburg, 1982). Because they do not comprehend the purpose of 
such algorithms, some children fall to leam all (or any) of the steps 
(Engelhardt, Ashlock, and Wiebc, 1984). Quite often, the results arc 
systematic errors such as Bug 6 in Table 12-1 (e.g., Ashlock, 1982; Brown 
and Burton, 1978). A lack of understanding or misconceptions can lead 
children to Invent their own incorrect but systematic errors (e.g.. Bugs 7, 8, 
and 9 In Table 12-1). 

Though mastering an algorithm goes a long way toward ensuring 
accurate computation, it does not guarantee a child will use it efficiently. 
Children at this level may— for various reasons— make slips (minormistakes 
or inconsistencies) (Buswell and Judd, 1925; Ginsburg and Mathews, 
1984). Accuracy with any procedure may be delayed if a child has not 
mastered the basic addition combinations or cannot informally calculate 
sums efficiently. Children may also have difficulty completing written 
assignments accurately if they feel compelled to rush or see no point In the 
task. 



Wittten Muhldigit Subtractton 

Similarly, children usually master the written subtraction procedure with 2; 
3; or 4-digits with no renaming (borrowing)— even though they may not 
understand it. Nevertheless, some children have difficulty with the written 
subtraction when it is not tied to understanding. In some cases, children 
resort to using a familiar procedure (Bug 1 in Table 12-2). Subtracting with 
i'ero (in the subtrahend) often causes difficulty (see Bug 2 In Table 12-2). 

Many cltildren have enormous difficulty with problems that Involve 2-, 
3; or 4-digits with renaming. As a result, systematic enrors, such as Bugs 3 
and 4, are common. SubiXdCtion that involves borrowing from zero Is 
especially difficult for children (see Bugs 5, 6, and 7 in Table 12-2). Sub- 
tracting from zero is also a special source of difficulty, and children find all 
sorts of (incorrect) ways to arrive at some answers (see Bugs 8 and 9 in Table 
12-2) (e.g.. Brown and Burton, 1978; Buswell and Judd, 1925; Van Lehn, 
1983). 

If children still have difficulty recalling or computing differences (e.g., 
by separating from or counting-down), then they will continue to be inac- 
curate even after they have mastered a procedure. Note though that not 
understanding and remembering the algorithm accurately is the chief obsta- 
cle in achieving written subtraction accuracy with any of the subtraction 
algorithms. 
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MuhSdloit Written Calculation 

Some Common Subtraction Bugs 



(5) 103 101 
- 45 - 56 

158 145 



(6) 205 101 
- 36 - 56 

269 45 



(7) 208 304 
- 49 - 75 

69 139 



(8) 140 130 
- 21 - 93 

121 43 



(9) 108 130 
- 47 - 28 

101 110 

(1 ) Adds instead of subtracts— e.g., for 24 - 8, the child added 4+8 = 12, 
carried the 1 and added 1 + 2 = 3 to get 32. 

(2) Subtracts n-0- 0—e.g., for 1 28 - 1 07, the child subtracted 8-7=1, 
answered 2 - 0 as 0, and subtracted 1 - 1 = 0 to get an answer of 1 . 

(3) Subtracts smaller digit from larger— e.g., for 24-17, the child 
subtracted 7-4=3, then 2-1 = 1 for an answer of 1 3. 

(4) Borrows without reducing— e.g., for 40 - 1 2, the child borrowed from 
but did not reduce the 4 in the tens place. IHe or she subtracted 10-2 
= 8 and 4 - 1 = 3 to get 38. 

(5) Borrows from 0 and changes to 9 without reducing— e.g., for 1 03 - 45, 
the child "changed" the 0 to a 9 but left the 1 in the hundreds place, 
subtracted 13-5 = 8, 9-4 = 5, and brought the 1 down to get 1 58. 

(6) Borrows from 0 and changes to 9 without reducing except when 101s 
on the left—e.g^ for 205 - 36, the child used Bug 5 described above. 
However, when 10 is on the left, as in 101 - 56, the ciiild did reduce 
this final 10 and subtracted 9 - 5 = 4 to get the answer of 45. 

(7) Skips over 0 to borrow— e.g., in 208 - 49, the child skipped over the 0 
and borrowed from the 2, subtracted 18-9=9, borrowed from the 2 
(now 1) again, and subtracted 10 - 4 = 6 to get 69. 

(8) Subtracts 0- n- « (n - any number)— e.g., for 140-21, the child 
subtracted 0 - 1 = 1, then completed the rest of the problem in the 
nonnal way to get 1 21 . 

(9) Subtracts 0-n- O—e.g., for 1 08 -47, the child subtracted 8-7 = 1, 
answered 0 - 4 as 0, and brought down the 1 to get 101. 



(1) 24 36 
- 8 -17 

32 53 



(2) 128 145 
-107 -120 



1 20 

(3) 24 253 
-17 -118 



13 145 

(4) 40 44 

-12 -36 

38 18 



Explanations: 
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INSTRUCTION 



Formal instruction on the arithmetic algorithms should be done in a 
meaningful manner by building on children's informal arithmetic knowledge. 
More specifically, multidigit addition and subtraction should be introduced 
to children In concrete ways— using objects or manipulatives— and in 
conjunction with instruction on base-ten and place-value skills and 
concepts (e.g., Fuson, 1986, 1987). Note that the scoring system shown In 
Rgure 10-3 and used to teach base-ten place-value competencies In a 
meaningful manner also concretely models a carrying procedure. 

The written exercises should be Introduced after children have 
mastered concrete models for the processes. Moreover, it is essential for 
teachers to help children bridge the gap between concrete models and 
symbolic arithmetic. A teacher r : eds to point out explicitly how each aspect 
o/the unfamiliar written procedure parallels the familiar concrete model for 
the algorithm (Bell, Fuson, and Ush, 1976; Fuson, 1986, 1987, 1988; 
Rcsnick, 1982, 1983; Resnick and Omanson, 1987). Morpover, the written 
procedure should appear as an easier way of arriving at a solution (Holt, 
1964). 

There is no reason why learning and practicing arithmetic algorithr s 
should be a tedious chore. Such efforts should be done wi^h a purpose so 
that it is meaningful and intaiesting. Solving story problems and keeping 
score for games (e.g.. High Card, Shuffleboard, Draw, and Target 
Gamedescribed In Examples 10-2, 10-^, 10-4, and 10-8) are two natural 
avenues for making this instruction and practice consequential and stimu- 
lating. Children should be given regular practice, but not so much at any one 
time that it becomes just something to get through (Holt, 1974). 

Too often, a method is taught as the one and only correct procedure. It 
is important to help children realize that there is often more than one way of 
figuring out problems. Indeed, some alternatives are more efficient than a 
class- or textbook-taught "standard algorithm." Examples 12'-1 and 12-2 
illustrate several useful alternative procedures that side-step the difficult 
renaming process. 

Table 12-3 outlines a traditional instructional sequence of multidigit 
calculational skills. Such a piecemeal approach has a number of dis- 
advantages (e.g., Fuson, 1986). One, introducing algorithms without 
renaming before teaching those with renaming may foster a mindset that 
results In common bugs such as the docs-not-carry and smaller-from -larger 
errors (Bug 8 In Table 12-1 and Bug 3 in Table 12-2, respectively). Two, it 
masks the power and the principles of the written algorithms. A child who 
understands the principles underlying the procedure for three-digit addition 
should have no difficuL > applying the procedures to four-digit proble^is or 
largsr. Moreover, working on problems with three-digits or more may help 
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Exampit 1 2-1 An Expanded Algorithm for Multldlgit Addition* 

The algorithm illustrated below side-steps the carrying process 
and reinforces place value. 



Step 1 19 765 

+13 +278 

12 13 

Step 2 19 765 

+13 278 

12 13 
20 130 

Steps 19 765 

+13 278 

12 13 
20 130 

"ii" 900 

Step 4 765 

278 

13 
130 
900 

1043 



*This method was suggested by an anonymous reviewer. 



Example 12-2 Equal -Addition Method for Multidigit Subtraction* 



Just as It is sometimes easier to transfomi a relatively difficult 
combination into a relatively easy one for basic number com- 
binations (e.g., ■! 6 - 9 = (1 6+1 ) - (9+1 ) = 1 7 - 1 0 = 7), so it is with 
much larger combinations (306 - 1 99 = (306+1 ) - (1 99+1 ) = 307 
-200 = 107). 
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If children have not learned this equal-addition method, they 
can be helped to discover It with an exercise like Exercise A below. 
Exercise B can be used to practice this skill. 



Ex«rcis« A 

Subtract each of the following. 

• Is there anything you notice about the minuend (top number) 
from problem to problem? 

• Is there anything you notice about the subtrahend (bottom 
number) from problem to problem? 

• What do you notice about the difference from problem to 
problem? 



15 25 35 115 215 415 

-10 -20 -30 -110 -210 -410 



14 24 34 114 214 414 

- 9 -19 -29 -109 -209 ^09 



Exercise B 

Use the equal-addition method to make the following sub- 
traction combinations easier to figure out. 

(a) 208 (b) 496 (c) 816 (d) 800 

-199 -198 -297 -477 



(e) 201 (f) 403 (g) 488 (h) 807 

-192 -188 -198 -297 



'Based on Grossman (1985). 
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Traditional Sequence of Written Calculational Competencies 



Written Muttidisit Addition 



Written Muitidigit Subtraction 



Level Correct Alignment Procedure and Accuracy 



Procedure and Accuracy 



2 



With 2-digit terms 



2-digit without renaming 



2-digit without renaming 



2-digit with renaming 



2-digit with renaming 



3 



With 3-digit terms 



3-digit without renaming 



3-digit without renaming 



3-digit wilh renaming 



3-digit with renaming 



children to understand better the base-ten place-value principles that 
underlie these algorithms than work that focuses on two-digit arithmetic 
exclusively. Fuson has shown that meaningful and effective instruction on 
muitidigit algorithms can be successfully compressed. 

For these reasons, it is recommended that teachers try combining 
instruction on two-, three-, and four-digit addition— both with and without 
carrying.^ Moreover, once they have mastered the algorithm, it appears that 
children really enjoy the challenge of figuring out even larger problems- 
even problems with ten digits (e.g., Fa«on, 1986). For the same reasons, 
combined instruction is also recommended for subtraction. 

Teachers may fir.d that such an approach is not appropriate for all 
children. Or some may be locked into teaching specific objectives at their 
grade level. In such cases, the methods discussed below can easily be 
adapted for training at a specific level. 

Conect Alignment and Written Addition 

Procedure and Accuracy: 2% 3% and 

4-Dlslt with No Renaming and with Renaming 

First ensure that children have mastered prerequisite skills (e.g., written 
addition procedures with one-digit terms) and can either recall or compute 



Mf Instruction focuses on two-^ three- .id four-digit addition in sequence, a teacher may 
want to give children the opportunity t J "invent" algorithms for larger numbers. For <»^^mple» 
after working on two*digit problems, introduce^-without fanfares-word problems involving 
a three-digit addend into practice exercises for the two-digit algorithm. Or adjust upward 
from 100, the score needed to win a game. Some children will readily apply their renaming 
procedures to the new task of three-digit addition. Some children may be tentative or even 
disconcerted by the change. Encourage these children to apply what they do know to the new 
task. As a group, discuss and question their experiences with the "new" procedure. 
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single-digit combinations efficiently. Teaching the multldigit addition al- 
gorithm should be done in stages (e.g., Thompson and Van de Walle, 1980). 
(1) To begin with, it may be helpful to master a concrete model for the 
muladigit algorithm, such as that illustrated in Rgure 10-3.^ (2) Next, focus 
on computing with objects and numerals dmuhaneously. (3) Then practice 
computing with numerals only. It may be helpful to begin each of these three 
stages of instructionby solving story problems. Keeping score for games can 
then provide the practice necessary to master the procedure. 

Rgure 12-1 illustrates the key second stage, which involves both 
objects and written numbers. It is important that a teacher note how each 
step in the written procedure corresponds to a step in the concrete model 
(e.g., see Frame B of Rgure 12-2). Explicitly pointing out the link between 
the steps of the written and concrete procedures is more effective than the 
common approach of working out the problem with manipulatives and then 
recording the answer symbolically as in thefir^t stage (Bell, Fuson, and Lesh, 
1976). 

Note that correct alignment and the renaming procedure^ are taught 
as integral and natural parts of the calculational or scoring procedure. This 
provides a meaningful and motivating context to leam these skills. Because 
carrying is not singled out for special attention ("Now we are going to study 
renaming. This is harder . . ."), the skill is introduced onthreatening 
manner to children. 

Egyptian hieroglyphics also provide an ideal pictorial or semiconcrete 
device for practicing multldigit addition (see Rrame A of Rgure 12-2)."* 
Frame B of Rgure 12-2 illustrates how the written algorithm can be 
expUcitlif related to this semiconcrete model. Exercises like those illustrated 
in Example 12-3 are a natural extension of the hieroglyphic exercises 
described in Chapter 10 for fostering an understanding of base ten and 
place value. 



^Fusc-i ( 1986) noitsb that her research Indicates that the first stage of computing ' vith objects 
only may be unnecessary. She finds that Introdudngthe written algorithm at the >ame time as 
the concrete model can be effective. Therefore, she argues that It is more efficient simply to 
begin with Stage 2. However, It may be less confusing for some children to lea m the conaete 
procedure without simultaneously learning a second (written) procedure. Moreover, why 
postpone the basemen fdace-value training (provided by the scoring procedur e In Figure 1 0- 
3) until children are ready to leam multldigit addition procedures? 
^Before Introducing algorithms with written numbers only. It may be helpful for some 
children to leam a more abstract scoring (regrouping) procedure: representing a group of 1 0 
ones with a sfng/e Item (object or tally) in the tens place. In Figure 12-1, note that lOunltsare 
traded In for a long, which is dearly composed of 10 units and which makes the tradlng-ln 
process highly concrete. In the Fofward Bowling Game (Wynroth, 19£;6), 10 blocks from 
the ones post is traded In for one block that Is put on the tens post. This a bstract procedure 
more directly models the written algorithm In which a single-dyt (a 1 rei^resenting 1 ten) Is 
carried to the next column. 

^In particular. It Introduces children to the relatively abstract Ideaof representing 1 ten witha 
single symbol (something that does not resemble 10 ones) (see footnote 3). 
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Flgura 1 2-1 A Concrete Model for Teaching Correct Alignment and the Multldlgit Addition 
Algorithm with or without Renaming, Using "2328 + 1714" as an Example* 



A. Represent the addends. 



Thousands 



Hundreds 



Tens Ones 



IiMtrnction 



SS7 



B-1. Combine the units In the ones place. 



Thousands Hundreds Tens Ones 
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B-2. Group 1 0 unit blocks and exchange for a long. 
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C. Combine the items in the tens coiumn. 



Thousands Hundreds Tens Ones 




331 



D-1. Combine the items in the hundreds column. 




D'2. Group 1 0 flats and exchange for a cube. 




o o 
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E. Combine the thousands items. 



Thousands 



Hundreds 



Tens 



Ones 




*This variation of Tiiompson and Van de Walla's (1 980) transition board more 
directly mimics the standard carrying algorithm. 
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Figure 12-2 A Semlconcrete Methcxj for Learning How to Carry 

A. Teaching The Carrying Procedure with Egyptian Hieroglyphics 
Step 1 : Translate the symbolic problem into hieroglyphics. 

+38 nnnuHiU^ +^ nnnnAAUA/iu 

step 2: Combine the marks represents the ones terns. If this 
combining process produces a group of 10, circle the 10. 

47 nnno LHu/ Tx 57 nnnnnyiUiJinK 

±38 nnnmnid ±48 nnnnmm 

step 3: Cross out the circled one-symbols and replace this group 
with the more convenient tens-symbol. 

+38 nnnfflffiM +43 nnnnmhT^ 

step 4: Combine the tens-symbols. If this combining process pro- 
duces a group of 10 circle the 10. 

±48 (^SSSSl^ffiBi 

Step 5: If needed, cross out the circled tens symbols and replace 
this group with the more convenient hundreds symbol. 

+ 48 c ^prm 
step 6: Translate the hieroglyphics into numerals. 



47 0 ^ 57 ^ 

^5" nnnfmtm m LjB^aeM^ 
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B. Explicitly Linking the Carrying Algorithm to the Semlconcrete 
Model 

Step 1 : Add the ones-place digits. 

Step 2: If the sum Is 1 0 or more, regroup It In terms of a ten and the 
ones left over. 

il umjO\ 
±38 .am u ill 

§5- 

Step 3: Place th^ symbol for the ten In the tens column, 
step 4: Add the tens-place digits. 




Exampl«12-3 Addition with Hieroglyphics 



1 . As the owner of Felicitous Felines, you are delighted with 
the monthly sales of cats (a favorite and ^^'orshipped pet In 
ancient Egypt). 

Each of the following households bought a single cat 
at the regular price of 25 coins. Add this cost to their 
balance (the amount they owed from before) to find out 
how much to bill them this month. Represent the sum in 
hieroglyphics and then translate It into Arabic numerals. 
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» m 
^ (\mm 

nnnnjiuiji 



2. As the librarian for the Alexa drian Library, one of the 
world's leading stores of knowledge, you have to record 
the new books added to your collection. Indicated below in 
hieroglyphics are the numbers of books that you had. The 
Arabic numeral indicai^c how many books were added 
this year. Indicate in hieroglyphics and then in Arabic 
numerals the total number of books in each collection. 



Agriculture (1/1/11^11 (+62) 

Astrology nnfiriMIW (+45) 

Geometry (10(1(1/1 11 A Ul (+32) 

History (military) (+28) 



History (political) I !IIMAAA/iilA (+30) 

Husbandry nnnn (+52) 
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Written Subtraction Procedure and 
Accuracy: 2% and 4-Digit with and 
witliout Renaming, with and without Zero 

Before Introducing concrete models for two% three*, or four*digit subtrac- 
tion, first ensure that children have mastered analogous models for 
addition. Ensure facility with concrete models for subtraction before 
introducing written subtraction procedures. As with addition, problems that 
do and do not require renaming can be introduced together. Moreover, 
research (e.g., Fuson, 1986) suggests that with the use of size embodiments, 
training can proceed with problems involving two- to four-digits (or even 
more). 

The concrete methods used to model addition can easily be adapted to 
model subtraction. In conjunction with story problems or a game like Space 
Wars (Example 1 2-4), the concrete scoring procedure for addition , such as 
that illustrated in Rgure 12-1 could simply be reversed (see Example 12-5). 
Moreover, if desired, the games can be adjusted to practice a particular skill. 
For instance, to practice two-digit subtraction with and without renaming, a 
player or team could start at 99 instead of 0. As points are scored, unit blocks 
are removed from the ones column. If there are not enough blocks in the 
ones column to complete the removal process (e.g., a player's existing score 
is 32 and he or she scores 8 points), then a long from the tens column would 
have to be exchanged for 10 unit blocks that are put in the ones place. This 
enables the players to complete the removal process (e.g., eight blocks are 
removed from the 12 now sitting in the ones column). 



Example 12-^ Space Wars 



Objective: The game can be used to practice either l-vo-, three-, 
or four-digit subtraction. 

Participants: Two pbyers or two small teams of players. The 
game can be played so that three to six children compete. 

Materials: Scoreboard like that in Example 1 2-5 and a spinner 
board. To practice two-digit subtraction, the spinner board would 
consist of two spinners, one labeled ones and the other tens, each 
divided into 10 sections labeled 0 to 9 (see figure). To practice 
threu-digit subtraction, a third spinner labeled hundreds is added 
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Tens Ones 



Procedure: For two-digit subtraction, play begins with a score of 
99 for each player. Explain that each player has 99 space fighters in 
his or her squadron. On a player's turn, the child spins the spinner. 
The player's opponent loses that number of space fighters. The 
opponent then takes away that number of blocks from his or her 
scoreboard. (If the game is played in teams, then players should 
take turns spinning and adjusting the team's score. If three to six 
children play, all opponents lose the spinned number or the spinner 
can name the opponent he or she wishes to lose the spinned 
number.) The winner is the player who out survives his or her 
opponent(s). 

For three-digit minus two-digit subtraction, the game can be 
started with a score of 1 99 or 299. Two (ones and tens) spinners are 
used. For thr^j-digit minus three-digit subtraction, begin with a 
score of 099 and use three (ones, tens, and hundreds) spinners. 



Example 12-5 Modeling a Multidigit Subtraction Word Problem 



Word Problem : Rebecca's Girl Scout troop received 833 boxes 
of cookies. Her school needed 147 for a picnic. Rebecca checked 
the sales records and found that 684 cookies had been sold. Were 
there enough boxes of cookies left for her to fill the school's order? 




NuhUUflIt Witttan Calculatton 

A. Represent the minuend. 

Thousands Hundreds Tens Ones 




833 
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B-1 '^ubtract the ones-digit terms first: Trade in a long for 1 0 units * 



Thousands Hundreds Tens Ones 




♦Note that for some children, it may be easier to do all the regrouping first (e.g., 
Fuson, 1986). In which case, a child would then check the tens column subtraction. 
Seeing that It requires regrouping also, the child would then proceed to trade in a 
flat for 10 longs. 
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B-2. Complete the ones-place subtraction. 




m 
1 
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C-2. Complete the tens-place subtraction. 




D-1. Subtract the hundreds-digit terms, ciear the subtrahend (the 
portion talcen av/ay), and answer the question posed by the 
problem. 



Thousands Hundreds Tens Ones 




Yes, Rebecca can fill the school's order. 
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Figure 12-3 illustrates how Egyptian hieroglyphics can be used to 
model semiconcretely the multidigit subtraction procedure with borrowing. 



Figure 1 2-3 The Borrowing Procedure with Egyptian Hieroglyphics 

Step 1: Translate the minuend Into hie/oglyphlcs. 

134 QnnauKi 

-86 



step 2: Trade in a ten for 10 ones. 
-86 



step 3: Complete the take-away process for the ones digit. 

-86 
8 



step 4: Trade in a hundred for 1 0 tens. 

nnnnn 
12, nnnnnumkm 

-86 

s 

step 5: Complete the take-away process for the tens digit. 

■ F \ f\nf)n , 

-86 

"IF 
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SUhk^RY 



Children often learn multidigit written calculation procedures for addition 
and subtraction without understanding the underlying base-ten place-value 
rationale for such algorithms. Though many children successfully memorize 
and use these formal arithmetic skills, many do not. Moreover, in the age of 
electronic calculators and computers, mere facility in computing is far less 
important than understanding the computational routine. 

Instruction on the multidigit arithmetic algorithms should be done In 
tandem with base-ten place-value instruction— using size embodiments and 
conaete regrouping models. Egyptian hieroglyphics can provide an in- 
terestiny semiconcrete model for these arithmetic algorithms. It is essential 
that a teacher help children to see the link between concrete models and 
their written work: The teacher should relate each step of a concrete (or 
semiconcrete) model to each step of the written algorithm. Practice of 
multidigit arithmetic can and should be meaningful and interesting to 
children. 
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Geometry and 
Fractions 



Chapters 3 to 12 described how children develop basic number, arithmetic, 
and base-ten place-value skills and concepts. These chapters illustrated how 
formal instruction can build upon children's informal knowledge to make it 
interesting, meaningful, and thought-provoking. Frequently, primary in- 
struction also introduces geometry (e.g., shape identification) and fractions 
(e.g., identification of V&, and H). Unfortunately, this initial instruction too 
often focuses on mastering skills by rote, which may not interest children or 
provide a solid basis for later leannng (e.g., Davis, 1984; Hiebert, 1984). 
This chapter discusses how the cognitive principles of teaching can be 
applied to the topics of geometry and fractions so that initial instruction is 
engaging, understandable, and challenging, and so that it provides a solid 
foundation for later learning. 

Unlike previous topics that dealt with sets of disaete (countable) 
entities, geometry deals with space and form. Elementary instruction in 
geometry entails leaming the names and characteristics (attributes) of one- 
dimensional spatial entities such as a line, two-dimensional forms such as a 
square, or three-dimensional objects such as a cube. It should also involve 
leaming the relationships among entities and their attributes. 

Unlike previous topics that dealt with discrete quantities (whole 
numbers with no ''in-betweens"), fractions deal with both discrete and 
continuous quantities (subdivisions of a whole: the parts in between 
wholes). Discrete quantities are clearly associated with one-to-one object 
counting, whereas continuous quantities are closely associated with meas* 
uring. Fraction? belong to the category of numbers called rational numbers. 
(In this context, rational refers to a ratio or proportion, not reasonableness.) 



ERLC 



356 




O#oni«try 



357 



Because whole numbers or Integers like 1 or 3 can be thought of as rational 
numbers or ratios (e.g., 1/1 one unit, 3/1 three units), they fall under 
the category of rational numbers (see Rgure 13-1). 



GEOMETRY 



Learning 

Like other aspects of mathematical learning, children's knowledge of 
geometry proceeds gradually through a series of stager ^ At an intuitive 

level, children learn to recognize geometric figures such as Q or j | by 

their shapes or physical appearance. At this level, they do not define 
geometric forms in terms of attributes or properties and do not see how 
different figures like a square and rectangle are related. 

At an intennediate level, children begin to learn the characteristics of 
different geometric fonms. Hoi,;ever, they do yet see the relationships 
among properties of a figure and among different figures. In time, students 
achieve a more advanced level. They establish the interrelationships of 
properties both within figures (e.g., in a quadrilateral, parallel opposite sides 
necessitates equal opposite angles) and among figures (a square is a 
rectangle because it has all the properties of this figure) (Crowley, 1987). 

Elementary-level instruction often focuses on shape recognition and 
perhaps the memorization of a few key terms such as line segment, angle, 
and congruence (Dana, 1987). Because such an approach does not 
promote understanding, children develop partial or even incorrect concepts. 
For example, Hershkowitz, Bruckheimer and Vinner (1987) found that 
many students (and some adults) had difficulty with the angle task depicted 
in Rgure 13-2. Though they conrectly identified E as a point within the 
angle, they failed to do the same with Points B, C, and D. Such children do 
not understand (or apply) the id<^ that an angle is a figure formed by two 
lines that extend infinitelv from tne same point. 

An incomplete concept of angles may be fostered by text diagrams that 
depict angles as finite. A child's conception of angles may be further re- 
stricted if a teacher or text uses only one kind of angle (acute angles like . 
Because they see only a single example of the concept, child ?n may 

more complete description of the van Hlele model of the development of geometric 
thought can be found in Crowley ( 1 987). The description in this book parallels the Level 0, 1 , 
and 2 in the van Hiele model. Levels 3 and 4 are not described as they deal with the thinking 
of older children. 
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The Real Number System 



I. Hierarchy of the Set of Real Numbers 



A. Nonnegative numbers (0, 1, 2, 3...) 



B. Negative numbers (-1, -2, -3...) 



C. Integers 



(D. Fractions & decimals) 



E. Rational numbers (e.g., 1/1, 1/2, 1/4, 1/8, 2/2) 




F. Irrational numbers (e.g., v/T) 



G. Real numbers 



II. Venn Diagram of the Set of Real Numbers 
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set Elements 

A Nonnegative integers (natural numbers 1, 2, 3, etc., and 0) 

B Negative Integers 

C All integers 

D Fractions and decimals 

E Rational numbers (posf*' and negative) 

F Irrational numbers 

<3 Real numbers 



riguro13-2 Angle Task 



In the following drawing, circle all the points which are ins' :s the angle. 




C 

0 
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develop an intuitive or informal notion of angles that excludes obtuse angles 
like \_ or even right angles L . 

Instruction 

Geometry instruction can ^nd should be interesting, meaningful, and 
thought-provoking. Indeed, it affords numerous problem-solving oppor- 
tunities. The instructional guidelines below follow from a cognitive per- 
spective. Points 1, 2, and 3 apply to all children, though some examples 
illustrating the last point may be appropriate for more advanced students 
only. The application of Point 4 depends on a child's readiness and may not 
be applicable to most primaxy-level students. 

1. Instruction should ^rst/ocus on building an Intuitive knowledge and 
then Informal knowledge. At the primary level, visual patterns provide an 
ideal introduction to geometry and problem solving PeGuire, 1987). The 
1987 Yearbook of the National Council of Teadiers of Mathematics 
(Lindquist and Shulte, 1987) contains numerous teaching suggestions 
involving patterns. Children might first copy patterns made of interiocking. 
colored paper or beads (see Frame A of Example 13-1, then lock for 
patterns (Frame B of Example 13-1), and finally create their own patterns 
(Frame C of Example 13-1) (DeGuire, 1987). 



Exampi» 13-1 Copying, Finding, and Creating Patterns 

A. Initial Activity: Copying Patterns 

Copying patterns is a relatively simple tasl< because tlie diild 
liasonly tofind dmatcli for tlie next blocic Begin with relatively easy 
patterns to copy like the one or 'he left and then introduce more 
complex pattems like the one on the right. 

B. Analytic Activities: Finding a Pattern 
In Pattern Prediction, a child must discern a pattern in order 

to predict what comes next. It can serve as an individual, a small- 
group, or a whole-class problem-solving exercise. It can be played 
as a game between two players or two teams. In the latter, team 
members can take turns solving patterns or work as team. 
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Pattern 12 



R 


W 


W 


R 


W 


W 


R 


W 


W 



What comes next? 



Pattern 86 



R 


W 


W 


R 


W 


W 


R 


W 



What comes next? 



(b) 



Two cards from a Pattern-Prediction deck are Illustrated 
above. Note that the answer can be written on the back so that a 
player can check the correctness of his or her response Im- 
mediately. Alternatively a child can record his or her prediction on a 
worksheet after the appropriate pattern-card designation and the 
teacher can check Its correctness against an answer key. 

The cards can be made up with patterns of varying complexity. 
The difficulty of the questions can also be varied by requiring 
children to predict a missing element from the middle of a repeating 
pattern (Card b above) rather than the first element of a new 
repetition (Card a). 

Copy From Memory requires a child to examine a series of 
blocks, colored papers, or beads (as In Frame A) and decipher a 
pattern. After a prescribed time, the model Is removed and thechlld 
must reconstruct It from memory. Again, this can serve as an 
Individual, small group, or whole class problem-solving exercise. It 
can also be played as a game between two players or teams. By 
playing Copy From Memory, children may discover some Important 
lessons about their memory. They may notice that simple patterns 
of a few elements may be recorded effortlessly In visual memory. 
They should find, however, that larger or more complex patterns 
require effort to Identify and remember. With all but the simplest 
patterns, they may find that verbalizing and rehearsing the de- 
scription of the pattern Is helpful. 

In Pattern or Random? a child, group, team, or class must 
determine If an array of colored Interlocking blocks, paper blocks, 
or beads does or does not make a pattern. In the more advanced 
form of the activity or game (What's My Rule?), partlclpant(s) must 
also describe any patterns noted. 

C. Creative Activities: Making Patterns 

Once children can distinguish between patterns and non- 
attems, they are ready for the next challenge: creating their own 
pattern (DeGuIre, 1987). Some children will need encouragement 
to take this step. All will need to be reminded that a pattern should 
be repeated three times to serve as a "ood example. 
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With geoboards» sticks, or pattern blocks, children can also be 
encouraged to copy, analyze, and create geometric forms. Example 13-2 
illustrates several exercises with pattern blocks. Frame A illustrates the 
relatively straightforward task of making an exact copy. Frame B illustrates a 
somewhat more complicated copying task that requires a child to combine 
blocks to aeate the component geometric forms of the model . In Frame A of 
Example 13-3, note that the relatively ''simple" task of copying a geometric 
involves careful observation and precise numbering skill: By counting or 
using pattern recognition, a child must discern that the apex is the third nail 
from the left on the top row and that the base begins and ends one unit on 
either side of the apex on the third row. Frames B and C illustrate how 
geoboards can be used to encourage children to analyze and create figures. 



Example 1 3-*2 Exercises with Pattern Blocks 



A. Copying Geometric Figures with the Same Pattern Blocks 



B. Copying Geometric Figures with Combinations of Pattern Blocks 
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Example 1 3-3 Copying, Analyzing, and Creating Figures witii a Geoboard* or Dot Matrix 



A. Copying Figures 




• • • 



• • ■ 



• • • 



• • • • 



Use rubber bands to make the same shape on your geoboard. 
B. Analyzing Figures 




(a) 



(b) 



1. How many triangles can you find in Figure a? 



2. How many squares can you find in Figure b? 



C. Creating Figures 




• • • 



• • • 



Example 
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• • • 



• • • 



1. How many figures can you make by adding two lines to the 
onealready rhown. Note that lil<e thefigure in the example,all 
three lines have to join and extend from a dot in the matrix. 



2. The example shows a triangle. With three lines can you make 
an enclosed figure that is not a triangle? 



^QeoboarJs co" asily be constructed with nails and squares cut from a counter- 
top. 



ERIC 



37G 



Gcomctiy 



365 



2. Formal knowledge of geo.netry should be introduced gradually and 
should build upon informal knowledge. The Matching ngures Game, 
described In Example 13-4, Illustrates how an Informal matching activity 
can help children with 1 le formal terms congruence (two or more figures are 
congruent If they have the same shape and the same size) and similarify 
(two or more figures, which may or may not be the same size, are similar If 
they have the same shape). 



Example 1 3-4 Matching Figures Game 

Objective: Reinforce the definition of congruence and similarity. 

Grade Level : 3 and up. 

Participants: A group of two to six children. 

Materials: Geometric-form blocks and a deck of cards depicting 
the geometric forms. For each block, there should be two cards. 
Half the cards should have forms congruent with the block forms; 
half with the same shf^pe )ut smaller. 
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Procedure: Each player draws a specified number of geometric 
form blocks (e.g., three). The object of the game is to match blocks 
and cards. In the basic version of the game, a player gets two points 
for congment matches, one point for similar matches, and no points 
for no match. 

After the order of play has been determined, the first player 
turns over the top card of the deck. If the card form is similar or 
congruent to one of his or her blocks, the player may take the card 
and place the appropriate block on it. This serves to check for 
similarity and congruence. If the card form is only similar, a player 
may wish to pass in the hopes of cutting a congruent card fomn 
later. (When a match Is made the card and block are set aside and a 
new [congruent] card form may not be substituted.) If a player 
draws a card form that is neither congruent nor similar, the card is 
passed to the next player on the left. This player can then take the 
card if a match is found. If not, the card is passed on until a match i3 
found or the card Is returned to the player who drew It. In the latter 
case, the card is put on the bottom of the deck. 

Whatever the outcome of the first draw, the second player (in a 
clockwise direction) turns over the next card. The round is played 
like that described above. Play continues in a similar fashion until 
one player has matched all (three) blocks with cards. The winner is 
the child with the highest point total. (Note that ties are possible 
and that the player with three matches will not necessarily win.) 

An advanced fonn of the game (for gifted and jpper-elementary 
children) can include a bidding mechanism. In this version, each 
player begins with $25 (five $1, two $5, and one $10). Congruent 
matches earn a player an additional $1 0 and similar matches, $5. 
The first player turns over the top card. If he or she wants the card, 
the player must make a bid. Each player in turn may make a bid. The 
Diayerwho drew the card can make one final bid if he or she wishes. 
The card goes to the highest bidder. If a player does not want the 
card, he orshe enters a bid of $0. If all bids on a card are $0, the card 
is returned to the bottom of the deck and play continues with the 
second player drawing a card.The winner of the game is the player 
with the largest amount of money at the end of the game. 



3. Use a variety of examples and nonexamples to teach definitions or 
concepts. For instance, when introdudng triangles, use a variety of forms 

(equilateral: /\ , isosceles: ^ , right-angled: [\^ , scalene: Z\ . and 

obtuse angled : ). Example 1 3-5 illustrates an exercise vMx a variety of 
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examples and nonexamples to teach the definition of diagonal. This 
overcomes the narrow concept of diagonals that students typically develop 
because their text uses only a single example or a few examples like that 
illustrated in Rgure A of Example 13-5. 



Example I3-5 Definltlon-of-Diagonals Exercise 



Consider the examples and nonexamples below. 
1. This dotted line Is a diagonal. 



A. 






The dotted lines in Figures A and C are diagonals; those in Figures 
B and D are not. 



1. How many diagonals does the figure below have? 
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2. Can a triangle have a diagonal? 



a Is this dotted line a diagonal? 



4 How many diagonals does the figure below have? 



5. Define diagonal Definition: 



*After giving the students an opportunity to examine the examples and non- 
examples of a diagonal, proceed with Questions 1 to 5. After the students have 
answered a question— either Individually or as teams— discuss their answers 
(reasoning) and Indicate the correct answer (see the Key t>elow).Then proceed to 
the next question. Key. Question 1:Jhe quadrilateral has 2 diagonals. Question 2: 
No, a triangle does not have diagonals (t>ecause there are no nonadjacent angles). 
Question 3: Yes, the dotted lines are diagonals. Though counterintuitive, a 
diagonal may be external to the figure. Question 4; This polygon has 9 diagonals. 
Question 5; A diagonal Is a line that extends t)etween the vertices of two 
nonadjaoent angles of a polygon (or polyhedral). 
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Example 13-6 illustrates an exercise that uses examples and non- 
examples to help children move toward a formal definition of rectangles. 
Most children are surprised by the answer to Question 13. Intuitively, 
rectangles and squares are different and unrelated figures. If the definition 
of rectangle is considered, a square lo^cally is a rectangle— it is a rectangle 
in which all four sides are equal. Though we probably should not expect 
children to abandon their intuitive notions immediately, it is important to 
begin encouraging children to consider examples logically in terms of a 
definition. Question 13 also illustrates the next point— Point 4. 

Exampit 1 3-6 What Is a Rectangle?* 



Aim: This exercise uses examples and nonexamples to help 
students discover the critical attributes of a geometric form or 
concept and arrive at a concept definition. 

Procedure: This exercise Is suitable to Individual or whole-class 
Instruction. It Is especially useful when used In conjunction with 
small-group discussions. After going over Steps 1 to 5 with the 
students, the exercise can be completed In several ways. Have the 
students complete Steps 5 to 1 1 and then discuss their answers to 
each step, discuss each step as a class, or have small groups 
discuss and reach a consensus on each step and then discuss their 
answers either after all groups have completed the exercise or 
after each step. 

DitcuMlon Questions and Points: 

• If we are Interested In describing what a rectangle Is, why 
include Step 2? [Nonexamples help us tc define which 
characteristics or attributes are necessary or critical and 
which are not.] 

• What does Step 2 tell us? [Rectangles do not Include three- 
sided or non-enclosed figures.! 

• What does Step 3 tell us? [Orientation Is not a critical 
attribute.] 

• What do Steps 4 and 5 tell us? Hint: How Is the figure in Step 
4 [5] different from those In Steps 1 and 37 [The corners are 
not square or perpend Icular. The same Is true of the f Igu re In 
Step 5, and— like the figure In Step 2— It has three, not four, 
sides.] 
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• The figure in Step 6 is not a rectangle because the corners 
are not square and the two sides are not parallel. 



What Is a Rectangle? 



1. This is a rectangle. 

2. This is not a rectangle. 

3. This is a rectangle. 

4. This is not a rectangle. 

5. This is not a rectangle. 



6. Is this a rectangle? Yes No 



7. Is this a rectangle? Yes No 



8. Is this a rectangle? Yes No 

9. Is this a rectangle? Yes No 





10. Is this a rectangle? Yes No i 

11. Is this a rectangle? Yes No 



12. Is this a rectangle? Yes No 1 

13. Is this a rectangle? Yes No □ 

14. What is a definition of a rectangie? 



^Based on a method described by Herron, Agbeki, Cattrell, and Sills (1976) and 
Hershkowitz, Bruckheimer, and VInner (1987). 
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4. Focus on relationships among figures and attributes. The exercise 
illustrated in Example 13-7 was designed to help highlight the logical or 
hierarchical relationships among a group of geometric forms. A polygon is 
any many-sided, enclosed figure. In this exercise, polygons are the broadest 
class of figures. (Wote that in the Venn diagram in Figure 13-3, polygon 
includes the other fonns.) Quadrilaterals are /our-sided, enclosed figures 
and hence a subclass of polygons, which also includes the subclasses of 
three-sided figures, five-sided figures, and so forth. Parallelograms, in turn, 
are a subclass of quadrilaterals. Specifically, they are quadrilaterals in which 
the opposite sides are parallel. Rectangles are a subclass of parallelograms 
in which adjacent sides meet at a right angle. A square is that subclass of 
rectangle in which all sides are equal. Note that each subclass adds a 
defining attribute or characteristic that has the effect of cutting down the 
number of qualifying figures. 



Examplf) 1 3-7 Hierarchy of Forms 




1. Which of the following is a polygon? 

abcdefghi 

2. Which of the following is a quadrilateral? 

O A □ ^O^c 

abcdefghi 

3. Which of the following is a parallelogram? 

abcdefghi 



er|c 
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4. Which of the foiiowing is a rectangle? 

abcdefghi 

5. Which of the following is a square? 

abcdefghi 



FRACTIONS 



Learning 

Even primary-level children typically have had some informal experiences 
with fractions. For example, there are numer^ous situations where they must 
share fairly a discrete quantity (e.g., a plate of cookies or box of crayons) or 
continuous quantities (e.g., a candy bar or a cake). As a result of such 
informal encounters, many primary children are familiar with the expression 
"one half." They may also intuitively recognize that a half share should be 
the same size— a part of equal parts. 

In school, children are introduced to form,^ representations of 
fractions. In the primary grades, thisoften includes the i^ymbolsVi, V4, and 
These symbols are typically related to graphic representations ("pie dia- 
grams") like that shown in Figure 13-4. Usually, operations on fractions 
(e.g., adding fractions with like denominators such as 1/4 and 2/4) are not 
introduced until fourth grade. Fractions are deemed a difficult concept, and 
indeed, many children have considerable difficulty with the topic (e.g., Behr, 
Lesh, Post, and Silver, 1983; Post, 1981). 

Common errors among elementary school children include not 
recognizing that a fraction is a part of so many equal-sized parts (see Frame 
A of Bgure 13-5). Another prevalent mistake is choosing as the larger 
fraction the one with the larger denominator (see Frame B). Because 
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Flgurt 13^ Venn Diagram Representing the Hierarchical Relationships Illustrated in 
Exercise B 




A: Gquare 
B: Rectangle 
C: Parallelogram 
D: Quadrilateral 
E: Polygon 
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Figure 1 a-4 Graphic Representations of V2, V^, and Va 




Figure 1 a-5 Common En-ors in Children's Fraction Work 



A. A part of so many depicted but not comparable parts. 




Write a fraction to show what part of the pie is shaded: . 

B. Choosing the fraction vvith the larger number. 
Circle the fraction that shows the larger amount. 

a. 1/3 or ^/I) 

b. @ or 2/3 

C. Defining all fractions as a pail of one whole. 
For each diagram, color in V4. 
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children do not really understand fractions, they incorrectly apply their 
magnitude comparison rules for whole numbers (e.g., Post, Wachsmuth, 
Lesh, and Behr, 1985). In Frame B, for example, the child reasoned that 
four is more than three, therefore one fourth must be bigger than one third. 

In Frame C, the student confuses one-fourth of four pies (Question b) 
with one fourth of a pie (Question a). The error is repeated on the more 
difficult Question c (one fourth of eight pies). Children commonly fail to 
appreciate the difference between a fraction of one whole and a fraction of a 
group (a set of things) (Davis, 1984). This is not surprising given that, all too 
often, c!iildren are introduced to fractions with just on type of representa- 
tion—typically continuous quantities (i.e., pie diagrams in which a whole is 
divided into parts) (e.g.. Silver, 1983). 



Instruction 

Most primary-level children can learn about fractions in a meaningful 
manner // the topic is introduced carefully and informally. Indeed, it is 
essential to introduce fractions concretely before they are expected to cope 
with the formal instruction on the topic in fourth or fifth grade. 

Fair-sharing activities are very useful for introducing children to 
fractions. Such activities allow children to see concretely a whole divided 
(equally) into parts. Begin by having two children share something equally 
between them. If necessary, introduce the term one-ha//to label each childs 
share. Next, do the same with four children to introduce one-/ourth. Then 
work in groups of threes to introduce one-third. Other fractions like one- 
fifth or one-sixth can be introduced in time. 

Note that such sharing activities can be done with either discrete or 
continuous quantitir-iS. Multiple representations may help children develop 
a broader and deeper understanding of fractions. Specifically, it should help 
them see that fracdons can refer to a part of a group of things as well as to a 
part of a single whole. 

Such fair-sharing activities are especially useful for highlighting the 
point that fractions are a part of so many equ/ua/ent parts. Most children are 
quick to comment when a collection of four marbles or a candy bar is not 
split evenly in two. In addition to taking advantage of fair sharing situations, 
a teacher can discuss stories like that in Example 13-8. When it comes time 
to introduce the formal symbolism of fractions, it will probably be helpful to 
remind children that fractions describe fair-sharing situations (e.g., V6 
represents one part of two equal parts, represents one share of three 
equal shares). 

To help children develop an understanding of fractions and their 
comparative size, try activities like the game Candy Store. Present a player 
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gjcimpit 113-8 Unfair Shares 



Count Fractious invited Count Denomination from a neighbor- 
ing {kingdom to piay a new game caiied Dragon. Count Fractious 
ripped open the game box, grabbed aii tweive dragon pieces inside 
the box, and proclaimed, "I'm the winner!" 

Count Denomination said, "I have a good idea. Let's read the 
rules first." He then found the rules and began reading, "Step 1, 
split up the dragon pieces among the players. . . 

"Hal" commented Count Fractious as he placed two dragon 
pieces in front of Count Denomination and ten in front of himself. 
"There's your share. Now the game is fair," proclaimed Count 
Fractious. 

"But, but, but that's not fair," protested Count Denomination. 

"Frog bubbles," snapped Count Fractious. "Sure it is. I've split 
up the dragon pieces between the players." 

"But, but, but something isn't right here," said a baffled Count 
Denomination. 

[Why didn't Count Uenomination think it was fair? How many 
dragon pieces should each of the two players have gotten?] 

Before the matter could be settled, the players heard a knock 
on the door. It was Count Fractions, cousin of Count Fractious. 
Count Fractious was delighted to see him. "Good, good, good. We 
have another person to play my new game." 

Count Fractious then took oneof Count Denominator's dragon 
pieces and placed it before Count Fractions. "Here's your share," 
he said with a sly smile. 

"Something isnt right here," said a puzzled Count Denomination. 

"What's the problem now?" sneered Count Fractious. "I've 
split up the pieces among the players )ust like the rules say." 

Count Fractions picked up the rule book in disbelief and read. 
"I think," he concluded, "the rules mean that the dragon pieces 
should be split up evenly so that each piaysr gets an eaual 
number." 

[How many dragon pieces should each of the three players 

get?] 

Count Fractions noted, "If we share twelve dragon pieces fairly 
among three players, let's see. . . ."'^Heplacedone,two,three,and 
then four dragon pieces infrontof eachplayer."Each player should 
have four pieces. Al I right, if you want to be picky about it," shrugged 
Count Fractious. "We'll give one third of the twelve pieces to each 
of the players." 



*At this point in the story, the chiidren can b*} given tweive objects and asl^ed to 
figure out each piayer's share. 
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or tezum with, for example, six candies (or candy substitiites) and ask if th^v 
would like one-half or one-third . Show how many the player or team would 
have gotten if they chose the other number. For example, say, "You want 
one-third?Let's see howmuch one-half of sixis. If we split six evenly imo two 
shares, your share would have been three. Now one-third of six means we 
split six evenly into three shares. Your share is two."The player or team than 
receives two candies, markers, or points. Later, by relating the comparison 
of forrrial symbols of, say, and V6to such concrete situations, children will 
be less prone to consider larger than Vi. 

When introduced to fractions, children should be taught the heuristic 
of "defining the whole" Pavis, 1984). (This should further help chUdren tc 
avoid confusing a fraction of a whole and a fraction of a group.) More 
specifically, they should be encouraged to first define for themselves what 
the whole is. Once the whole is defined, children can then proceed to divide 
it into the required number of equal parts. Example 13-9 illustrates a 
concrete lesson on "the whole. ' Example 13-10 describes an extension of 
this method to introduce adding unit fractions (VS + = %) and the idea of 
mixed fractions (4/3). 



Example 13-9 Defining "The Whole"* 



Have all children set out a specific strip, Cuisenaire rod, 
colored stick, or colored construction paper, which will be the 
whole. This term is used instead of one because it saves confusion 
between the one in fractions such as one-third. The lesson begins 
with a question : "Which strip is one-half of the v»rr?ole?" Immediately 
it is emphasizing thinking skills, and focusing on discovering 
relationships. [The children must experiment with the strips until 
they come up with the appropriate answer.] Then, in turn, ask which 
is one-fourth and one-third. At the beginning the questions should 
represent unit fractions (numerator equals one). This makes it 
easierfor the students in two ways: (1 ) the correct number of pieces 
equals the whole and (2) they all are the same size. The teacher 
should show nonexamples of this; even though 3 -I- 3 -I- 2 = 8, and it 
is in three parts, it still does not equal one-third. Stress that the 
three pieces are not the same size. This activity is repeated with 
several unit fractions, with different wholes. Explain each time that 
we have a new whole. 



'Based on a method described by Davis (1 984) and Thompson and Van de Walle 
(1984). 
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Example 13-10 Introducing More Complex Fractions* 



Using the "whole" method described in Example 13-9, the 
teacher can introd*Jce counting by unit fractions. After the students 
are able to pick one-third, introduce two-thirds, three-thirds, and so 
forth. For example, asK, "lif one red strip equals one-third (of a whole 
represented by a dark-green strip), what should we call two red 
strips?" The strips should be laid out so the students can see the 
part "added on." Then add on a third, a fourth, a fifth, and a sixth part 
to illustrate three-thirds (which equals one whole), four-thirds, five- 
thirds, and six-thirds (which equals two wholes). Afterward, the 
teacher can go back and introduce other names for fractions (e.g., 
four-thirds equals [is the same as] one and one-third). The strips 
should be used to validate the information concretely. When 
switching to a new whole, the teacher should use both the improper- 
fraction and the mixed-fraction terms (e.g., five-fourths and one- 
and-one-fourth). 

Note that in this activity children are manipulating concrete 
objects before any formal terms are introduced. Indeed, without 
knowing it, children are actually adding fractions. Thus, when 
adding unit fractions isformally introduced infourth grade, children 
will have a concrete basis for assimilating this instruction. 



*Based on a method described by Davis (1 384) and Thompson (1 984) and Van de 
Wa!le (1984). 



SUMMARY 



Geomeby and fractions involve continuous quantities that must be measured 
or entail parts of wholes. Too often, instruction focuses on abstract symbols 
and rote memorization of names, definitions, and procedures. Frequently, 
the result is poor understanding and application. 

Instruction in these areas should follow the same cognitive principles 
discussed in earlier chapters. That is, it should begin with and build on 
concrete experiences. Geometry instruction, in particular, should use a 
variety of examples and nonexamples to teach definitions or concepts. More 
advanced geometry instruction should focus on relationships among figures 
and attributes. Initial fraction instruction should focus on fair-sharing 
activities. It should help children to understand that a fraction is a part of so 
many equivalent parts and to define clearly what the whole is. Teachers 
should explicitly connect formal representations to concrete models or 
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children's Informal concepts. A cognitive approach to teaching geometry, 
fractions, and decimals can make these topics interesting, meaningful and 
thought-provoking for primary children and provide them a solid basis for 
further instruction later. 
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Chapter X^r 

Epilogue 



The cognitive approach described in this book is dramatically different from 
the traditional approach of direct instruction*demonstration*and*drill. With 
the traditional textbook approach, the teacher's edition lays out what to tell 
and show children, and the workbook provides the practice. Unfortunately, 
the familiar tell*show*do approach is not well suited to how children really 
learn (e.g., Davis, 1984; Stodolsky, 1985). 

In contrast, a cognitive approach cannot specify a single course of 
action that will work for every teacher in every situation for every child. Thus 
it is a difficult and demanding program to implement. However, such an 
approach is not only more educationally sound than the traditional direct* 
instruction*and*drill approach, it is more humane. G>nsider the following 
case studies described in Example 14-1. 



Example 1 4-1 Case Studies; Arithmetic with Egyptian Hieroglyphics* 



Incident 1 

A student teacher introduced the characters for the ones and 
the tens in Egyptian number system to his primary math group on a 
Monday. The next day they practiced writing numbers with these 
symbols and worked on addition. 

On Wednesday, he gave each student a piece of writing paper 
that had a unique hieroglyphic In the top right hand comer. He 
explained that the symbol represented students' names and that 
they were going to work for Pharaoh In his warehouse. That raised 
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some questions, so they discussed who Pharaohs were and some 
background history about Egypt. 

The first problem was then presented. They were to keep track 
of Pharaoh's inventory. In the morning, they received 24 gold 
bracelets from the Queen of Sheba. In the aftemoon, they received 
a shipment of 35 gold bracelets from Babylon. That evening the 
Pharaoh wanted to know how many gold bracelets he had received 
during the day. 

During the presentation of the problem, one of the students 
wrinkled her nose and said, "Hey, I thought we were supposed to be 
doing math." 

The student teacher replied, "We are. It's kind of fun, isn't it?" 
Incident 2 

Several weeks later, the master teacher introduced the class 
to written, two-digit subtraction with renaming. To provide some 
informal basis for this classroom instruction, the student teacher 
introduced his tutees to subtraction with tho Egyptian numbers. To 
enable them to subtract the ones-place digits, the children were 
helped to see that they could substitute 10 one-symbols for a ten- 
symbol.The term borrowing or renaming was not mentioned during 
the tutorirj session. 

Later in the day, one of the tutees was working on the math 
seat work assigned by the classroom teacher: a workbook page 
involving subtraction with renaming. The girl got stuck on the very 
first problem 43-18. After repeated efforts to compute the 
difference, she was frustrated to the point of tears and said, "You 
can't subtract eight from thr^el" 

The pupil next to her said, "You have to borrow." 

She shouted in exasperation, "I don't know how to borrow!" 

The student teacher walked over and asked her what the 
problem was. She explained the difficulty. The student teacher 
suggested that she try to work it with the Egyptian numbers. They 
worked through the first two problems together. The girl then 
worked the next one as he watched. She completed the rest of the 
page by herself. 

Later, as they were walking down the hall, the girl took the 
student teacher's hand, pulled him down to listen, and said: "You 
know what? Subtracting in Egyptian is really borrowing." 



*1 nese case studies were conducted and reported to me by Scott E. Cunningham 
of Urbana-Champalgn. 
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Epilogue 



Example 14-1 illustrates that mathematics can be readily integrated 
with other content areas (in this case, history), can actively engage children's 
thinking and natural curiosity, and can be fun. The second incident in 
Example 14-1 illustrates that gaps between formal training and children's 
informal knowledge makes mathema^!cs unnecessarily difficult and frus- 
trating to children. It underscores the need for concrete models and for 
explicill^f connecting these models to symbolic mathematics. It highlights 
the valup J individual diagnosis and prompt intervention. (In this case, the 
student teacher had provided an informal basis for the instruction. By then 
relating the written mathematics to the child's existing knowledge, the 
otherwise mysterious formal procedure suddenly made sense.) 

In both of these case studies, the student teacher endeavored to teach 
mathematics in an interesting, meaningful, and thought-provoking manner. 
His pupils were also learning something more subtle about mathematics (it 
can be exciting), mathematical learning (it involves making connections), 
and themselves (*1 anr. capable of learning mathematics"). Fostering 
reasonable beliefs, positive feelings, and confidence are at least as imix>rtant 
as mastering facts and skills. 

A cognitive approach to mathematical instruction is not easily or 
quickly implemented and it is sometimes an uncertain course for a teacher. 
Thus, some words of caution are probably in order. A cognitive approach to 
mathematics education requires considerably more knowledge, time, and 
energy than does a traditional approach. A cognitive approach requires a 
teacher to understand how children leam mathematics and to know specific 
methods for encouraging learning in a meaningful and interesting manner. 
It entails being sensitive to their rf ^diness for instruction, not to mention 
their needs, feelings, and interests. Any effort toward meeting individual 
educational needs requires immense time, effort and commitment. 

A cognitive approach requires treating mathematics instruction as an 
ongoing, problem-solving activity. It requires more professional judgment 
than does a traditional approach. Because of the complexities of learning 
and teaching, there are not simple solutions for teaching mathematics to all 
children in every situation. The general guidelines outlined in Chapter 2 and 
the teaching ideas described m Chapters 3 to 13 are intended as suggestions 
or starting points. They may well have to be modified to meet the demands 
of a particular child, class, or situation. They are intended as a stimulus for 
further creative applications. 

A cognitive approach requires a willingness to take risks. It requires the 
teacher to take on a different and perhaps somewhat more threatening role 
than does a traditional approach. As a facilitator, a teacher may have to 
resist the temptation of simply telling or showing chidlren how to do 
mathematics. Creating meaningful learning situations may put a teacher in a 
situation where he or she does not know all the answers to the children's 
questions. Some teaching ideas— no matter how good they appear to be— 
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may not work vAth a child, a group, or a class. A teacher must be willing to 
evaluate constantly his or her efforts and to change course if necessary. 

A cognitive approach requires a teacher to trust children. It necessitates 
viewing children as much more capable than implied by a traditional 
approach. If the learning siHiation is prepared effectively, children can be 
thoughtful, inventive, and eager learners. 

Because a cognitive approach is difficult and requires so much, a 
teacher cannot realistically expect to fully implement such a program 
immediately. The cognitive approach described in this book is an ideal 
vision to work toward. Worthwhile goals such as the creation of an effective 
mathematical inslniction often take time— sometimes measured in years. 
Yet, a cognitive approach holds the promise of seeing children truly 
enjoying and thinking about mathematics. 



ERLC 



395 



Appendix A 



Suggested Developmental Sequence of 
PK Skills and Concepts 



Oral Counting 



Numb«rin9 



Numerical Ralttlonthipt 



Count by ones 1 to 10 



Perception of "same" and "more" 
Perception of fine differences 1 to 4 



Enumeration of sets 1 to 5 
Cardinality rule 



Identity-conservation principle 



Number after 1 to 9 



Recognition of sets 1 to 3 
OrderHnfelevance principle 



Same numt>er 1 to 5 



Rnger patterns 1 to 5 
Production of sets 1 to 5 



Gross comparisons 1 to 10 
Rne comparisons 1 to 5 



Count by ones 11 to 19 



Note that for PK through Grade 3* problem aolvtng is not treated ss s separate topic but as an Integral aspect of the topics at a ghwn 
level. Simllarty, estimation of quantity and slngle-dlolt arithmetic are not listed separately but are part of the training on numerical 
nriatlonshlps, Infonnal arithmetic, and number combinations. For example, Quick Look Qsme: 1 to 3 (Example 4-6 on page 9 1 ) and 1 
to e (page 93) can provide estimation experience as well as practice In recognizing number patte ma. The Prediction Qsme (page 
142) and the Belilnd the Screen AetMty (Example 6-6) are in effect estimation exercises that f hould lead to mastery of mentally 
adding one. See the Tssctmn* QuHMook (Baroody and Hank, 1 989) for additional suggestions. 
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Appendix B 



Suggested Developmental Sequence of 
K Skills and Concepts 



Oral Counting 



Numbering 



Numerical Ralatlonshlpa 



Numbarbarora2to 10 
Count by onaa 20 to 29 and 
Numbaraftar10to28 



Enumeration of sets 6 to 10 
Recognition of sets 4 to 6 
Production of sets 6 to 10 



Enumeration and production of 
sets 1 1 to 20 



Same number 6 to 10 

Fine comparisons 6 to 10 
Gross comparisons of less 1 to 10 



Count backwards from 1 0 
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Infonnal Arlthm«tic 



Symbol Skills 



Formal RaprMontatlons 



Recognition of 1 -digit numerals 
Reading Isiigit numerais 



Countall:Mt8l to6 

Mentally add one more — 
Take avway with objects — 
Mentally take away one — 

Copying 1 -digit numerals Cardinal value 

— Writing 1 -digit numerals 
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Appendix C 



Suggested Instructional Sequence of 
Grade 1 Skills and Concepts 



Oral Counting 



NumlMring 



Numarical 
Ralatlonthlpt 



Informal Artthmottc 



Finger patterns 6 to 1 0 



Matching seta 



Count all: sets more 
than 5 

Count from one to add 
2 to 5 



Court on 2 to 5 from 
larger addend 

Take away: 2 to 5 



Count t>y tena to 1 00 and 
Decade after 10 to 90 
Number before 1 1 to 29 
Count by ones 30 to 100 
and Numberafter29to99 



Count by f rvea to 1 00 and 
Count by twos to 20 



Gross comparisons 1 1 
to 100 

Fine comparisons of 
less 1 to 10 
Rne comparisons 1 1 
to 100 

Fine comparisons of 
less 11 to 100 



Mentally add on 6 to 
9 more 



888 



Formal 

Symbol Skills ArtthmotlcConcopte Roprotontationt NumborComblMtlont 



Recogricionof "ftf* 
Recognltfonof >& < 



Equivalence and 
Inequlvalenca 
relationships 
Magnitude relationships 
Ordinal relationships 



Recognition of + sign 



Same-sum-as and 
Commutativity of 
addition 



Union ol sets and 
Part-part-whole 



Symbolic addition 



r? -H and 1 n 
r? -H 0 and O-k-n 



Recognition ol-aign 



Addition-subtraction 
inverse 

Associativity of addition 



Symbolic subtraction 



r7*-0,and r?-r? 
n 2, 2 4- n, and 
small n + n 
r>-2 



(continued) 
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Appendix C 



(Continued) 



MuMdlglt 
Skills 



Base T«n 



Computation 



Estimation 



Reading and 
writing teen 
numerals 
Reading and 
writing 2-dlgit 
numerals 



Place recognition: 
ones, tens, 
hundreds 
Ones snd tens 
notation 



Base 10 

equivalents: ones 
for 10 
Base 10 
equivalents: 
tens for 100 
Smallest/largest 
1-and 2-dlglt terms 



10 + nor n + 10 



Teen - 10 and 
Decade + n 

Decade + 10 and 
Decade - 10 



Front-end 
estimates: 2-dlglt 
icrms 



Note that Ksy sismsrrts of the multldigit place^alue base-ten training provide concrete models for written calculatlonal procedures 
invdving isnamlng. 
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Appendix D 



Suggested instructional Sequence of 
Grade 2 Skills and Concepts 



Oral Counting Informal Arithmttic Arlthmtlc Concaptt 

Count odd numberB 1 to 1 9 — _ 

Count backwards f ron) 20 — — 

Count by tens 100 to 200 and — _ 
Decade aftar 100 to 190 

Number before 30 to 100 and — — 
Decade before 20 to 100 

Count by ones 101 to 200 and — — 
Number after 100 to 199 

— Take away: 6 to 9 — 

— Take away: teens — 
" — Missing part 

~ — Additive-subtraction 

and Difference 



Adding 2 to 5 like sets 
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Appendix D 

(Continued) 



Formal 

RaprMOTtatlont Numter Comblnatlont MultldlQlt Skills Plac« Valu# 



Addltton^btfvctlon 
InvtfM 

MMngaddand 



Other nameafbra number 
and Commutatlvity of 
addition 
Aaaodativltyor 
addition 



Small misc. addition — — 

m - amali n = n and — — 

Difference of one 

Large n + n and — — 

Equals 10 

Smell misc. — — 

subtraction 

n + 9 and 9 + n — — 

m - large n = n — — 

— Reading and writing Place recognition: 

3-digit numerals Thousands and hundreds 

notation 
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■•MTm Mental Computation Estimation 



Writtan Calculation 



Base 10 equivalents: 
hundreds for 1000 



Decade + decade and — 
Decade - decade 

2-dlgltn + IOand — 
2-dlgltn-IO 

2-dlglt n + decade and ~ 
2-diglt n - decade 

Parallel addition and — 
minus facts 

100 + n and/} + 100 — 
Hundreda + 1 00 and — 
Hundreda + hundreds 

— Front-end estimates 

with 3-dlgit temns 



2- and 3-dlglt addition 
with and without renaming 
2- and 3-dlglt subtraction 
with and without renaming 
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Appendix E 



Suggested Instructional Sequence of 
Grade 3 SfciHs and Concepts 



Infomwl Artthmttic Symbol Skills Arlth metic Conctpts 



Adding more than 5 like sets — — 

— Recognition of x — 

— — Commutatlvlty of multiplication 



405 



Fdraiil R«pfM«ntatlons 



Number Combinations 



MuKldlglt Skills 



Large misc. addition 
10-n 

Teen - 9 and Large misc. subtraction 



Reading and writing 4-dlglt 
numerals 



Missing augend ~ 

Symbolic multiplication — 

— n X 1 and 1 x n and 
n X 0 and 0 x n 

— n X 2 and 2 X n 

— n X 5 and 5 X n 

— (Other small and large times] 



(continued) 
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Appendix E 

(Continued) 

PIsM V«lu« BaM Jm Mtntal Computation Estimation 



— Smallest/largeat — — 
3-dlgit term 

— Rexible enumeration: — — 
ones and tens 

— Smallest/largaat — — 

4<llglt tenm 

— Rexible enumeration: — — 
ones, tens, and hundreds 

Notation with rsnamlng — — — 

— — 3-digltr? + 10 — 

— — 3-dlglt n + decade — 

— — — Rounding with 2- and 

3-dlglts 
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Index of Games 
and Activities* 



Absent-Mlnded Counter, 56, 57, 59, 62, 68-69, 87, 
95 

Addition-Pbttem Estimates, 258-259 (Exeumple 9-6) 
Adds To. 261, 263-264 (Example 9-9) 
Advanced Draw, 293 
Advanced Larger-Number Game, 293 
Advanced Largest-Number Draw, 293 
Advanced Number- After Dominoes, 69-71 

(Example 3-18) 
Advanced Peek, 60 

Age-Pomparlson Activity, 123, 124-125 

(Example 5-17) 
Album of Combination Families, 255 (Example 9-4) 
Animal Spots, 11 (Example 2-1), 87, 89-90, 95, 139, 

147, 170 

Apply Arithmetic Principles to the Task of Calculation, 

35-36 (Example 2-11) 
Attack of the Rvers, 64, 65-66 (Example 3-15) 

Backward Bowling, 283 

Backward Grid Race, 313 (Example 11-6) 

Balance Activity, 149 

Baseball More Than, 118, 119 (Example 5-12) 
Basic Larger-Number Game, 274, 291-292 

(Example 10-6) 
Basic Largest-Number Draw, 274, 291-292 

(Example 10-7) 
Basic Number-After Dominoes, 69-71 

(Example 3-18) 
Basketball, 67 (Example 3-16) 
Behind-the-Screen Activity, 142-143 (Example 6-5), 

148, 395 

Big-Number Car-Race Game 1-10, 125 

(Example 5-18) 
Big-Number Game 

1-10,111,115 (Example 5-8) 

1-100, 118 



Bingo, 167-168 (Example 7-4) 
Break-Out 182 (Example 7-14) 

Candy Store, 375, 377 
Car Race, 172 (Example 7-10) 
Card Game **99," 312 (Example 11-5) 
Card Game "999," 313, 314 (Example 11-7) 
Cards Less Than, 116 
Cards More Than. 87, 91, 111, U4-115 
(Example 5-7), 126 125, 170, 190 
Chip Trading, 294 {see also Wood Trading) 
Clay Numerals, 14-16 (Example 2-3) 
Clue, 87, 91, 11/4, 105-106 (Example 5-2) 
Clue Game, 167 (Example 7-3), 192 
Combining Take-Away and Part-Part- Whole 

Ins^niction, 227 (Example 8-15) 
Copyfi m Memory, 361 
Count Disorderly Stories: 
counting sequence, 53-55 (Example 3-1) 
estimation, 314-31 7 (Example 11-8) 
integrated activity, 12-13 (Example 2-2) 
numbering, 78 (Example 4-1), 84-85 
(Example 4-2), 86 (Example 4-3) 
Count Race, 59, 61-62 (Example 3-10) 
Count Teacher, 59, 62, 63 (Example 3-11), 69, 73 
Count-Prediction Activity, 92 (Example 4-8) 
Counting Stories, 53-55 (Example 3-1). 77-78 
(Example 4-1), 84-85 (Example 4-2), 86 
(Example 4-3) 

Defining "The Whole," 377 (Example 13-9) 
Definition-of-Diagonals Exercise, 367-368 

(Example 13-5) 
Dice Mote Than, 87, 91, 120 (Example 5-13) 
Dicey Baseball, 260, 261 (Example 9-7) 
Dicey Football, 260, 262 (Example 9-8) 
Dinosaur Race, 260 



^Italics indicate pages on which a game or activity is described 
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Dttappearlng Numbers, 112-113 (Example 5-5), 116 
Discoverin^a Shorthand Method for Informal Division, 

22 (Example 2-8) 
Discussing the Fairness of a Math Game Necklace 

Chasg, 42-43 (Example 2-13) 
Draw 100, 282, 287 (Example 10-4), 331 

Egyptian Hieroglyphics: 
addition, 20^206 (Example 8-4), 335, 343-^44 

(Rgure 12-2), 344-345 (Example 12-3) 
addition word problems, 211 (Example 8-5) 
base ten place value, 278-282 (Example 10-1) 
combine word problems, 217^218 (Example 8-10) 
missing-addend problems, 224-225 

(Example 8-14), 231-232 (Example 8-17) 
more and less than, 198-200 (Example 8-3) 
muhidigit mental computation, 302-303, 304-307 

(Example 11-1) 
muhidigit written computadon, 335, 343-344 

(Rgure 12-2), 344-345 (Example 12-3), 354 

(Figure 12-3) 
multiplication, 212-213 (Example 8-6) 
number-combination patterns, 304-307 

(Example 11-1) 
subtraction, 354 (Figure 12-3) 
subtraction word problem^ 211 (Example 8-5) 
writing numerals, 19-20 (Example 2-6), 193-195 

(Example 8-1) 
Enough-to-Buy Activity, 125, 126 (Example 5-19) 
Equal-Addition Metiiod for Muhidigit Subtraction, 

332-333 (Example 12-2) 
Equals and Nonequals Symbols, 196-198 

(Example 8-2) 
Examples and Nonexamples: 
counting sequence, 55-56 (Example 3-3) 
fractions, 36-39 (Example 2-12) 
geometry, 367-368 (Example 13-5), 369-370 

(Example 13-6) 
numbering, 87, 89 

Factor Oi 267 

Fair Cookie Portions, 103, 104 (Example 5-1) 
Families-of-Subtraction-Combination Exercise, 256 

(Example 9-5) 
Fill In, 214, 22r (Example 8-12), 225, 229, 231-233 
Find the Number, 166 (Example 7-2) 
Finger Play, 116 
Finger Puppets, 97 

Fishing for Numbers, 1 78-1 79 (Example 7-11) 

Folbw Me, 179 

Forward Bowling, 283, 335 

Frog-Hopping Activity, 200 

Geoboard or Dot Matrix (copying, analyzing, and 

creating figures), 362, 363-364 (Example 13-3) 
GoU; 126-127 (Example 5-20) 



Good or Bad Counter, 55-56 (Example 3-2), 57, 59, 

68, 73, 87, 89,91,95 
Good or Bad Estimator, 321, 323 
Grapevine, 192-193 
Grid Race, 310-311 (Example 11-4) 
Guess-What-Adds-Up-To, 264 
Guess-What-Subtracts-To, 265 

Hand Shapes, 97 

Hidden Stars Game, 87, 89 (Example 4-5), 91 
Hidden-Penny Game, 90 (Example 4-6) 
Hierarchy of Forms, 371-372 (Example 13-7) 
Hi^ Card 100, 282, 283 (Example 10-2), 331 
HJ^ Die, 111, 113-114 (Example 5-6) 
Hit-the-TargetGame, 111, 115-116 (Example 5-9) 
How Many Dots?, 149, 150-151 (Example 6-9), 152 
How Many Groups?, 155-157 (Example 6-11) 

Infonnal Means for Detennining the Products of Nine, 

153-154 (Example 6-10) 
In-Out Machines, 26-34 (Example 2-9): 
addition, 27, 29, 30-32, 252, 254, 307-308 
arithmetic concepts, 214, 216 (Example 8-8), 217 

(Example 8-9), 255 
multiplication, 27, 33-34, 253, 254 
multidigtt arithmetic, 302, 307, 308 (Example 1 1-2) 
number after, 27, 28 
number combination patterns, 33, 216 

(Example 8-8), 243, 252-253 (Example 9-3), 

254 

subtraction, 27, 33, 253, 254 
Introducing More Complex Fractions, 378 
(Example 13-10) 

Jungle-Trip Game, 139-140 (Example 6-3), 147 

Larger-Number Football, 127-128 (Example 5-21) 
Larger-Number Game (see Advanced or Basic Larger 

Number Game) 
Largest-Number Draw (see Advanced or Basic Largest 

Number Draw) 
Less Cookie Game, 116 
Little-Number Game, 116, 118 (Example 5 -11) 
Long-Distance Number Communications, 97 
Lodo Same Number, 87, 91, 104-105 

Magic Show, 108 

Matching Figures Game, 365-366 (Example 13-4) 
Math Detective Exercises: 
basic number combination relationships or patterns, 

243,248-251 (Example 9-2) 
multidigit combination patterns, 302, 309 
(Example 11-3) 
Modified Hidden-Penny Game, 94, 95 (Example 4-9) 
Modified Largest-Number (Smallest-Number) Draw, 
295 (Example 10-9) 
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Modified Magic Show, 223-224 (Example 8-13) 
Moon-Invaden Game, 111, 170 
Mora-Cookie Game, 109, 110 (Example 5-4), 

120-121 (Example 5-14) 
Moie-Fingen Activity, 122, 123 (Example 5-15) 
A^^sterlous-Disappearance Skits, 148 

Necklace Chase, 42-43 (Example 2-13) 
Nexvous Sh(^)per, 317, 318 (Example 11--9) 
Number Race; 168 (Example 7-5), 192 
Number Seardi Game, 169-1 70 (Example 7-7) 
Number Target, 4A-46 (Example 2-14) 
Number*After [)ominoes. 87, 90, 190 
Number-After Quiz Game, 69, 72-73 (Example3-21) 
Number-After Race, 69, 72 (Example 3-20), 73, 87, 
90. 95 

Number-Guess Game, 116-118 (Example 5-10) 
Number-List Race, 166 (Example 7-1) 
Number-List Race Game, 111 
Number-Search Game, 169-170 (Example 7-7) 
Numeral-List Race, 192 

Boittem Stocks, 362 (Example 13-2) 
Pattem-Chant Activl^r 

count by fives, 64 

count 1^ two, 67 

count odd numbers 1 to 19, 67-68 
Pattern or Random? 361 
Pattern Pirediction: 

count by Ave, 64, 65 (Example 3-14) 

count by two, 67 

count odd numbers 1 to 9, 67-68 

geometry, 360-361 (Example 13-1) 
Peek, 59, 60 (Example 3-8), 69, 75 
Pick Up, 181 (Example 7-13) 
Pointing Exercise, 83 
Prediction Game: 

count by fives, 64-65 (Example 3-13) 

count twos, 67 

mentally adding onp^ 142, 395 

mentalh^ subtracting one, 148 
Product-PUtems Exercise, 243, 247 (Example 9-1) 

Quick-Look Game: 
1-3, 91 (Example 4-7). 395 
1-6, 93, 395 

Racing-Car Game: 

basic addition combinations, 260 

basic multiplication combinations, 267 

basic subtractton combinations, 265 

infomnal addition, 139 (Example 6-2) 

infomnal subtraction, 147 
Ready-Set-Add or Ready-Set-Subtract: 

two-digit version, 319-320 (Example 11-10), 323 

three-digit version, 323-324 



Rings for a Qa«?n or King. 69, 7 J-72 (Example 3-19) 

Same-Number or Different?, 103 

Score Keeping, 169 (Example 7-6) 

Semiconcrete Addition in Familiar and an Unfamiliar 

Format 215-221 (Example 8-il) 
Shuffle Board 100, 282, 286 (Example 10-3), 331 
Smaller-Number Football, 128 
Snack Activity, 109 (Example 5-3), 116 
Snake Game, 56 (Example 3-3), 57 
Soccer, 87,88 (Example 4-4), 93-95, 181, 190 
Space Wars, 283, 346-347 (Example 12-4) 
pinner Game, 53, 58 (Example 3-6) 
Staircase Activity, 111 
Star Collector, 95-96 (Example 4-10) 
Star Race, 53. 58-59 (Example 3-7) 
Store Game, 122, 123-124 (Example 5-16) 
Strike Game, 59, 61 (Example 3-9), 181 
Strike-and-^re Game, 68 (Example 3-17), 181 
Structuring Computational Practice to Foster the 

Discovery of an Arithmetic Relationship, 34 

(Example 2-10) 
Subtraction-P^ttems Estimates, 265 
Subtracts To^ 265 
Supposed to Be, 222 

Taller Tower Game, 56-57 (Example 3-4) 

Tape Recording, 57 (Example 3-5), 58 

Target Game: 
base ten place value, 277 (Rgure 10-2) 
copying numerals, 178, 180 (Example 7-12), 181 
1 and 10 (version), 291, 295, 296 
1, 10, and 100 (version), 293, 295, 296 

(Example 10-10) 
100 (version), 274, 291,292-293 (Example 10-8). 
293 

writing numerals, 181 
Tic Tac Toe, 1 71-1 72 (Example 7-9) 
Tower of Same-As, 21 4 (Example 8-7), 224, 228, 260 
Train Game, 58, 62, 63-64 (Example 3-12) 
Turn Over, 69 

Two-Dice Difference, 265. 267 (Example 9-11) 

Unfair Shares, 376 (Example 13-8) 
Unfamiliar Number Sentences with Numerals. 
230-231 (Example 8-16) 

Venn Diagram, 373 (Figure 13-3) 

Walk On, 69 

What Does \i Mean?, 36-39 (Example 2-12) 

What Is a Rectangle?, 369-371 (Example 13-6) 

What ftittems Do You See?, 62 

What's My Rule?, 361 

What's Related?, 265-266 (Example 9-10) 

Wood Tradinft 274, 276-277 (Example 10-1), 294 
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Word Ptroblanu: 

addition. 18, 136, 137-138 (Example 6-1), 140, 
141 (Example 6-4), 187-188, 203-206, 211 
(Example 8- 5), 21 7-218 (Example 8-10), 
224-225 (Example 8-14), 231-232 
(Example 8-17), 233, 331, 335 

divtelon. 22-24 (Example 2-8), 136 

subtraction, 18, 136, Mfi-MS (Example 6-6), 147 
(Example 6-7), 188, 206, 211 (Example 8-5), 



226, 331, 346, 347 (Example 12-5) 
multidigit subtraction, 347-353 

(Example 12-5) 
multiplication, 18 (Example 2-5), 136, 149, 150 

(Example 6-8), 212-212 (Example 8-6) 

Zip- Race: 

I- 10 version, 170-771 (Example 7-8) 

II- 19 version, 288-289 (Example 10-5) 
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Adding like sets (infonnal multiplication): 
2 to 5, 134, 149 
mora than 5, 135, 152, 155, 158 
Addition-subtraction inverse principle (arithmetic 
concept and rsprasentation), 187, 189.222-223. 
229 

Additive-subtraction (arithmetic concept and 
raprasentation), 188-189. 226. 228 

Associativity of addition (arithmetic concept and 
representation), 34, 187, 189, 224, 233 

Base-ten equivalents, 269, 274^275, 278 
ones In 10, 273, 282-283, 293-294 
tens In 100, 273, 282-283, 293-294 
hundreds In 1000, 273, 237, 293-294 

Cardinal value (prearithmetic concept and 

representation), 185, 190, 192-193, 194 
Cardinality rule (numbering). 80. 39 
Commutativlty (arithmetic concept and representation): 

of addition, 186, 189, 214, 232-233 

of multiplication, 189. 223 
Complements (basic subtraction combinations). 238. 

245,265-266 
Co|>ying one-digit numerals, 162. 173-178 
Count all (informal addition): 

seUl to5, 137-140 

sets more than 5, 141-142 
Count backwards (oral counting): 

from 10, 51, 75-76 

from 20, 51, 76 
Count by fives to 100 (oral counting). 49. 64 
Count by ones (oral counting): 

I to 10, 49, 53 

II to 19, 49, 57-53 
20 to 29, 49,57 
30 to 100, 49, 62 
101 to 200, 50, 69 



Count by tens (oral counting): 

to 100. 49. 59 

100 to 200. 50, 63 
Count by twos to 20 (oral counting). 49. 67 
Count from one to add 2 to 5 (infonnal addition). 132. 
143 

Count odd numbers 1 to 19 (oral counting). 49-50. 
67-68 

Count on 2 to 5 from larger addend (infonnal addition). 
132. 143 

Decade after (oral counting): 

10 to 90. 50. 73 
100 to 190. 50. 74 

Decade before 20 to 100 (oral counting). 51. 75 
Decade - decade (multidigit mental computation). 

299-300. 303 
Decade + decade (multidigit mental computation). 298 
Decade - 10 (multidigit mental computation). 

299-300. 308, 310 
Decade + 10 or 10 + decade (multidigit mental 

computation). 298. 303, 307, 310 
Decade + n orn + decade (multidigit mental 

computation). 298. 310 
Difference (arithmetic concept and representation). 

188. 226, 228 
Difference of one (basic subtraction combinations). 

240, 245, 254, 300 

Enumeration of sets (numbering). 78-79 
1 to 5. 79. 33. 86-87 
6 to 10. 79.93 

11 to 20. 79.94 

Equals 10 (basic addition combinations). 238. 254 
Equivalence and inequivalence relationships 

(arithmetic concept and representation). 185. 1 95 
Equivalent + and X (arithmetic concept and 

representation). 190. 233-234 
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Estimation (see ako Front-end strategy; Rounding 
strategte^: 

multidlglt arithmetic 297, 300-302, 314^324 
quantities, 103, 317, 319 
single-digit arithmetic 149, 150-151, 155-157, 
158,258-260, 265, 317 

Rne comparisons (numerical relationships): 

lto5, 102, 122-123 

6 to 10, 102, 125-126 

11 to 100, 102, 127 
Fine comparisons of less (numerical relationships): 

I to 10, 102, 126 

II to 100, 102, 128 
Finger patterns (numbering): 

1 to 5, 82, 96-97 

6 to 10, 82, 97 
Flexible enumeration (base ten), 270, 273-274, 278 

ones & tens, 295 

ones, tens, & hundreds, 295 
Fractions: 

comparing and ordering fractions, 372, 375, 377 
defining the whole, 375, 377, 378 
equal-parts concept, 372, 375-376, 379 
fair-sharing conc^ 372, 375-376, 377, 379 
formal symbolism, 356, 372, 375, 377, 378, 379 
improper and mixed fractions, 378 
operations on fractions, 372, 377 
unit fractions, 378 
Front-end strategy (muhidlgit estimation): 
with 2*dlgit tenns, 301, 321-322 
with 3-digtt terms, 301, 321-322 

Geometry: 

analyzing geometric figures, 362-363 

congruence, definition of, 365-366 

copying geometric figures, 362-363 

creating geometric figures, 362-364 

diagonal definition of, 367-368 

parallelograms, definition of, 371-372 

patterns^ 360-361 

polygon, definition oi 371-372 

quadrilateral, definition oi 371-372 

rectangle, definition of, 369-370, 371-372 

relationships among attributes or properties, 356, 
357, 371^72, 378-379 

relationships among figures, 356, 357, 369, 
371-372, 378-379 

shape Identification or recognition, 356, 357 

square, definition of, 369-370, 371-372 

similarity, definition of, 365-366 
Gross comparisons (numerical relationships), 99 

I to 10, 101,111,113 

II to 100, 101,119 

Gross comparisons of less 1 to 10 (numerical 
relationships), 101,116 



Hundreds + hundreds (multidigit mental computation), 
299, 313 

Hundreds +100 (multidigit mental computation), 299, 
313 

Hundreds for 1000 (see Base-ten equivalents) 

Identity-conservation principle, 80, 90 
Identity principle, 254, 300 

Large n + n (basic addition combinations), 238 
Large miscellaneous addition (basic addition 

combinations), 238, 244 
Large miscellaneous subtraction (basic subtraction 

combinations), 240, 245 

m — n ~ n (basic subtraction combinations), 239, 245 
m — large n " n, 245 
m — small n — n, 245 
Magnitude relationships (arithmetic concept and 

representation), 185, 198,200 
Matching sets (numerical relationships), 1 00, 1 06-1 09 
Mentally add on 6 to 9 more (informal addition), 132, 
143,145 

Mentally add one more (informal addition), 132, 142 
Mental^ take one away (informal subtraction), 133, 
147-148 

Missing addend (arithmetic concept and 

representation), 188-189, 231 
Missing augend (arithmetic concept and 

representation), 188-190, 233 
Missing part (arithmetic concept and representation), 

187-188, 218-222, 224-225, 232 

n - 1 (basic subtraction combinations), 239, 244, 
254 

n — 2 (basic subtraction combinations), 239, 244 
n — n (basic subtraction combinations), 239,244,254, 
259 

n - 0 (basic subtraction combinations), 239, 244, 245, 
254 

n + 0 and 0 + n (basic addition combinations), 237, 
244,254 

n + 1 and 1 + n (basic addition combinations), 237, 
244,254 

n + 2 and 2 + n (basic addition combinations), 237, 
244 

n + 8 and 8 + n (basic addition combinations), 238, 
244 

n + 9 and 9 + n (basic addition combinations), 238, 
244 

n X 0 and 0 X n (basic multiplication combinations), 

240, 245, 254 
n X 1 and 1 X n (basic multiplication combinations), 

240, 245, 254 
n X 2 and 2 X n (basic multiplication combinations), 

240,246, 254 
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n X 5 and 5 X n (basic multiplication combinations), 
240,246 

n X 9 and 9 X n (basic multiplication combinations), 
240,246 

Notation with renaming (see Place-value notation) 
Number after (oral counting): 

1 to9, 50, 69 

10 to 28, 50,73 

29 to 99, 50, 74 
100 to 199, 50, 74 

Number before (oral counting): 

2 to 10, 51, 74-75 

11 to 29, 51, 75 

30 to 100, 51, 75 

One hundred + n and n + 100 (mu!tidigit mental 

computation), 299 
Ones & tens notation (see Place-value rotation) 
Ones for 10 (see Base-ten equivalents) 
Order- irrelevance principle (numbering), 80, 91-92 
Ordinal relations (preartthmetic concept and 

representation), 185, 200-201 
Other names for a number (arithmetic concept and 

representation), 189, 232-233 
Other small and large times (basic multiplication 

combinations), 241, 246 

Parallel addition (multidigit mental computation), 

298-299, 308, 310 
I^rallel minus fects (multidigit mental computation), 

300,308 

Peut-part-whole (arithmetic concept and 
representation), 187, 21 7, 227, 232 

Perception of fine differences with sets of 1 to 4 
(numerical relationships), 102, 120 

Perception of "more*" (numerical relationships), 101, 
109 

Perception of "same*" (numerical relationships), 99, 
103 

Place recognition, 269, 274-275 

ones, tens, hundreds, 272, 282-283 

thousands, 272, 287 
Place-value notation, 269, 272, 274-275, 278 

ones and tens, 273, 282-283, 291, 293 

hundreds, 273, 282-283, 287, 293, 296 

thousands, 287 

with renaming, 273, 293 
Production of sets (numbering), 81-82 

lto5, 82,94-95 

6 to 10, 82, 97 

11 to 20, 82, 97 

Reading numerals: 

1- dlgit tenns, 162, 170 

teen terms, 270, 282-283, 287-288, 290 

2- dlgit tenns, 270, 282-283, 289, 295 



3- dlgit terms, 271, 287, 289, 295 

4- dlglt terms, 271, 287, 290, 295 
Recognition of op€r»*lon and relational signs: 

163-164,182 

>&<, 163-164,182 

-sign, 163, 182 

X sign, 163, 182 

+ sign, 163,182 
Recognition of sets (numbering): 

1 to 3, 80, 90-91 

4 to 6, 80, 93 
Recognition of one-digit numerals, 161, 164-165 
Rounding strategiec (multidigit estimation): 

with 2-dlglts, 301-302, 322-324 

with 3-dlgits, 301-302, 322-324 

Same number (numerical relationships): 

1 to 5, 100,104-105 
6 to 10, 100,106 

Same- sum- as (arithmetic concept and representation), 
186, 214 

Small miscellaneous addition (basic addition 

combinations), 238, 2^ 
Small miscellaneous subtraction (basic subtraction 

combinations), 241, 245 
Small n + n (basic addition combinations), 237 
Smallest or largest (base-ten), 269-270 
1- & 2-dlglt terms, 273, 295 

3- dlgit terms, 273, 295 

4- dlglt terms, 273, 295 
Symbolic addition, 185, 201-203, 206 
Embolic multiplication, 186, 209-210, 212-214 
Symbolic subtraction, 185, 206 

Take away (Informal subtraction): 

2 to 5, 133, 148 

6 to 10, 133, 148-149 
teens, 134, i49 
Take away with objects (informal subtraction), 133, 
145,147 

Teen — 8 (basic subtraction combinations), 240,245 
Teen — 9 (basic subtraction combinations), 240,245 
Teen - 10 (multidigit mental computation), 299, 303, 
310 

Ten - n ibaslc subtraction combinations), 240, 245 
Ten + n or n + 10 (multidigit mental computation), 

298,303,307, 310 
Three-digit n + decade (multidigit mental 

computation), 299, 313 
Three-digit n + 10 (multidigit mental computatioi^, 

299, 307, 313 
Tens for 100 (see Base-ten equivalents) 
Two- and 3-dlglt (written) addition with and without 

renaming. 326-327, 329, 331,334-335 
Two- and 3-dlgit (written) subtraction with and without 

renaming, 326-327, 329, 331, 334, 346 
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Two*chglt n + decads and 2-digit n — decade 
(multidigit mental computation), 298, 300 

Two-digit n + 10 and 2-digit n - 10 (multidigit mental 
computation), 298, 300, 307, 310 

Union of sets (arithmetic concept and representation), 
187. 217-218, 222, 232 

Writing numerals: 
one-digit, 163, 179, 181 



teens. 271.282-283. 290 
two-digits. 271. 282-283, 290 
three-digits. 271. 287. 290-291 
four-digits. 271,287. 291 
Written multidigit arithmetic or calculation. 283, 

326-330,331-354. 355 
addition (see Two- and 3-digit [written] addition with 

and without renaming) 
subtraction (see Two- and 3 -digit [written] subtraction 

with and without renaming) 



Also of Interest 

Probtocn Solving: A Handbook for Elementary School Teachers 

Stephen Krulik and Jesse A. Rudnick 

An alHn-one guide to successfully teaching problem solving in the elementary classroom— including over 
300 problems and activities, 150 ready-to-duplicate blackline masters, 47 strategy games, and dozens of 
illustrative examples. 

Problem Solving: A Handbook for Teachers, Second Edition 

Stephen Kmlik and Jesse A. Rudnick 

Everything needed to teach problem solving effectively to students at all levels— including over 325 classroom- 
tested problems, activities, games, and other hands-on tools, plus more than 60 blackline masters. 

A Sourcebook for Teaching Problem Solving 

Stephen Kmlik and Jesse A. Rudnick 

More classroom-tested tools for teaching problem solving. . .over 300 additional problems, activities, and 
games, with more than 150 blackline masters. 

Mathemattosfor the Mtldly Handicapped: 
A Guide to Curriculum and Instruction 

John F. Cawley, Anne Marie Fitzmaurice-Hayes, and Robert A. Shaw 

A model of currk:u!um and instruction that covers all key mathematics topics and emphasizes problem solv- 
ing. . .with over 200 activities and sample problems. 

Math Problem Solving: Beginners through Grade 3 
and 

Math Problem Solving for Grades 4 through 8 

James L. Overholt, Jane B. Rincon, and Constance A. Ryan 

Nearly 1,600 practice problems (abv^ut 30 for each grade level) and 275 complete, tested lesson plans for 
teaching pioblem solving. 



For more information on these and other titles, write to. 

Allyn and Bacon 

Longwood Division 
160 Gould Street 

Needham Heights, MA 02194-2310 



ISBN 0-205-11792-9 
H1792-4 



